Poly-Bernoulli Numbers and Finite Multiple
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In this paper, we generalize the results of Imatomi, M. Kaneko, and Takeda [12] on multiple
poly-Bernoulli numbers in characteristic 0 and their characteristic p analogues (p prime)
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Abstract

This paper has two parts: the characteristic 0 part and the characteristic p part. In
the characteristic 0 part, we introduce an alternating extension of the multiple poly-
Bernoulli numbers of M.-S. Kim and T. Kim. We obtain explicit representations of the
alternating finite multiple zeta values, introduced by Zhao, in terms of the alternating
extension of the multiple poly-Bernoulli numbers, which are alternating generalizations
of the work of Imatomi, M. Kaneko, and Takeda. In the characteristic p part, we
introduce positive characteristic analogs of alternating finite multiple zeta values, and
express them as special values of finite Carlitz multiple polylogarithms defined by
Chang and Mishiba. We introduce alternating variants of Harada’s multiple poly-
Bernoulli-Carlitz numbers, which are analogues of the multiple poly-Bernoulli numbers,
to obtain explicit representations of the finite alternating multiple zeta values. We
show that finite multiple zeta values with an integer index can be expressed as k-linear
combination of FMZV’s with all-positive indices.

Introduction

established by Harada [10] to an alternating setting.
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M.-S. Kim and T. Kim [17] introduced multiple poly-Bernoulli numbers, which are a
generalization of Bernoulli numbers. Imatomi, M. Kaneko, and Takeda obtained connections
of the multiple poly-Bernoulli numbers with Stirling numbers and finite multiple zeta values
[12]. We generalize these results to an alternating setting (Theorems 7 and 9).

In the characteristic p case, Carlitz introduced analogues of Bernoulli numbers called
Bernoulli-Carlitz numbers. Harada [10] generalized the notion to multiple poly-Bernoulli-
Carlitz numbers and established their relationship with analogues of Stirling numbers intro-
duced by H. Kaneko and Komatsu [13] and analogues of finite multiple zeta values introduced
by Chang and Mishiba [5]. We further generalize these results to an alternating setting; alter-
nating variants of the multiple poly-Bernoulli-Carlitz numbers are introduced in Definition
15, and we obtain explicit representations of the alternating finite multiple zeta values in
terms of them (Theorems 16 and 20).

In appendix A, we show that FMZV with an integer index can be expressed as k-linear
combination of FMZV’s with all-positive indices.

2 Characteristic 0

This section disscusses the characteristic 0 part. In §2.1, we review the results of Imatomi,
Kaneko, and Takeda: the connections of the multiple poly-Bernoulli numbers with Stir-
ling numbers and finite multiple zeta values. In §2.2, we consider alternating extension of
their results. We introduce alternating multiple poly-Bernoulli numbers (Definition 5) and
obtain their relationships with Stirling numbers and alternating finite multiple zeta values
(Theorems 7 and 9).

2.1 Review of the results in original (non-alternating) case

For s = (s1,...,8) € Z" (where r € Nx), the multiple polylogarithm (MPL for short)
Lig(z1, ..., 2) is the multivariable series defined by

Ny

. an...ZT
Lig(z1, ..y 20) =y ——T (1)

n ceemSr
ny>-->ne>1 1 T

(cf. Zhao [20, Definition 2.3.1]). We define Lig(z) := 1 if » = 0 by convention.
For s € Z" and n € N, rational numbers B} and C? called the multiple poly-Bernoulli
numbers (MPBNs for short) are defined by

2 Lig(l—e™1,...,1) x LJLig(l—e ™™ 1,..., 1)
BT — s _ = .
Z " nl 1—e® ' Z " n! ¢ 1—e®

n>0 ’ n>0

M. Kim and T. Kim introduced rationals C% [17, §2] (They call them generalized Bernoulli
numbers). Imatomi, Kaneko, and Takeda introduced both of Bf and C5. If r = 1, then
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B2 and C? coincide with poly-Bernoulli numbers introduced by Kaneko [2, 14]; if s; = 1 in
addition, these are equal to Bernoulli numbers.
Imatomi, Kaneko, and Takeda proved the following equations:

Proposition 1 ([12, Proposition 5]). We have the equalities

n ,,S1 Sr
Z B(_517 T825 s _Sr)x_yi P yr
Z " n! s;! s,!

81,0y 82221 M2>0

(1 _ e—x)r—l
(e_yl +e T — 1)(e—y1—y2 + e T — 1) ce (e_yl_"'_yr +e T — 1)

and

n ,,S1 Sr
Z O(_517_527"'7_3T)x_£ e yL
Z " n! s;! s,!

81,0y 8p 221 n2>0
e—x(l _ e—x)r—l

(e ter—1)(en24e®—1) (e 4% — 1)'

2.1.1 Connection with the Stirling numbers

For m, n € N, the Stirling numbers [Z], {;‘L} of the first and the second kind are defined by
the formulae [8, §6.1 and §7.4 (7.49)]

x<x+1)--.(x+n—1)_m;mxm, 2)
@ - =m Y {7’;}% (3)

In this paper we use the formula

(e — 1= (m—1)1 Y {”“}ﬁ (@)

n>m—1

which is obtained by the differentiation, and the duality

BRI

between two kinds of Stirling numbers, which holds for prime [ and 1 <m <n < [11, §5].
Using these integers, we can write multiple poly-Bernoulli numbers down as finite sums:



Theorem 2 ([12, Theorem 3|). Fors = (s1, - ,s,) € Z", we have for n € N the equalities

1M my - D, "
oy Yy U

51, . .ms ’
my mr

n+1>mi>-->m,>0
(=)™ = D!

Cce=(—-1)" m 2 6

n ( ) Z mil .. mir ( )

n+1>mq>--->m,; >0

2.1.2 Connection with finite multiple zeta values

The ring [[,(Z/1Z)] @©,(Z/IZ), where the symbol [ runs through the set of all prime numbers
is denoted by A. It should be noticed that the field Q can be canonically embedded into the
ring A, that is, the ring A is a Q-algebra.

Definition 3 ([15, §7]). For s € Z", the element (4(s)= (Ca(s)1)i prime Of A called the
finite multiple zeta value (FMZV for short) is defined to be the image under the surjection
[1,(Z/1Z) — A of the elements of [[,(Z/IZ) whose component in the direct factor Z/IZ is

1
Cals); == —— € ZJIZ.
© l>n1>'Z>nr>0 nyteny /

We call the natural number 7 the depth of the FMZV (4(s). The product of two FMZVs
can be written by a Q-linear combination of FMZVs [15, Section 7]. FMZVs are realized
as special values of the finite version of the multiple polylogarithm £4 () introduced by
Sakugawa, Seki [18, Definition 3.8], whose value £4 s(ay, ..., a,)=(£a s(ai, ..., a,)); (each
a; = (@i 1)iprime 18 an element of A) is given by

iy a
(’Q.A,S(alv Sy ar))l = Z W € Z/ZZ (7)
I>n1>->n;>0
for each prime [, in precise, we have the equality
Cals) =Las(l, ..., 1) (8)

for each s € Z".
Imatomi, Kaneko, and Takeda obtained the following equalities:

Theorem 4 ([12, Theorem §]).

1. For a prime l and s := (s, ..., s,) € Z", we have the congruence

Ca(s)r = —C1, " (mod ).
2. If we take r' € N and puts:= (1, ...,1, s1, ..., s,) € Z't"", then we have the congru-
ence

Cal8) = =Gt (mod 1), )
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2.2 Alternating version

This subsection considers alternating extensions of notions and results in the previous sub-
section. We first give an alternating extension to the MPBNs by the following series:

Definition 5. For s € Z" and € = (e, ...

, €) € (Z7)" = {£1}", the sequences of rationals

B¢ and C5€ are defined by the following series:

ZBS;S‘T—H _ LIS((l — €_$>€17 €2,y .oy 67«)
=" nl l—e® ’
ch;eﬁ _ e—xLiS((l — €_$>€1, €2, ..., ET)
n>0 " onl 1—e |

We call these rationals alternating multiple poly-Bernoulli numbers (AMPBNs for short).

The following proposition could be said as alternating extension of Proposition 1:

Proposition 6. For € € {+1}", the following equalities hold:

n ,,S1 S
E E B(*317*52»~~-7*3T§5)x_y1 .. Y
" n! s;! ;!
81y .00y 8220 n>0
(1 _ ef:p)rfl

(616_91 + e T — 1)(€1€2€_y1_y2 + e T — ]_) . (61 Ce ere_yl_'“_yr + e % — ]_)

and
n , S1 Sr
S % (st =52, —sis) T Y1 Yr
I e " n! s;! s,!
e—:v(l _ 6—1‘)7‘—1
(e v + e —1)(erege V12 + e @ — 1)+ (€1 - e V1"V % — 1)
Proof. By the equality (10), we have
S1 r
DS Blst—sn—si0 T Y1 U
et " n! s;! s,
_ Z Lics,—spo0—s) (L =€ )er, €2, &)yt oy
o 1—e® s1! S,!
mi r — S1 r
— Z (1— e ) Z gl )™Myt oy
-1 . —Sr | |
81,00y 870 my>-->my >0 my m, 510 Sr:
ey _ miyr)®! MYy )*"
_ (1 _e ac) 1 Z 671711 Elnr<1 —e x)ml Z ( y') . ( Ty;")
mi>-->mp>0 S1y.eey 5720 51 Sr
= (1— e—:c)—l Z €M €M (1 — eTE) ML Y
., :

my>->my>0



In what follows we continue the previous calculation by putting ny := m; — msg, ny =
Mo — M3, ...y Np—1 = My—_1 — My and Ny i = M.

— (1 _ e—x)—l E : 671Ll+~~~+nr . 6?7‘(1 _ e—x)m+-~~+nr€(n1+--~+nr)y1 e
Ny, ...,Np>1

=(1—e")"! Z {e1(1 —e ™)} {ere9(1 — e ®)e¥r T2 .

1y >1
e e (1= e F)en e

e1(1—e ™ )e €169(1 — e™")evrty2
1— (e (1—e®)en) 1 — (er6a(1 — e—®)evitwe)
€ er(l — e—$)ey1+~~~+yr

’ 1 J— (61 P 67»(1 P efx)eyl+"'+yr)

=(1—-e")t

(1— ey 1—e™ 1—e™®
ge v +e* —1 € eI T fem T — ]
(1 _ e—x)r—l

(616_91 _|_ e~ T — 1)(61626_91_92 _|_ e T — 1) F (61 e Ere_yl_"'_yr _|_ e~ T — 1)’

(note €, 1 = ¢; because ¢; = +1). Hence the first equality holds. By the equality (11), we
have

S1
(=81, =82, ..., —Sr; €) " I3 Y,
! T
n. si. Syt

81500y 8720 020

n ,,S1
_ T (751,752,...,7&;5)‘7‘1 Y1 Yy
=e B, - A 2
n! sq! Sy!

81y 05 8p 20 >0
e—x(l _ e—x)r—l

(616_91 + e T — 1)(61626_91_3”2 + e T — 1) e (61 e Ere—yl—"'—yr + e — 1) '

2.2.1 Connection with Stirling numbers

The following theorem is an alternating extension of Theorem 2:

Theorem 7. Take s € 7" and € € {£1}" as in Definition 5. Then we have the following
equality for n € N:

et (=M m = DT
3 S

51, .. ms
my mJr

mi . _my _1m1—1 _1!n+1
N it il Lo L V3 )

n+1>mi>-->m,>0

n+1>my>-->m; >0

S1.,..ms
mj mpr



Proof. Using the formula (3) implies the formula

ZB;;CQZ'_” _ Lls((l - e_x)el, €, ...

n! 1—e=
n>0

(1 _ e—a:)ml—lE?lnl ceogmr

- ¥

mq>-->mye>0

my>-->myp>0

myr

_ (my = DI - e~ 1yt
o Z m‘il e mir Z

my>-->mye>0

ETH e emT

n>mi—1

{

mil PN m’,snr
A R o Vil Gt Vi
mit - -mer (my — 1)!

.

(1™~ (my — 1)!{mf_1}.

P ILACOEDY

n>0 n+1>mi>--->my>0

Then we can obtain the desired equality by comparing the coefficients 2" for each n.

By the formula (4), we have

S1
nlmi"--

, €r)

ZCZ;GLU—” _ ef‘fl;Lis((l - e—x>€17 €9, ...
! l—e®

n>0

. Sr
m,r

67x(1 _ efx)mlflegnl e gmr

- ¥

>0 mil e
. Z (m1 — 1)!5{”1 o ETT(_UTM—I e—x(e—x _ 1)m1_1
- my>-->mye>0 mil Cemgr (ml — 1)‘
Ly el g i
my > >my>0 myt e nemi—1 & 1 n!
Sy S o
n20 n+1>my > >my>0 nimst .- msr
Then comparing the coefficients 2™ for each n results in the desired equality. ]

Remark 8. D. Kim and T. Kim introduced degenerate versions of poly-Bernoulli numbers
and Stirling numbers and obtain degenerate version of equality (6) in the case r = 1 [16,
Theorem 4]. It might be interesting to consider multiple and alternating generalization of

their result.



2.2.2 Connection with finite multiple zeta values

For each s € Z" and € € {£1}", the element (4(s; €) = (Ca(S; €)1); prime Of A is defined by

Ny

Enl ... 6
Calsie:= > A—T cZ/IZ

n ceemSr
I>n1>>n>0 1 r

We call these elements of A alternating finite multiple zeta values (AFMZVs for short). When

s € N, these are special examples with “superbity” 1 of finite Fuler sums introduced by

Zhao [19]. Sakugawa and Seki also treated these elements [18].
We have the following equality:
CA(S; 6) :SA,s(Eh e Er) (13)

for each s and e. This is an alternating extension of the equality (8).
The following theorem is an alternating extension of Theorem 4.

Theorem 9.

1. Forr € Nog, s = (81, ..., 8.) €EZ" and €e=(ey, ..., €.) € {£1}", we have the following
congruence for each prime [:

Cals; €)= —C%y "< (mod 1)

2. Forr' e N, S = (1, R 1, S1y v ey Sr) = ZT—i-r’ and €= (1, ceey 1, €1y v 7€r)€ {il}r%—r/,
the following congruence holds for each prime L:
Ca(s, €)= —CP ™ (mod 1), (14)

Proof. First we note that the equality

{2 }-E)me

s=0

holds for each positive integer m [8, §6.1, (6.19)]. This implies the equation

(—1)mm!{l ;1} = zm; (7?) (~1)*=(1-1)"—1=—1 (mod I) (15)

since we have s'! =1 for 1 < s < m < [. By the equation (12) and the congruence (15),

we have

e e (=)™ my — DY

(s1—1,s2,...,50);€ __ 1—2 § :
Cl_2 o ( 1) msl_l <o emsr
I—1>my > >mp>0 1 r

A,

msl e msv
1—1>my>>m,>0 1 T

My

oo o ) _ _us: e (mod 1),

. msr
I—1>m1>-->m,>0 r




hence we obtain the assertion (1).

We have

ET]‘ DR em"‘
S = E r
CA(Sv e)l - . . s1 s
) ) Zl...ZT,ml ...mrr
[>41>- >0 >m1 > >m >0
ma My
-y ded e
m‘il...mir ) / Z'l...'
l=r">m1>-->m;>0 [>i1>-->0,.>my
mi m !
>ooae B
msl...msr TR ’

I—r'>my>>mp>0 1 Tolemy > > >0 >1

The congruence of generating series

l—mi—1 /
—1)

3 { D g
’L -../l

m=0 U—mi—1>im>>i>1 1 m

l—mi1—1 1

=0T X AT 2. v g™ (mod )

m=0 l—-m1—1>j1>>jn_m>1

—1) Dl oy B
_mm(ﬁi‘i‘l)“'(ﬂﬁ—i‘l—ﬂh—l)_m mz {m—l—l]x

= L 0] pol U e oy

m>0
[—m1—1
=(—1 r’+mi+1 ] - [—=m-—1 m+1 d1
=(-1) my! Z . x (mod 1)
m>0

(where N =1 —m; — 1) follows from (5). Hence we obtain

mi m mi+r'+1 l—r'—1
61 ...Er’l‘(_l) 1 ml!{ m }

CA(§7 é)l = Z mil e mir

l—r'>m1>-->my>0

_C(sl—l, 82y .eey Sr); €
l—r'—2 :

3 Characteristic p

This subsection considers the characteristic p analogues of the notions and results in the pre-
vious section. After a review of results on positive characteristic analogues of the multiple



poly-Bernoulli numbers and FMZVs of Harada [10], we generalize his results to an alter-
nating setting. We introduce an alternating extension of the multiple poly-Bernoulli-Carlitz
numbers (Definition 15) and establish their connection with Stirling-Carlitz numbers (The-
orems 16). In Theorems 18, we write an alternating extension of finite multiple zeta values
down in terms of special values of finite Carlitz multiple polylogarithm defined by Chang
and Mishiba [5]. We obtain the relationship between alternating extensions of the multiple
poly-Bernoulli-Carlitz numbers and finite multiple zeta values (Theorem 20).

3.1 Review of Harada’s multiple poly-Bernoulli numbers

We fix a prime p and its power ¢. The symbol A denotes the polynomial ring F,[6] in 6 over
the finite field IF, of ¢ elements and k stands for the field () of rational functions.

For each n € N.g, the element §7" — 6 of the set A, (of all monic polynomials) is
denoted by [n]. Following Carlitz [3, 7], we put D, := [n]"'[n — 1]7 ---[1]"" € Ay, L, :=
n]n—1]---[1](-=1)" € Aforn>1and Dy = Ly:=1.

For n € N with the ¢-adic expansion n = Z?:o a;¢ (0 < a; < q), we put [y =
II(n) = H;‘l:o D?j € A, which are called the Carlitz gamma and the Carlitz factorial
respectively, following Carlitz [3, 7]. For each d € N and s € Z, the sum ), & € k (where
a runs through all monic polynomials of degree d in A) is denoted by Sy(s)

Following Anderson and Thakur [1], we define polynomials $,,(t,y) € Fy(t,y) (n > 0) by

§ 9ulb) 0 (1 5 w) & B (t, )] (16)

= | Y - ilo=t
where G,,(t,y) := []1_,(t"" —y?), and we put H,(t) := $,(t,0) € Alt]. These are called the
Anderson-Thakur polynomials. Let us write

Mp41

Hn(t) = Z un+1,jtj7 with Ui, j € A and WUy 7é 0,

J=0

for n > 0. Anderson and Thakur [1] showed that we have

Mn .
H,(Ld,)l(t)h:e = (Z ugw-t]) = LIT,Sq(n)
3=0 t=0
for d € N and n € Nyg. For each s = (s1, ..., s,) € N, we put

Js::{j:<j17"'7jT)€NT’OgjigdegtHsifl fOrlSZST}

and denote #71+FJr by @ for short.
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We define the formal power series ec(z) called the Carlitz exponential as follows [3]:

Zq

colz) = 3 2 kel
i>0 !
Following Chang [4], we define the power series Lig(z1, ..., 2,.) called Carlitz multiple poly-
logarithm for all s = (sq,...,s,.) € N" by
) Zqil e Zgir
Lls(Zl, -'-727") I:' Z ﬁGk[[Zl,,ZT]]
i1>e>0,>0 0 ir

These are analogues of exponential and multiple polylogarithm functions.

Definition 10 ([10, Definition 21]). For each s = (sy,...,s,) € N and j = (ji, ..., j.) € Js,
multiple poly-Bernoulli-Carlitz numbers (MPBCNs for short) BCS) are elements of k defined
by

ZBCS . . Lis(GC(Z)Usl,ju Usg, jos - -+ Usy,jir)
n>0 BC(Z)

The validity of the analogue of Proposition 1 is unclear, since Harada’s multiple poly-
Bernoulli-Carlitz numbers are defined only in the case when s; are positive integers.

3.1.1 Connection with Stirling-Carlitz numbers

Let us recall the definition and properties of the positive characteristic analogues of Stirling
numbers (of the second kind) introduced by H. Kaneko and Komatsu.
The Stirling-Carlitz numbers (of the second kind) {;} o (n, m € N) are defined by

o =S At

The definition is due to Kaneko and Komatsu [13]. We note that they also introduced
analogues of the first kind Stirling numbers. Kaneko and Komatsu [13, (17)] showed that
the equation {} . = 0 holds if n < m. Harada [10, (10)] obtained

{q"—l} )0, ifn#m; (17)
g"—1f, |1, ifn=m.

The following theorem is an analogue of Theorem 2 obtained by Harada [10], which
describes MPBCNs as finite sums in terms of Stirling-Carlitz numbers.

Theorem 11 ([10, Theorem 27]). If s and j are as in Definition 10, then the following
equality in k holds:

dy

L
BCSI — 3 ra.d " Usrgn " s
n gt —1f, Ly LY

logq(n+1)2d1>~-~>dr20
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3.1.2 Connection with finite multiple zeta values

Characteristic p analogues of FMZVs are introduced by Chang and Mishiba [5]. Let Ay be
the quotient ring [[,(A/(P))/ @D p(A/(P)). Here, the symbol P runs through the set Spm A
of all monic irreducible polynomials in A. The ring Ay is naturally equipped with k-algebra
structure.

Definition 12 ([5, §2]). For each s € Z", the element (4,(s) = (Ca,(S)p)pespma of Ay is
defined by

wr= Y e AP

e asr
deg P>dega;>-->dega,>0 1 r
a; monic

these elements of Ay are called finite multiple zeta values (FMZV for short). We call the
natural number r the depth of the FMZV (4, (s).

Chang and Mishiba introduced the finite Carlitz multiple polylogarithm Lia, s(z) (FCMPL
for short) as a finite variant of CMPL. For s = (s1,s9,...,5,) € N and tuple a =
((ap71)p, RN (a,pyr)p) € AZ with ap,; € A/P, the value LiAk,s(a) = (LiAk7s(a)P)P€SpmA
at a € Ay, is given by

ir

all, - %
Lias@p= Y, Fa o €A/(P).

Sr
) > 74'1 Lir
deg P>i1>-->1,>0

It is clear that the value Li4, s(a) is independent on the choices of representatives of

(ap1), ..., (ap,—1) and (ap,,).
Chang and Mishiba obtained the following analogue of the equality (8):

Theorem 13 ([5, Theorem 3.7]). For all s = (sy, ..., s,) € N, the equations

1

.....1 eLlAk,S(uSh]l?”'; ush]r)
s1 Sy o

C-Ak (S) =

hold in A;.
Using elements BC3J of k, we can write down FMZVs as follows:
Theorem 14 ([10, Theorem 32]).

1. For s € N{, the congruence

1 . deg P—1 BCSZij .
Ca,(8)p=—— E 0 E — (18)
.. (1),(0)
Ly - T, iere d=ro1 La Bqu_1

in the residue field A/(P) holds for P € Spm A such that P{ T, for 1 <i <r.
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2. Moreover, if " € Nands=(1,...,1, 81, ..., 5.) € N’;BT,, the congruence

S, j

BC,
(u(8)p=—" ZeJ > a (19)

1), (
" j€Js  deg P>do>-->d >r— 1L - Lq BCd, ]

in A/(P) holds for P € Spm A such that P4 T, for1 <i<r.

This is an analogue of Theorem 4.

3.2 Alternating multiple poly-Bernoulli-Carlitz numbers

This section extends the results of Harada [10] explained in §3.1 to the alternating case.

Definition 15. For s = (s1,...,s,) € N", tuples v = (71, ..., 1) € (F:)T of invertible
elements of the algebraic closure of F, and j = (41, ..., j,) € Js, the alternating multiple
poly-Bernoulli-Carlitz numbers (AMPBCNs for short) BCY7J € k are defined by

n

Z BCS Y5 Z _ Lis(eC(z)/ylusl,ju V2Usy, jos - - - s /y’rusr,jr)
= (r) ec(?)

This is an alternating extension of Definition 10.

3.2.1 Connection with Stirling-Carlitz numbers

We describe the above numbers as finite sums in terms of Stirling-Carlitz numbers, which
could be regarded as an alternating extension of Theorem 11 and as an analogue of Theorem

7.

Theorem 16. Ifs, v and j are as in Definition 15, the following equality holds:

d dr
BCS 7Y — Z T4 n (’Vlushjl)q L <7ru5mjr)q _
' Tl -1, Ly - Ly,

logq(n—i-l)zdl >->dp>0

Proof. We have
Lis(eC(z>71us1,j1a V2Usy, jos - -« 5 ,YTUST,]'T)
ec(?)

d
_ Z ec(z)qd1_1(71us1,j1)ql"'(%Usmjr)q
Lg, - Ly

dr

d1>>dr>0

n d dy
T o B B
N " gd — SUL LS
di1>-->dr>0 n>0 ' 1 H(n) Ldi Ldr
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=2 | 2 Ta { i } (it )™ - (e )7 2"
- 1 S1 Sr
gt -1, Ly - Ly II(n)

n>0 \di>->dp>0

dr

_ Z Z . { n } (71Usl,jl)qd1 o (Yot g, ) o
- ! S1 Sp 3
q qdl — 1 C Ldl . e Ldr H(TL)

n>0 \log,(n+1)>di>-->dr>0

the second equality follows from the definition of Stirling-Carlitz numbers and the fourth
holds by the equality (17). Then the comparing coefficients of z" for each n results in the
desired equalities. O

Using Theorem 16 and the equality (17), we obtain:

dr

S,7,j (’Ylu&7 i)qm e (%“usm 'r)q
BCYI) =Tgn > J I, A (20)
m d,

m>dg>--->d.>0

where m € N, which is a generalization of [10, Corollary 28].

3.2.2 Connection with finite alternating multiple zeta values

Definition 17. For s = (s1,...,s,) € Z" and € = (€1, ..., ¢€,) € (AX)", the alternating finite
multiple zeta value (AFMZV for short) Ca,(s;€) = (Ca,(S:€)p)pespma € Ay is defined by

Cap(s;€)p = > =

deg P>deg a1 >--->dega,>0
a; monic

degalezdegaQ . Erdeg ar

€ A/(P).

S1...08
aj asr

It is a characteristic p analogue of AFMZV. It immediately follows from Theorem 2.6 in
Harada’s paper [9] that the product of two AFMZVs are F,-linear combination of AFMZVs.

To obtain an alternating extension of Theorem 13, we extend the domain of FCMPLs
from Ay to the ring A, defined as follows: Let ¢’ be a power of q. We define A’, k¥’ and
Ay by the same ways as those of A, k and A, but substituting ¢ by ¢/, and regard A, k as
subrings of A’, k¥’ by canonical ways, respectively. For each element (ap) of [[5(A/(P)) and
each irreducible monic polynomial ); in A" above P; € Spm A, define by, to be the image
of ap, under the canonical embedding A/(P;) < A’/(Q1) induced by the inclusion A — A’.
Then the ring homomorphism from [[5(A/(P)) to [[gespm 4/(A'/(Q)) Which maps (ap) to
(bg) induces an embedding of Ay into Ay.

The FCMPLs can be extended to the multivariable functions on Ay; for tuples s =
(s1,82,...,8) € N"and b = ((bg.1), ..., (bo.r)) € Al with (bg ;) € A'/Q, we define the
value LiAk/,s(b) = (LiAk,S(b)Q>QESpmA’ by

paet L e

1 N Q’l Q7
LlAkyS(b)Q = Z LS1—LSTT € A,/(Q)7

deg P>i;>->ip,>0 i ir

14



where the symbol P in the right hand side stands for the monic irreducible polynomial in A
which is divided by @ in A’.

So far we put ¢’ := ¢?"'. We note that, for e € A* = FY, the set A’ contains all
(¢ — 1)-th roots of e.

Theorem 18. Let ¢ := ¢% ! and let s and € be as in the Definition 17 and ~y, ...,y € A"
be (q — 1)-th roots of €1, ..., €., respectively. Then the equality
Cap(s; €) = Z QJLIAk, Villsy,jys - s Vrlhs,, j) (21)
ry ' fyr Sp _]6‘)

in Ay holds.

Though the elements 74, ..., are not in A, but in Ay, it is clear that the right hand
side of the equality (21) is in Ay as the left hand side is.

Proof. 1t is sufficient to show that the congruences

1

ﬁ Z ejLiAmS(%usLjp R ’Yrusr,jr)P (mod P)
S1 rt sy

J€Js

C.Ak (S ; E)P =

in A'/(P) = []gp A'/(Q) hold for all but finite irreducible polynomial P in A. Let P be an
element of Spm A such that P 1T, for all i. We have the equalities and congruences:
CAk (S ; E)P
= >, €1 Sy (s1) -+ €1 S, (sr)

deg P>d1>-->d»>0

d dr
1 P H (0) - e HEY, (6)
= E 5 ; (mod P)
Ty, I, L3 LY
" deg P>d1>-->d>0 1 "
di, gt L e qdr
_ 1 Z Z i L Ui 6 s,
T, I, L. L7
" deg P>d;>--->d»>0 jEJs 1 T

dr

AT A g
= - @@ Z 9.] Z (71/”51,]1) (%"usrdr) (mod P)

000 AT Ly - Ly

j€Js  deg P>di>-->dr>0

- ’Y:F— Ze Ll'Ak S( 1u817]17 ctt ryT'usr,jr)PJ

7 Ls, J€Ts

where the second congruence is by equations ’yfd = ¢lr; which holds for 1 < i < r and
d>0. O

The following lemma is an alternating extension of Lemma 31 in Harada’s paper [10].

15



Lemma 19. If we take s, v and j as in Definition 15, then the recursive formula
. i
BOGTY =BCRM ! Y +—BCLY
d=r—2 "1
holds for m € Nog where s* := (s9, ..., 8¢), ¥ = (Y2, ... V) and j* := (Jo, .-, Jr)-

Proof. The assertion is obtained as follows:

m dT
CS = Z T (’71u517j1)q T ('Yrus,n,jﬂq
m__ 1 - qm le L. Lsr
m>dg>-->dr>0 m d
m d dr
_qr(gm — 1)) 3 (Votsz,32)" -+ - (Wt i )*
81 82 DY S’,’
L m>dy>->dp >0 Ly, - Ly

dr

d
. Va2 L. )4
— B I § : (727“682,]2) (P)/rusmjr)
- qgm—1 Lsz L LST
do d,

m>da>--->dr>0

m—1

: 1 (YVallsy. 1,)9 -+ - (i, i, )"
— BCsl,’Yl, J1 F d 2,J2 Jr
qr—1 § : § :

I 7 LS2L% ... L5
drr 2792 dy>dy>e>de >0 d2™d3 dr

dr

* ko sk
— BCS1,’Y1,]1 E BCSd,"/ »J ,
F -1
d=r—2

where the first, third and the fifth equalities are because of the equality (20). ]

The following theorem could be seen as an alternating extension of Theorem 14 and also
as an analogue of Theorem 9.

Theorem 20. We put ¢' := ¢?~'. The following formulas hold.

1. Taking s and € be as in the Definition 17 and (¢ — 1)-th roots vy1, ...,v, € Fy of
€1,...,6, respectively, then the congruences

deg P—1 CS ’7,

o 22
Ca,(s; €)p Te T STJ; dzzl LdBCd . (22)

in the residue ring A'/(P) hold for all P € Spm A such that P 1Ty, for 1 <i <r.

2. Forr ¢ N, weputs=(1,...,1,8,...,5) e Nt ande=(1,..., l,e,..., ¢) €
(IF;)T*T’. Then the congruences
DS e
(a4, 68)p=———— ) & —
Nl " j€3s  deg P>do>->d>r—1 Lag -+ La, BCya,

in A'/(P) hold for all P € Spm A such that P 1T, for1 <i<r.

16



Proof. We have

71F81 t '%’FSTCA;@ (S; G)P = Z ejLiAk75<’ylu817j17 R '77’u5mjr)P
Jj€Js

d
= Z QJ Z (f}/IUSl,jl)q L. (ryrusr:j?“)q
FEn

j€Js  deg P>di>-->dy>0

dr

deg P—1

, 1 (M, )9 - (e, j, )
— 03 L T, i) ror g
Z Z T Z q Ly Ly

d
j€¥s  d=r—1 T d>de>-->d>0

dr

deg P—1 1 deg P—1 BCS#Y,.i
Z Z Z d_1
_ QJ BCS et J QJ q
Z LyBCpa_y’
j€Ts d=r—1 j€Ts d=r—1 q

for such a P. Hence we obtain the first assertion. The last equality is from the following
equation

Bqu_1 . 1

['a Ly

q
which holds for each d > 0; this is from the equality (20).

To show the second assertion, take P such that P { Ty, for all i. If 4 stands for the tuple
(1, ..., L, 7,y € (IF;,)’“”/, the assertion (1) of Theorem 20 yields the equality

deg P—1 CS’Y.]

D0 Y e
F71" '71F81 Y Ls, La, Ly BCpiy_y qdo—1

JjEJs do=r—1
deg P—1 BCS .3

7 ’ ’Yr STZ Z H dodo—l .

jEJs do=r—1

By applying the Lemma 19, we can calculate as follows for dy > ' +r — 1:

, 1),(1),(0) - ;
Csd’g’ ) BC dO / dozl Csdl'Y ) .]
H(qdo — 1) quo . r g

** **

DGR mept e Bon
Ty L rqd2

di=r+r'—2 q do=r+r'—2

Repeating this procedure, we obtain

17



59,5 » (1),(1),(0) S,Y,J
i’ oL Z Bqui_l Bqur/—l
do _ - , (1),(0

(g™ —1) do>->d, s >r—1 \ i=0 quz chdi/(l

_ ol BCZQ‘:L
= 2 \lz ) semo
q

d0>"'>d,rl>7'—1

Hence we obtain the desired equality. O]
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A Finite multiple zeta values with non-all-positive in-
dices

In the characteristic 0 case, it is known that a FMZV with an integer index can be expressed
as Q-linear combination of 1 and FMZV’s with all-positive indices (cf. Kaneko [15]). Here,
we show that the same is true in the case of characteristic p (Theorem 23).

We recall that the sum ), a% (where a runs through all monic polynomials of degree d
in A) is denoted by Sy(s) (cf. §3.1). The following proposition is a special case of the result
of Goss [6, Proposition 4.1]:

Proposition 21. For s € Nx, there is N(s) € N such that Sq(—s) =0 for d > N(s).

Proof. 1f s = 0, it is sufficient to put N(s) = 1 since a number of elements of the set of all
monic polynomials of degree d is ¢? for d € N.

For general s, it is enough to out N(s) := max{N(t) + 1|t < s}. Indeed, for d > N(s)
we have

Si(=s)= > (a+b)y= > Zga bst()

dega=d—1 dega=d—1 t=0
a monic a monic
beF, beF,

=6° E a’ E b’ = 0.
dega=d—1  bel,
a monic

18



We need the following lemma:

Lemma 22. For a tuple (s1, ..., s.) €Z", 0 < M <r and N € N, the element

E Sa, (51) -+ Sq,(5r)
dog P>dy>->dpy>N>dpgs1 > >de >0 »

of Ay is a k-linear combination of FMZVs with depth equal to or less than r.
Proof. Induction proves this for depth r. If M < r, we have

> Sa, (s1) -+ Sa, (sr)

deg P>d1>"'>d1\42N>d1u+1>“->d7»20

= Z SdM+1<SM+1)"'SdT(5r> X Z Sd1<$1)"'SdM(8M>7

N>dpr4q>>dr>0 deg P>d1>->dy >N

hence the induction hypothesis implies the desired result. In the case M = r, the equation

> Say(s1) -+ Sa, (sr)

deg P>d1>--->d>N

r—1

=Calst, -y s )p— Y > Say(s1) -+ Sa, (5,)

M'=0 \deg P>di>>dyy>N>dyyr > >d>0

holds. Therefore we have the result.
]

Theorem 23. An FMZV with an integer index can be expressed as a k-linear combination
of 1 and FMZVs with all positive indices.

Proof. We use induction on depth. We consider a FMZV (4(s1, ..., s.). If s < 0, then
Proposition 21 implies that (4(s1, ..., s.) € k. Assume that sy, < 0 for some M with
1 < M <r—1. Then we can take N € N such that Sy(sp41) = 0 for d > M. Then we have

CA(Sla SR ST) - Z Sdl(sl)"'sdr<s7")

deg P>dy>-->dpy>N>dpr1>->dr >0 P
Hence, the desired result follows from the induction hypothesis and Lemma 22. O
Remark 24.

1. similarly, we can show that an AFMZV with an integer index can be expressed as a
k-linear combination of AFMZVs with all positive indices.

2. If s; <0 for all i, a FMZV (4(s1, ..., s,) isin A,
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