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Abstract

We derive two formulae expressing the pth power of an integer n as a linear com-

bination of products of two figurate numbers of dimensions not exceeding p. Then we

derive two formulae for the sum of the pth powers of the first n consecutive natural

numbers as a linear combination of products of two figurate numbers of dimensions

not exceeding p.

1 Introduction

For natural numbers n and r, we denote the figurate number of dimension r corresponding
to n by

F r
n =

(

n+ r − 1

r

)

.

We also view F r
n as a polynomial in n of degree r.
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For a non-negative integer p and a natural number n, we denote the sum of the first n
consecutive pth powers of natural numbers by

sp(n) =
n

∑

i=1

ip.

Finding a closed form for the expression sp(n) is a classical problem. An excellent source for
the history of figurate numbers and their connections to sum sp(n) is Edwards [3, Chap. 1].

Fix a non-negative integer p and consider the natural number n as indeterminate. It is
well-known that np can be expressed as a unique linear combination of the figurate numbers
F 0
n , . . . , F

p
n . A geometric representation of this expression was provided in Marko and Litvi-

nov [6, Conj. 16]. This conjecture was proved in Marko and Cereceda [5]. The coefficients in
the above linear combinations are related to Stirling numbers, and their description is not
straightforward. In this paper, we express these coefficients as another linear combination of
figurate numbers. Consequently, we obtain a presentation of np as a linear combination of
products of two figurate numbers. The upshot is that the coefficients in the resulting linear
combination are, up to a sign, just pth powers of natural numbers.

In the second half of the paper, using the formula expressing np as a linear combination
of products of two figurate numbers in Propositions 1 and 2, we identify sp(n) as a linear
combination of products of two figurate numbers in Propositions 3 and 4.

2 Expressing powers as a linear combination of

products of two figurate numbers

We start by recalling some well-known facts from DeTemple and Webb [2, Chap. 6]—see also
Marko and Cereceda [5] and Marko, Litvinov, and Cereceda [6, 1]. We denote the Stirling
number of the second kind by S(m,n). They are described as sequence A008277 in the
On-Line Encyclopedia of Integer Sequences (OEIS)).

By DeTemple and Webb [2, (6.8)], T (m,n) = n!S(m,n) describes the number of ways
that m distinct objects can be distributed to n different recipients so that each recipient is
given at least one of the objects. The numbers T (m,n) are described by sequence A019538.
According to DeTemple and Webb [2, Thm. 6.10], we have

np =

p
∑

ℓ=1

(−1)p−ℓT (p, ℓ)F ℓ
n.

Using the last expression, we can write the power np as a linear combination of products
of two figurate numbers of dimensions not exceeding p.

Proposition 1. For a pair of natural numbers n and p, we express np as

np = (−1)p
p

∑

r=1

(−1)rrpF r
nF

p−r
n+r+1.
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Proof. Using DeTemple and Webb [2, (4.11)], we get

T (p, ℓ) = (−1)ℓ
ℓ

∑

r=0

(−1)r
(

ℓ

r

)

rp,

which implies

np =

p
∑

ℓ=1

(−1)p
ℓ

∑

r=0

(−1)r
(

ℓ

r

)

rp
(

n+ ℓ− 1

ℓ

)

= (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)r
(

ℓ

r

)

rp
(

n+ ℓ− 1

ℓ

)

.

The last expression equals

(−1)p
p

∑

r=0

(−1)rrp
p

∑

ℓ=r

(

ℓ

r

)(

n+ ℓ− 1

ℓ

)

= (−1)p
p

∑

r=0

(−1)rrp
(

n+ r − 1

r

) p
∑

ℓ=r

(

n+ ℓ− 1

ℓ− r

)

,

because
(

ℓ

r

)(

n+ ℓ− 1

ℓ

)

=

(

n+ r − 1

r

)(

n+ ℓ− 1

ℓ− r

)

. (1)

Hence,

np = (−1)p
p

∑

r=0

(−1)rrp
(

n+ r − 1

r

) p−r
∑

j=0

(

n+ r + j − 1

j

)

.

Using the well-known identity
∑p

k=0

(

n+k−2
k

)

=
(

n+p−1
p

)

we rewrite the last expression as

np = (−1)p
p

∑

r=1

(−1)rrp
(

n+ r − 1

r

)(

n+ p

p− r

)

= (−1)p
p

∑

r=1

(−1)rrpF r
nF

p−r
n+r+1.

After reviewing the formula from the above proposition, it is natural to ask whether we
can express np as a linear combination of products of two figurate numbers of dimensions
r, s such that the sum r + s does not exceed p. We exhibit such a formula in the following
proposition by slightly modifying our previous arguments.

Proposition 2. For a pair of natural numbers n and p, we express np as

np = (−1)p
p

∑

r=0

F r
n

p−r
∑

j=1

(−1)jjpF j
n+r.
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Proof. First, we use the formula in DeTemple and Webb [2, (4.11)]

(−1)jT (p, j) =

j
∑

k=0

(−1)k
(

j

k

)

kp,

set r = j − k and derive

T (p, j) =

j
∑

k=0

(−1)k−j

(

j

k

)

kp =

j
∑

r=0

(−1)r
(

j

r

)

(j − r)p.

Using this, we write

np =

p
∑

ℓ=1

(−1)p−ℓ

ℓ
∑

r=0

(−1)r
(

ℓ

r

)

(ℓ− r)p
(

n+ ℓ− 1

ℓ

)

= (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)ℓ−r

(

ℓ

r

)

(ℓ− r)p
(

n+ ℓ− 1

ℓ

)

.

(2)

It follows from (1) that the last expression equals

(−1)p
p

∑

r=0

p
∑

ℓ=r

(−1)ℓ−r(ℓ− r)p
(

ℓ

r

)(

n+ ℓ− 1

ℓ

)

= (−1)p
p

∑

r=0

(

n+ r − 1

r

) p
∑

ℓ=r

(−1)ℓ−r(ℓ− r)p
(

n+ ℓ− 1

ℓ− r

)

.

Hence, setting j = ℓ− r, we obtain

np = (−1)p
p

∑

r=0

(

n+ r − 1

r

) p−r
∑

j=1

(−1)jjp
(

n+ r + j − 1

j

)

= (−1)p
p

∑

r=0

F r
n

p−r
∑

j=1

(−1)jjpF j
n+r

.

Note that in the last formula, the product F r
nF

j
n+r is a polynomial in n of degree not exceeding

p.

Observe that the coefficient corresponding to r = 0 in the formula in Proposition 1
vanishes, while the coefficient in the formula in Proposition 2 is

∑p

j=1(−1)jjpF j
n. If we

consider this sum as a polynomial in n, its leading coefficient is (−1)ppp

p!
6= 0. Therefore, the

formulae in Propositions 1 and 2 are genuinely different.
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3 Expressing sums of consecutive powers as a linear

combination of products of two figurate numbers

Since the sum
∑n

i=1 F
ℓ
i of figurate numbers of dimension ℓ is the figurate number F ℓ+1

n of
dimension ℓ+ 1, one can expect that formulae analogous to those exhibited in Propositions
1 and 2 can be derived for sp(n) instead of np.

It is well-known that

sp(n) =

p+1
∑

j=1

dj,pF
j
n (3)

is a linear combination of figurate numbers F 1
n , . . . , F

p+1
n . The coefficients dj,p are related to

Bernoulli numbers and are not easy to understand. One way to express the coefficients dj,p
is as follows. We denote the transition matrix from the basis {n, . . . , np} to {F 1

n , . . . , F
p
n} by

Ap. Then it was proved in Marko and Litvinov [6] that the transition matrix from the basis
{s0(n), . . . , sp(n)} to {F 1

n , . . . , F
p+1
n } is given as

(

1 0
0 A−1

p

)

.

The coefficients dj,p appear in the last column of the above matrix.
The author thanks J. L. Cereceda for bringing the papers MacDougall and Szabó [4, 7]

to his attention. He pointed out that it is possible to express the sums sp(n), for odd p, as a
linear combination of products of two figurate numbers by using their results. The explicit
expressions are given as follows.

Using MacDougall [4, Thm. 3] or Szabó [7], stating

2s2m+1(n) =
2m−1
∑

k=1

(−1)k−1

(

2m

k

)

sk(n)s2m−k(n),

we can express the sums s2m+1(n) as a linear combination of products of two figurate numbers
as

s2m+1(n) =
1

2

2m−1
∑

k=1

(−1)k−1

(

2m

k

) k+1
∑

a=1

da,k

2m−k+1
∑

b=1

db,2m−kF
a
nF

b
n.

Using MacDougall [4, Thm. 4], stating

2ms2m+1(n) =
2m−1
∑

k=1

(−1)k−1k

(

2m

k

)

sk(n)s2m−k(n)

and applying formula (3) twice, we can express

s2m+1(n) =
1

2m

2m−1
∑

k=1

(−1)k−1k

(

2m

k

) k+1
∑

a=1

da,k

2m−k+1
∑

b=1

db,2m−kF
a
nF

b
n.
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We obtain a more straightforward and general presentation of sp(n) for all p as a linear
combination of products of two figure numbers analogously to Proposition 1.

Proposition 3. For a pair of natural numbers n and p, we express sp(n) as

sp(n) = (−1)p
p

∑

r=1

(−1)r(n+ r)rpF r
n

p−r
∑

j=0

F
j
n+r+1

j + r + 1
.

Proof. Using (2), we rewrite the sum

sp(n) = (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)r
(

ℓ

r

)

rp
n

∑

i=1

(

i+ ℓ− 1

ℓ

)

= (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)r
(

ℓ

r

)

rp
(

n+ ℓ

ℓ+ 1

)

= (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)r(n+ r)rp
(

n+ r − 1

r

)

(

n+ℓ

ℓ−r

)

ℓ+ 1

= (−1)p
p

∑

r=0

(−1)r(n+ r)rp
(

n+ r − 1

r

) p
∑

ℓ=r

(

n+ℓ

ℓ−r

)

ℓ+ 1
,

utilizing
n

∑

i=1

(

i+ ℓ− 1

ℓ

)

=

(

n+ ℓ

ℓ+ 1

)

(4)

and
(

ℓ

r

)(

n+ ℓ

ℓ+ 1

)

= (n+ r)

(

n+ r − 1

r

)

(

n+ℓ

ℓ−r

)

ℓ+ 1
. (5)

Hence, setting j = ℓ− r, we obtain

sp(n) = (−1)p
p

∑

r=1

(−1)r(n+ r)rp
(

n+ r − 1

r

) p−r
∑

j=0

(

n+r+j

j

)

j + r + 1

= (−1)p
p

∑

r=1

(−1)r(n+ r)rpF r
n

p−r
∑

j=0

F
j
n+r+1

j + r + 1
.

When we modify the arguments in Proposition 2 instead of Proposition 1, we obtain the
following result.
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Proposition 4. For a pair of natural numbers n and p, we express sp(n) as

sp(n) = (−1)p
p

∑

r=0

(n+ r)F r
n

p−r
∑

j=1

(−1)jjp
F

j
n+r+1

j + r + 1
.

Proof. Since

ip =

p
∑

ℓ=1

(−1)p−ℓ

ℓ
∑

r=0

(−1)r
(

ℓ

r

)

(ℓ− r)p
(

i+ ℓ− 1

ℓ

)

= (−1)p
p

∑

ℓ=0

ℓ
∑

r=0

(−1)ℓ−r

(

ℓ

r

)

(ℓ− r)p
(

i+ ℓ− 1

ℓ

)

,

the sum

sp(n) = (−1)p
p

∑

r=0

p
∑

ℓ=r

(−1)ℓ−r(ℓ− r)p
(

ℓ

r

) n
∑

i=1

(

i+ ℓ− 1

ℓ

)

= (−1)p
p

∑

r=0

p
∑

ℓ=r

(−1)ℓ−r(ℓ− r)p
(

ℓ

r

)(

n+ ℓ

ℓ+ 1

)

= (−1)p
p

∑

r=0

p
∑

ℓ=r

(n+ r)

(

n+ r − 1

r

)

(−1)ℓ−r(ℓ− r)p
(

n+ℓ

ℓ−r

)

ℓ+ 1

= (−1)p
p

∑

r=0

(n+ r)

(

n+ r − 1

r

) p
∑

ℓ=r

(−1)ℓ−r(ℓ− r)p
(

n+ℓ

ℓ−r

)

ℓ+ 1

by application of formulae (4) and (5).
Therefore, making a substitution j = ℓ− r, we obtain

sp(n) = (−1)p
p

∑

r=0

(n+ r)

(

n+ r − 1

r

) p−r
∑

j=1

(−1)jjp

(

n+r+j

j

)

j + r + 1

= (−1)p
p

∑

r=0

(n+ r)F r
n

p−r
∑

j=1

(−1)jjp
F

j
n+r+1

j + r + 1
.

Note that in the last formula, the product F r
nF

j
n+r+1 is a polynomial in n of degree not

exceeding p.

Since the coefficient corresponding to r = 0 in the formula in Proposition 3 vanishes,

while in the formula in Proposition 4 it is
∑p

j=1(−1)jjp
F

j
n+1

j+1
. If we consider the last sum as

a polynomial in n, the leading coefficient is (−1)ppp

(p+1)!
6= 0. Thus, formulae in Propositions 3

and 4 are indeed different.
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