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Abstract

We study families of interpolating rational polynomials that produce scaled Fi-
bonacci or Lucas numbers on certain integer values. We use the expansions of these
families in binomial polynomials and other formats to establish several identities involv-
ing harmonic numbers, binomial coefficients, and various recursively defined sequences.

1 Introduction

In a previous paper [3], we considered certain interpolating polynomials defined from points
involving Fibonacci numbers which led to several identities involving Fibonacci numbers,
harmonic numbers, and binomial coefficients. A key part of the analysis used the polynomial

]:k(l‘) :F1$k_1+F2[L'k_2+—|—Fk_1ZE—|—Fk (1)
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and its derivatives evaluated at x = 1. Here we consider interpolating polynomials defined
from points involving scaled Fibonacci and Lucas numbers whose study makes use of (1)
at © = —1,2,—2,3. Our investigation of other integer values of x suggests that the cor-
responding polynomials use defining points whose expressions are more complicated than
those here. Section 2 gives the statements of our main results along with a summary of the
corresponding results of the previous work [3], followed by proofs in Section 3 where (1) is
prominent. In Section 4, we express the various polynomial families in terms of binomial
polynomials, which informs several of the many identities given in Section 5.

The Fibonacci numbers are given by Fy =0, Fy = 1, and F,, = F,, 1 + F,,_5 for n > 2.
In addition, we use their extension to negative indices, F_, = (—1)""'F, for n > 0. We
will make frequent use of the related Lucas numbers Lo =2, L =1, L, = L,_1 + L,,_» for
n>2,and L_, = (—1)"L,, for n > 0. Also, we will need the following alternating sequences
of Fibonacci and Lucas numbers. For n > 0, let

(2)

b L,, if nis even;
"1 FE,, ifnisodd.

Similarly, for n > 0, let

L,, if nis odd.

These appear in the OEIS [4] as A005247 and A005013, respectively.
The harmonic numbers

F,, if nis even;
Cp =

1 1
H,=1+-+--+—
2 n

for n > 1 with Hy = 0 arise in several of the identities. The polynomial results use the
binomial polynomials defined by (7) = 1, (¥) = 0 for integers n < 0, and (%) = (),/n! for
integers n > 0, where (), denotes the falling factorial z(x — 1)--- (z — n + 1). Finally, |-]
denotes the integer floor.

2 Main results

We begin by citing the primary result of our previous work [3]. Four related results follow,
each with a table of examples of the polynomial families.

Theorem 1. Given a nonnegative integer n, let P,(x) be the interpolating polynomial de-
termined by the points (i, Fnio4;) for 0 < i < n. Then P,(x) has degree n with leading
coefficient 1/nl. For each integer k > n,

k—n .
k—1
Po(k) = Frvnis = F( - )
=1
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P, (z)
1
x4+ 2
(2?2 + 3z +6)/2
(23 + 322 + 142 + 30) /6
(z* + 223 + 2327 + 94z + 192) /24
(2% + 352° + 18022 + T4da + 1560)/120
(28 — 325 + 552 + 2552 + 174422 + 7308x + 15120) /720

DD U W NN = O3

Table 1: P,(x) for small values of n.

and, for each integer k < 0,
—k—1

k+i
Py(k) = Fipnsa + » F_i( . )
=1

Also, the polynomials P,(x) satisfy and, with initial values Py(x) =1 and Pi(x) = x+2, are
uniquely determined by each of the following recurrence relations. For all n > 1, we have

Pra(o) = Pafo) = Poat) = (111, @)

n+1
Poir(2) — 3Pp(z — 1) + Py y(z —2) = (2 . D (5)

This combines parts of Theorem 2.1, its proof, and Propositions 2.3 and 2.4 of the earlier
paper [3]. Examples of P,(z) are given in Table 1. Notice that the constant terms of these
polynomials (before division by n!) are given by A078700 in the OEIS [4], which follows from
the definition of P,(z).

While the P, (x) of Theorem 1 use a particular increasing sequence of Fibonacci numbers,
the polynomials of the next theorem are determined by a particular decreasing sequence of
Fibonacci numbers.

Theorem 2. Given a nonnegative integer n, let Q,(x) be the interpolating polynomial de-
termined by the points (i, Foni1-;) for 0 < i < n. Then Q,(x) has degree n and leading
coefficient (—1)"/nl. For each integer k > n,

k—n .
Qn(k) FQn k+1+ nZF1< )
=1

and, for each integer k < 0,

—k—1
k+1
Qn(k) F2n k+1 _'_ n+1 Z F’L( )
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Qn(x)
1
-+ 2
(z? — 5z +10)/2
(—2® + 92 — 38z + 78) /6
(z* — 1423 + 9522 — 3942 + 816) /24
(—a° + 202* — 19522 + 12402% — 51442 + 10680) /120
(28 — 2725 + 3552% — 310523 + 1944422 — 80748z + 167760) /720

D U e W NN = O3

Table 2: @, (z) for small values of n.

Also, the polynomials Q, () satisfy and, with initial values Qo(x) = 1 and Q1(x) = —x + 2,
are uniquely determined by each of the following recurrence relations. For alln > 1,

Quir(@) — 3Qu(@) + Qo (1) = (— 1) ( * 1),

n+1
Que) = Qule = 1) = Quealo —2) = (-1 (7). ©)

See the next section for notes on the proof. Examples of @, (x) are given in Table 2.
Notice that the constant terms of these polynomials (before division by n!) are given by
A052568 in the OEIS [4], which follows from the definition of @, (z).

The polynomials of the next theorem are determined by a particular increasing sequence
of Fibonacci numbers scaled by certain decreasing powers of two.

Theorem 3. Given a nonnegative integer n, let R, (x) be the interpolating polynomial deter-
mined by the points (i,2" " Fy,y34;) for 0 <i < mn. Then R,(x) has degree n and leading
coefficient (—1)"/nl. For each integer k > n,

~— F (k—i
Ry(k) = 2" " By gnys + (—1)" Z 241 ( n )

i=1

and, for each integer k < 0,

—k—1 .
. k
Ro(k) = 2" Frypnes + (=1)" ) j2HF_i< ;ZH) (7)

=1

Also, the polynomials R, (x) satisfy and, with initial values Ry(x) =1 and Ry(z) = —x + 5,
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R, (z)
1
—x+ 95
(2% — 11z + 52)/2
(—2® + 1822 — 173z + 816)/6
(2% — 2623 + 38322 — 36221 + 17088) /24
(—2° + 352% — 7052 + 1004522 — 94814x + 447360) /120
(25 — 452 + 11652 — 222752% + 31563422 — 2978640 + 14054400) /720

D UL W NN = O3

Table 3: R, (x) for small values of n.

are uniquely determined by each of the following recurrence relations. For alln > 1,

Ruir(2) — 6Ru(2) + 4Ry (z) = (—1)"+! (i i D 8)
Rp1(z) — ARy (z — 1) — Ry_y(z — 2) = (—=1)™H! (Z“; ; D 9)

See the next section for the proof. Examples of R, (z) are given in Table 3.

The even and odd degree polynomials of the next theorem are determined separately, by
Lucas and Fibonacci numbers scaled by powers of negative two, respectively. Nonetheless,
they enjoy some recurrence relations independent of parity.

Theorem 4. Let n be a nonnegative integer. If n is even, let S,(x) be the interpolating
polynomial determined by the points (i,(—2)""'""L, ;) for 0 < i < n. Then S,(x) has
degree n and leading coefficient —5"2/n!. For each integer k > n,

k—n .
n+2 F -
Sulk) = (-2 1Ly, — 5 = (") (10

If n is odd, let the points (i,(—2)""17'F,_,) for 0 < i < n determine the interpolating
polynomial S, (x). Then S,(z) has degree n and leading coefficient —5"~Y/2/nl. For each

integer k > n,
k—n .
_ n—k—1 ntl ‘FT k—1
Sn(k) = (=2) Fyn—572 Zm( n )



Sn(z)
-1
-z +1
(—=5z% + 15z — 12)/2
(=523 + 302% — 61x + 48)/6
(—252* + 25023 — 9352 + 16702 — 1344) /24
(—252° + 375x* — 22252° 4 682522 — 116702 + 9600) /120
(—1252° + 26252° — 226252 + 10537523 — 29405022 + 496800z — 414720) /720

S Ul R W N~ O3

Table 4: S, (x) for small values of n.

and, for each integer k < 0,

Also, the polynomials S, (z) satisfy and, with initial values Sy(z) = —1 and Si(z) =
—x+ 1, are uniquely determined by each of the following recurrence relations. For alln > 1,
—(=n" n+1 1
Soa(z) +2- 5758, (x) + 48,1 (z) = —5L"3") (“” N ) (11)
n+1
n -1
St (z) = Sp(w —2) = =5 F (7T ). 12
+1() 1(z — 2) : na1 (12)

See the next section for the proof. Examples of S,,(x) are given in Table 4.
The polynomials of the last theorem have a structure similar to those of Theorem 4 with
the scaling here by powers of three.

Theorem 5. Let n be a nonnegative integer. If n is even, let T, (x) be the interpolating
polynomial determined by the points (i,3" 'L, 24;) for 0 <i <mn. Then T,(x) has degree
n and leading coefficient 5"/%/n!. For each integer k > n,

~— Fi (ki
—k— nt2 i -
To(k) = 3" Lispia + 52 > 32,“( . )
i=1

and, for each integer k <0,

—k—1

n - k )
To(k) = 3" Lyypyo — 5% Z 31_1F—i( N 2)-

- n
=1



Tn()
1
—x+2
(5z? — 25z + 42)/2
(—=5z® + 4522 — 1661 + 270)/6
(2524 — 3502 + 213522 — 72102 + 11664) /24
(—252° + 5002 — 44752° 4 238002% — 78120z + 126360),/120
(1252° — 337525 + 413752* — 31012523 + 156230022 — 5081100z + 8223120)/720

S U R W NN~ O3

Table 5: T,,(z) for small values of n.

If n is odd, let the points (i,3" Y"'F, o.;) for 0 < i < n determine the interpolating
polynomial Ty, (z). Then T, (z) has degree n and leading coefficient —5"~Y/2/nl. For each

integer k > n,
k—n

n—k— ntl Fz k—1
T.(k)=3 k le+n+2—5 2 ZSHI( . )

i=1

and, for each integer k < 0,

! ki +
To(k) = 3" ' Frpnio + 5% Z 31_1F—¢( )

- n
=1

Also, the polynomials T, (x) satisfy and, with initial values To(x) = 1 and Ty (x) = —x+2,
are uniquely determined by each of the following recurrence relations.

For alln > 1,
1-(=1" . nt1p |2t | r+1
Thia(x) =352 T,(x)+9T, 1(x) = (=1)""5t 2 ; (13)
n+1
—(=1" n -1
Topa(@) =57 Tole —1) = T (w — 2) = (~1)" 150 (m + 1)' (14)
n

See the next section for notes on the proof. Examples of T,,(z) are given in Table 5.

3 Proofs of main results

Of the four new theorems above, we present two full proofs. The other two theorems have
analogous proofs.

First, we collect various Fibonacci and Lucas number results that we will use. Proofs are
available in many standard sources such as Vajda [5].



Lemma 6. Let o = (1 ++/5)/2 and B = (1 — /5)/2. For all integers m and n,

FFost — FyFpat = (—1)" Fyp, (15)
F, :3an2+an4a (16)
F, = 4F, s+ F,_g, (17)

ol — Bn
R (1s)
BE, = Ly + L1, (19)
L = a" + 3. (20)

Also, we will need Lemma 2.2 from the previous work [3] concerning (1).

Lemma 7. Let Fp(x) = Fya* '+ Foa* =2 + .-+ Fy_1x+ F).. The nth derivative of Fy(x) is

k—n
n TR (k= d),, ifn <k —1;
FOw) = 4 2

0, ifn > k.

(21)

The product of Fi(x) and x* —x — 1, the characteristic polynomial of the Fibonacci sequence,
18

(2% — 2z — 1) Fp(z) = 2" — Fppz — Fy. (22)
The derivatives of the product of Fi(x) and 2* —x — 1 are
(2% — 2z — DF(2) + 20 — DFp(z) = (k4 1)2" — Fpq (23)

and
(2% — 2 — D)F (@) + n2z — DF" (2) + n(n — DF" ) (z)

B {zk_"“(k + 1), f2<n<k+1;

. (24)
0, ifn>k+2.

The proofs of Theorems 1, 2, and 3 follow the same format. We present the proof of
Theorem 3 which includes scalar factors (powers of 2).

Proof of Theorem 2. The proof is very similar to those of Theorem 2.1, Proposition 2.3, and
Proposition 2.4 of our previous article [3]. O

Proof of Theorem 3. Lagrange’s interpolation formula yields

n n

n—1—i T _j
Ry (z) = 22 T Fonyivs | | F—
i=0 =0 J
J#i
- x ~ (—=1)" (0 Fopyits
= (—1)m2n! 1 : 25



where we set the empty product to 1.

We proceed by induction on n. As we will see, two base cases are necessary. First, Ry(z)
is a constant polynomial satisfying R(0) = F3/2 = 1, so Ry(z) = 1 with leading coefficient

1= (—1)"/0! as claimed. We want to show that, for integers k > 0,

k
Fiis F;
Ro(k) =1= ok+1 + Z 9it1
i=1

and, for integers k < 0,
—k—1
Fiis F;
Ro(k) =1 = okl Z 9—itl
i=1

These follow from substituting x = 2 and z = —1/2, respectively, into (22).

For n = 1, the polynomial R;(z) satisfies R;(0) = F5 = 5 and Ry(1) = Fs/2 = 4, so
Ry(z) = —z + 5, a linear polynomial with leading coefficient —1 = (—1)! /1! as claimed. We

want to show that, for integers k > 1,

k—1

Fiis F; .
Ri(k) = —k+5= Qk+ _ZziJrl(k_Z)
i=1
and, for integers k < 0,
Frvs ~~ F
k+5 —i .
Ry(k) = —k+5= 2: + > 5okt i)

i=1

Given k > 1, use x = 2 in (23) to see

N

-1
Fi N

i=1

B 2_1’C ((k+ 1)2% — 3F,(2) — Fi1)

1

=% ((k+1)2% = 32" — Fiys) — Fip1)
1

=k—5+ Q_ka-‘rSa

where we apply (15) in the last equality. Rearranging gives (26).
For (27), assume k < 0 and let m = —k. Using x = —1/2 in (23) gives

(26)

(27)



Z 2F = (k + 1)
= -y, (<3)

e () (2 s

= (=1)m2m ((—8) ((-%)mH + %Fm—l—l - Fm) + (—%)m (m+1) - Fm+1>

= (—=1)m2™ (—Fm_5 + (—%)m (m + 5)) :

again using (15). Putting the expression back in terms of k establishes (27), which completes

the base cases of the induction.

Let n > 1 and assume that the theorem holds for all nonnegative integers no greater than
n. We prove that R,,1(z) has degree n + 1 and leading coefficient (—1)"**/(n + 1)!, more

specifically, that

'K R (ki
_ on—k n+1 : N
Rupa(k) =2"""Fyonys + (1) E : 9i+1 (n + 1)

for each integer k£ > n + 1 and

k-1 .
. n F_; k41
Rp1(k) = 2"* Fiyones + (—1) E : 9—it1 (n + 1)
i=1

for each integer k < 0.
We begin with (28); let £ > n + 1. Using x = 2 in (24) leads to

Fr@) 4 3(n + DFM(2) + nln + DFI(2) = 257 (k + 1) ey

The induction hypothesis and (7) with = = 2 give

1
R, (k) =2""" (Fk+2n+3 + u]'_]g )(2)) ;

n!
<_1)n_1F(n—1) )
ko (2))-

(n—1)!

R, (k) =2""k2 (sz+2n+1 +

Substituting these into (30), we have

i=1

+n(n+ 122" (n — DI(=1)""" (Ry_1 (k) — 2" F 2 Fioni1) = (k+ 1)

10

k—n—1
( S otnelnig z‘>n+1> +3(n +1)2" 7l (=1)" (Ra(k) — 2" Fryanys)

(28)

(29)



Rearranging and using the identity (16) gives

n—1

k— .
kE+1 F, (k—1i
n+1 n—k n+1 7
(_1) (n 1) 6Rn<k) - 4Rn—1<k) = 2" Frtonts (_1> §1: 2i+1 (n 1)‘

Now define the polynomial g(z) as

z+1
n+1

g(z) = (—1)n+1( ) + 6R,(2) — 4R (2).

To complete the verification of (28), it suffices to show g(z) = R,y1(x). This will also
establish (8).

Notice that g(z) is a degree n + 1 polynomial with leading coefficient (—1)"*1/(n + 1)!.
It is then enough to verify that g(k) = 2" *F, 9,45 for k =0,...,n+1. We do this in three
cases, each using (16).

o For 0 < k <n—1, we have R,(k) = 2" %1 0,13 and R, 1(k) = 2" *2F} 0011
- k4+1\
Since (n+1) =0,
g(k) = 6-2" 1 F 03 =422 E 0 = 2" (3 Fonas— Friont1) = 2" F Flionts.

e For k =n, we have R, (n) = F3,43/2 and

Fs, F —1 Fs, —1)nt
Rn,l(n): 3+1+(_1)n71 1(” ): 3+1+( ) .

22 2\n—1 4 4

Hence we have

Fs, Fs, —1)nt
g(n) = (=1)"" + 6% —4 < 34+1 + ( i > = F3nys.

e For k =n+ 1, we have

Fsnpg (1)
n 1) = y
R,(n+1) 1 + 1
Fn -1 n—1 -1 n—1
R, i(n+1)= 38+2 + ( i n+ ( 52
so that
Fy, (=" Fyppg (=D (=)}
1 _ _1 n+1 2 3n+4 _4 +
gn+1)=(-1) (n+)+6(4+ 1 8+ 1 n -+ 3
_ F3n+6
5

11



It remains to establish (29). Assume k& < 0 and let m = —k. Also, let m' = m + n.

Recall the identity
a b—a—1
= (—1) 31
() = ("5 (31)

for integers a and b with b > 0. This allows us to write the sum in (29) as

p 2—i+1 \p + 1 - — 9—i+1 n+1
(1) mz F, (m+n—21
B —~ 27\ n+1
m—1

(_1)n+1 (_ )171

= ———Fi(m+n—1),11

| —i+1
(n+1)! & 27
m’—(n+1) —it1

(_1)n+1 ( 1) , .

= — —= F,(m' —1)

[ Z ‘ el
(n+1)! = 2
n (n+2)—m’ m' —(n+1) m'—(n+1)—1
( 1)+ 1 1 ,
CEDRNE 2. (3 Fim’ =)
i=1

_ ( 1)m+n+1 ]_—(n-i—l) _1

T\ U2 )
Using (24) with x = —1/2, we write the last expression as
(_1)m+n+1
22-m(n 4 1)!

x ( 8(n+1)FI, (—%) +an(n+ 1)FID <—%) .y (—%)m (m+n+ 1)n+1) . (32)

Next, we determine fr(,Zrn( 1/2) and .FT,ZFT} (—1/2). Using (21) with = —1/2, identity
(31), and the induction hypothesis gives

w (1Y~ i
]:m+n( 2) ;( 2) Fi(m +n —1),
(m+1)—1 m—i .
Z 1 : —(m+1)+1
— = _1\nt+it+l )

i=1

- (_1)m+n+1n! (m+1)—1 F—z‘ —(m+1)+z
o om—1 Z 9—i+1 n
=1
(—1)™n!

= W (Rn(—m - ]_) - 2m+nF2n_m+2) .

12



Similarly,

" 1 —1)"*t(n —1)!
‘Fﬁn-&-;) (_§> _ ( ) 2775 ) (Rn—l(_m . 2) B 2m+nF2n_m_1) '

Substituting these expressions into (32) gives

% (—S(n + 1)% (Ro(—m —1) = 2™ " Fyy i)
+ 4n(n + ].) (_1>m+l(n — 1)' (Rn_l(—m — 2) — 2m+ann_m_1>

2m

—4 (—%)m (m+n+ 1)n+1)

= (A s 4 (1) (R = 1) 4 B (= 2) = (T,

using (17). Now define j(z) as

r—1
n+1

j(z) = (—1>n+l( > + AR (z — 1) + Ry (2 — 2).

Establishing j(x) = R,y1(z) will verify (29) and also show (9). As with g(x) above, it
suffices to show j(k) = 2" % F 0045 for k =0,...,n + 1. The three cases here, presented in
less detail, all use (17).

e For k=0,

‘ -1
§(0) = (=1)"*! (n n 1) + 4R, (—1)+ Ry_1(—2) = 2" (4Fop10 + Fop 1) = 2" Fopp5.

e For k=1,
) " 0 e e
j(1> = (_1) i (’I’L + 1) + 4Rn(0) + Rn—l(_l) =2 1(4F2n+3 + FQTL) =2 1F2n+6‘
e For2<k<n+1,
; nt (k=1 k—n
j(k) = (=1) na 1 +4R,(k— 1)+ Ry_1(k —2) =2""(4Fkson+2 + Frron—1)

k—n
=2"""Friongs-

13



Finally, we show that each of the recurrences (8) and (9) with some initial conditions
determines the polynomials R,,(z) completely. That is, the polynomial sequences given by

Uo(z) = 1,Uy(x) = —z + 5, and
1
Uris(0) = O ) — ARa(a) 4 (-1 (1

) forn > 1,
1

Vo(z) = 1, Vi(z) = —¢ +5, and

r—1

)fornZl
1

Vaia(2) = 4V, = 1) + Vo (2 = 2) + (1) (n +

satisfy U, (z) = V,(z) = R,(z) for all n. We prove this for V,,(z); the proof for U,(x) is
similar.

By inspection, Vo(z) = Ro(z) and Vi(z) = Ry(z). Assume that V,(z) = R,(z) and
Voo1(z) = Ry—1(x) for some n > 1. By its defining recurrence, V,,;1(x) has degree n + 1
and leading coefficient (—1)"™'/(n 4 1), as does R, 11(x), so it is enough to show V,,11(j) =
R,11(j) for 0 < j < n. The following verification makes frequent use of (17).

e For j =0, from (7) we have

= 4R, (=1) + Ry 1 (=2) + (=1)" (=)~

—1
=4-2"Fy 0+ (Qannl +(=1)"F, (n B 1)) +1
- 2nF2n+57

which matches R,,11(0).

e For j =1, from the definition of R, (z) and (7) we have

Vn+1(1) = 4Vn(0) + Vn—l(—l) + (_1)n+1 (n 3_ 1)

=4R,(0) + R,—1(—1)
= 42" Fopyg + 2"y,

= 2" Py,
which matches R, 11(1).

e For 2 < j < n, from the definition of R,(z) we have

14



Vs () = 4V — 1) + Voa(j — 2) + (—1) ! (j - 1)

n+1
=4R,(j — 1)+ R,_1(j — 2)
=4- 2"*jF2n+j+2 + 2n7jF2n+j—1

= 2" Foyjis,
which matches R, 1(j) for 2 < j < n. O

It is apparent from the statements of Theorems 4 and 5 that these are more compli-
cated results, with different interpolation points depending on the parity of the degree n.
Nonetheless, the S, (z) polynomials are connected between even and odd values of n by re-
lations including (11). The 7),(z) polynomials have more connections between parities, e.g.,
(13) and (14). We detail the first of these two similar proofs.

Proof of Theorem 4. We proceed by induction on n with two base cases. First, Sy(z) is a
constant polynomial satisfying So(0) = —Lo/2 = —2/2 = —1, i.e., Sp(z) = —1 with leading
coefficient —1 = —5%2/0! as claimed. We want to show that, for integers k > 0,

Ly 5~ F
SO(k) =-1= (_2)1+k + 2 — (_2)1’
and, for integers k£ < 0,
L. —k—1 -
So(k) = —1 = gyt 5 Zl (=2)iLF,.

These follow from substituting x = —2 and = = 1/2, respectively, into (22).

For n = 1, the polynomial S; satisfies S1(0) = 2°F; = 1 and S;(1) = 27'F, = 0, so
Si(z) = —x + 1, a linear polynomial with leading coefficient —1 = —50=1/2/11 as claimed.
We want to establish that, for integers k > 1,

Sy(k) = —k 41— Tk _52%(;{;_@ (33)

and, for integers k < 0,
—k—1

Si(k)=—-k+1= % +5 Z (=2)" " F_i(k +1). (34)
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Given k > 1, using x = —2 in the equations of Lemma 7 yields

k—1

Fi=2) = (=2 Rk = ),

Hence we have

oy = D
- (_12)k (%(kz +1)(=2)% + Fr(—2) — ng+1>
- 5(—12>k ((k+1)(=2)" + (=2)"*' 4+ 2Fy1 — Fy — Fip1)

Rearranging gives (33).
For (34), assume k < 0 and write & = —m. Substituting x = 1/2 into (21) and (23) gives

A()-E )

=1
5, (1
_me(§)

(%)m (m+1) — Fpp.
§1<_2)i_1F—i(k +i) =~ mz_l(—Z)"‘lF_i(m )= —om2F (1)

, , 2
=1 i=1

Hence

1 1 Fr
== 1—2mF, ) == (—k+1— L),
5(m + +1) 5 ( + (_2>k)
This establishes (34), completing the base cases.
Let n > 1 and assume that the theorem holds for all nonnegative integers no greater
than n. We want to prove that, if n + 1 is even, then S, 11 (z) has degree n + 1 and leading
coefficient —5("+1/2 /(n 4-1)! and, for each integer k > n + 1,

Lionoy  wso '~ F (k=i
SnJrl(k) = (_2)k—n -5z Z (_2)“_1 (n+ 1) (35)

i=1

16



and, for each integer k < 0,

Sunalh) = i 5 Y (1), (36)

— n+1

If n+ 1 is odd, then S, () has degree n + 1 and leading coefficient —5"2/(n +1)! and,
for each integer k >n + 1,

k—n—1 .
 Frna nt2 F; k—i
Sealh) = Cgjen =2 2 gy (n 1) 0
and, for each integer k < 0,
—k—1 .
Fk_n_ n+2 i— k + 1
i=1

We begin with odd n, thus (35) and (36). Let £ > n + 1. Using z = —2 in (24) gives
5F T (=2) = 5(n + DF(=2) +nln+ DF TV (-2) = (=2)F (k4 Dpser. (39)

By the induction hypothesis, S, (x) has degree n and leading coefficient —5"~1/2/n! while
S,_1(z), since n— 1 is even, has degree n — 1 and leading coefficient —5"~1/2/(n —1)!. Also,

Su(k) = —kon T pe
n< ) - (_2>1+k—n - (_2)1+k—nn! k (_ )’
Ly 5 % .
Spoy(k) = —2nrl Fr(=2).

(=2)h= (=2 (n — 1)
y (21) with x = —2 and (39),

53 (=2 s = S0+ D2l (e 50

i=1

Fnln+1)(=2)>F " (n - 1)I5 "2 ((_LQ’“)% - Sn_l(k)> = (=2)""(k + 1)pp1.

Rearranging and (19) give

k—n—1 .
n+41 k+1 Lk 1 n+3 7

—48,,_ (k) — 108, (k) — 5" = A 5
1() = 105a (k) 2(n+1> (—2)F ’ Z Z“(n—l—l)

=1

To prove (35), let

g(z) = =48, 1(2) — 108, (z) — 55" (ii D

We show that g(x) = S,41(z). Notice that —5"*1/2/(n 4+ 1)! is the leading coefficient of
g(z). Thus it suffices to verify that g(k) = Lj_n,_1/(=2)F " for k =0,...,n+ 1. We do this
in three cases.

17



e For 0 <k <n—1, we have S, (k) = Fk W/ (=21 and S, 1 (k) = Ly_py1/(—2)2TF
from the deﬁnltlon. Also, (kH

Ly Frn i1 (k41
k)= —4 —10 -
9( ) (_2)2+k7n (_2)1+k7n : (n+1)
1 Lk—n—l
= —Lj_n, 5F,_,) = .
(_2)k—n( k-n+1 + 5F)n) (—2)k-—n

e For k =n, we have S, (n) = —Fy/2 = 0 and, by the induction hypothesis,

set= o B (11) -3 -o¥).

Also, (*1) = (1) = 1,50 g(k) = —1+5"F — 5" =—1=L_,.

e For k =n + 1, by the induction hypothesis,

s+ = 5 = 55 )

_2)
(-5).
Lo

2 o (&(nil) + oy (Z:D)

Sn_l(n —|— 1) =

(
- <3+5 (2n — 1))
Also, (f:&) = (Zﬁ) =n + 2. Altogether,
3 n+1 1 5 n+1 n+1 Ll
== - 1— - 9 =-1=—-21
g(k) 2+52(n 2) 2( 52 ) 572 (n+2) 5

Thus we have established (35) and the polynomial recurrence, for n odd,

nt1 1
Spi1(z) + 108, (z) + 48,y (z) = =57 <i1 1). (40)

For (36), let £ < 0 and write k = —m. Also, let m" = m + n. Using (31), we can write

the sum in (36) as
! i1 k+i s, —m+i
> (YTE
: n+1 n+1

i=1 z:l

18



= (1)t ti(_z)i—lF_i (m;fl_ Z)

Gl Z_(_l)i—l(_z)i—lﬂ(m + 10— i)nt1

(n+ 1) =
m’—(n+1) —i+1

<_1)n+1 1 / .
= 5 E —1U)n

(n+1)! ; 2 (= Dnta

n n+2)—m/ m'—(n+1) m/—(n+1)—1

B (=)t /1 (n+2) 1 o
ICESTAV 2 (3 B’ =)o

i=1

_ = FiD 1)
22=m(n 4 1)! 2

Using (24) with z = 1/2, we write the last expression as

% <§n(n +1)FeD (%) - % <%>m (m+n+ 1)n+1> . (41)

Next, we determine ]—"7(,;:,11)(1 /2). Using (21), (31), and the induction hypothesis gives

— mAl g\ melei

i=1

= (n—1)! (mi_l (%)mﬂ_i (=)"F (_(ﬂ:i? ' Z>

i=1

::(_JJR+101“1)!0%§?:10_2y—1fli(_(”14‘2)‘Fi)

2m =1
= (n— 11275 (S 1 (—m —2) + 2" L) -

Substituting this expression into (41) gives

(_1)n+1 4 —mp—2tl m4n
CE=TTe gn(n +1)(n—1)127"5"2 (Sp_1(—m —2) + 2" " Lyyini)
4 /1\™
—rlg) (mAn+1Da

=52 (Sp_i(—m —=2)+ 2" i) — = )
B (Sums(om =2+ 20 L) - (")

This implies

k-1 .
nin (b =1\ Ly nt3 i1 k1
Sy (k—2) — 5" (n+1)_<_2>k_n+5 23 (-2) Fl(nﬂ).

i=1
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Now define j(z) as

i(2) = S r(z —2) — 55 (5” - 1).

n—+1

Establishing j(x) = S, 1 (z) will verify (36). It suffices to show that j(k) = —2""*L, ;.
for k=0,...,n+ 1. We consider three cases.

e For k=0,
wir [ =1
=S, (=2)—5%
0 =52 -5 (7))
. —1—n n;—lF —1 . 577.—20—1 —1
T (=2)n \n+1 n+1
:—2nLn+1.
e For k=1,

e For 2 <k <n+1, since (ﬁﬁ) =0, we have

: ni1 [k —1 "
j(k) = Sp1(k—=2) =5 3 (n + 1) = =2 Ly gy

Thus we have established (36) and the polynomial recurrence, for n odd,

Spi1(z) — Spi(z — 2) = —5"F (z 1 D (42)

For n even, the proofs of (37) and (38) are completely analogous to the odd case. The
polynomial recurrences corresponding to (40) and (42) that arise for n even are

Spi1(2) + 28, (2) + 4, 1 (x) = —5% (z i 1) , (43)

nfx—1
S (r—292)=—52 ) 44
Snt1(x) = Sp—1(z — 2) 5 (n—i—l) (44)
Combining (40) and (43) gives (11), likewise (42) and (44) for (12).

Finally, we want to show that each of the recurrences (11) and (12) with some initial
conditions determines the polynomials S,,(x) completely. That is, the polynomial sequences
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given by

Up(z) = —1,Us(x) = —x + 1, and

_(—1) n 1
Uppi(2) = —2- 57 Up(2) — AU,_y (z) — 575 (zi 1) for n > 1,
%(3}’) = _17‘/1('%) =T+ 17 and
n rz—1
Vi () = Viy_q(z — 2) — 51" (n . 1) for n > 1

satisfy U, (z) = V,(z) = S,(z) for all n. We prove this for U,(x); the proof for V,(z) is
similar.

By inspection, Uy(z) = So(z) and Uy(z) = Si(z). Assume that U,(z) = S,(z) and
Up—1(x) = Sy—1(x) for some n > 1. By its defining recurrence, U,,;1(x) has degree n+ 1 and

leading coefficient —5L"*1)/2] a5 does S, (), so it is enough to show U, 41(j) = Sny1(j)
for 0 < 5 < n. We need to consider n even or odd separately, each with two cases.
For n even:

e for0<7<n—1,

1-(=D"

n+1 ] + 1
Upi1(j) = =257 S,(j) — 48,1 (j) — 51
+1(7) () 1(7) n 1
= =2 5(=2""" Ly ) = A(=2)"" T Fjonna
= 2" (Fy g+ Foj1) = (2)" 7 Fjpia
= (=2)" 7 Fj_pa,
which matches S,,+1(j).
e For j =n, we have U, 1(n) = —2(—1) — (1 = 53) — 52 = 1, which matches S, 1(n).
For n odd:
e for0<37<n—1,
Unsa(f) = =2-51((=2)" Fje) = 4(=2"") Lo = 0
= —2"7(Ly—jy1+ Lo—j1) + 2" L4

= —2""7 Lpp_j1,
which matches S,11(7).
e For j = n, we have U,41(n) = —2-5-0— (1 — 5" ) —5"% = —1, which matches
Spt1(n). O
Proof of Theorem 5. The proof is analogous to that of Theorem 4. O
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4 Expansion in binomial polynomials

The binomial polynomials ( ) provide an alternative basis for polynomials: For any degree
n polynomial h(x) with complex coefficients, there exist unique complex numbers ay, . .., a,
such that h(z) = Y1 a;(?). Moreover, the coefficients aq, . . ., a, can be determined by

0 — i(—w’k (;) h(k) (45)

k=0

fori =0,...,n. Cahen and Chabert [1, 2] provide background on integer-valued polynomials
such as these, including historical notes mentioning Newton and Pdlya.

In this section we determine the binomial polynomial expansions for the polynomials of
Section 2. This will contribute to the identities of Section 5. As in Section 3, we provide
complete proofs for two of the five results, as the remaining proofs are very similar.

Theorem 8. The polynomials P,(x) defined in Theorem 1 satisfy

- zn; Foiio (f) . (46)

Proof. Multiplying (4) by t" and forming the formal power series over n gives

Z " Py (x Z t"Po(r) = Y "By q(x) =) _t" (z j: D
n=1 n=1

Letting g(t,x) = > -, t"P,(x), we have

%(g(t,x) — Py(z) —tPi(x)) — (g(t,x) — Py(x)) — tg(t,z) = Ztn <m + 1)'

Putting in Py(z) = 1, Pi(z) = = + 2, recognizing the generating function for F, i, and
solving for g(t, z) yields

g(t,x):ﬁ <1+(9c+ t+Zt”<le))

() (5 ()

= i t" i Fo_ina <x —Zi_ 1)
n=0 1=0
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so that
- r+1
Pn(.flf) e Z Fn—i+1( Z )

i=0
" T " T

= Z Fo i1 (2) + Z Fo_i1 (z B 1)
=0 =1
- T

> fa(]).
: 1
1=0

The analogous results for Q,(z) and R, (z) have very similar proofs.
Theorem 9. The polynomials Q,(x) defined in Theorem 2 satisfy
Qn(z) Zi(—l)iF%—%ﬂ N .
i=0 ‘
Theorem 10. The polynomials R, (x) defined in Theorem 3 satisfy
n ' ’ T
Ry(z) =) (=1)2" " ' Fy, 0is( " ).
0= 2 s )
We record the equations analogous to (47):
- - rz+1
n = —1)'F n—2i . )
Qn(z) Z( ) Fy 2+2( ; )

1=0
n

Ra(@) = 3 (—1)2" Fay s (m j 1) .

=0

(47)

(49)

(50)

(51)

Again, S,,(z) and T,,(x) have more complicated results. We provide the complete proof

for T,,(x); the proof for S, (x) is very similar.
Theorem 11. The polynomials S, () defined in Theorem J satisfy,

e forn > 2,

n +1 r+1
—192 165, — _5l3] v -1

e for positive even n,

n/2

i len—2i z+1 z+1
Su(w) = =Y 512" F, 54 <5( 0 )_1O<2¢—1>+4<
1=0

n
it

)
) @

Sp(x) = Z(—l)”%L 7 lgn-i-1p (f) with by as defined in (2); (53)

1=0
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e for positive odd n,

(n+1)/2

, , +1 r+1 r+1
. — ’L—22n—21+1Fn_ ; r -1 4 4
(@) 23 we (Fg; 1) 710 0im o) THaims) ) OY

=0
n

Sn(z) = Z(—l)i5L%J2”_i_lcn_i (x) with cx as defined in (3). (55)
i

=0

Theorem 12. The polynomials T,,(x) defined in Theorem &5 satisfy,

o forn > 2,

Toas(x) — 27T (2) + 81T o(x) = (—1"503) (5" T Zas (T T 1) (T 1)),
n+2\T n n—2\T) = n+2 n+1 n )
(56)

e for positive even n,

o2 z+1 z+1 z+1

To(x) =Y 573" 2F .55 —15 9 57
®=3 i (3(75 ) - 5(5 ) (5 4)) . 6m

T.(z) = Z(—l)%vgw?ﬂ_i_lbnﬁ_i (j) with by as defined in (2); (58)

=0

e for positive odd n,

(n+1)/2

_ i—20n—2i+1 . r+1Y\ r+1 r+1
To(w) = ;O BT F i (5 (22. - 1) 15 (22’ o)ty 5)) (59
To(z) = E (—l)iSL%JB”_i_lan_i ($> with cx as defined in (3). (60)
i

=0

Proof. To prove (56), we consider the even and odd cases separately.
For n even, (13) gives

n [T =+ 1
Tn+1(ﬂf) — 3Tn(ﬂf) + 9Tn_1($) = —5H2 (n X 1),

To(x) — 15T, 1 () + 9T, _o(z) = 52 (x :L— 1),

and a similar equation with initial term T}, 5(z). These combine to give

Toio(2) — 27T (2) + 81T, _o(x) = 5% (5 <‘” * 1) 15 (‘” N 1) + 9(‘T :; 1)) . (61)

n -+ 2 n+1
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The case of n odd similarly leads to

Tyio(z) — 27T (x) + 81T} _s(z) = —5°F (5 (x * 1) 15 (x * 1) + 9(96 * 1)) . (62)

n -+ 2 n+1 n

With the integer floor notation, (61) and (62) can be combined as (56).
For (57) and (59), we introduce generating functions, as in the proof of Theorem 8. By
(56),

i t"Tyo(x) — 27 i t" T (x) + 81 i t"T,,_o(x)
n=2 n=2

n=2

> " 1 1 1
= i (-1)"5l% (5(x+ )—15(2”r >+9<x+ >)
o n -+ 2 n-+1 n

Writing ¢(t,z) =" ,t"T,(x) and using initial 7,,(z) values from Table 5, we find

1 > =g x+1 x+1 x+1
t.x) = (=152 (5 - 15 9 .
9, ) 1—27t2+81t4;% (=1) (( n ) (n—1>+ (n—2))

From the identity (16) and weighting the Fibonacci numbers by powers of 3, we have the
generating function

2n 2n n
1— 27t2 1 814 Z 37 Fongat™ nzo dnt",

where
d - 3"Fli0, if nis even;
" 0, if n is odd.

(This d,, allows us to avoid some separate parity cases.) Therefore,

| s +1 x+1 x+1
=3 S (-1l v 1
n=0 k—0 (=17 nek | O k g k—1 9 k—2

and comparing coefficients of t" gives
& - +1 r+1 x+1
To(x) =S (1) d, (57 ) =15 9
() kzzo( )57 i . ko1) T \k—2))

a combined expression for (57) and (59).
), let T, (x) =

Finally, for (58) and (60), let T,,(z) = Y1, a;(%) and apply (45).
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If n is even, then for 0 < i < n we have, using (20) and the binomial theorem,

= Z(_l)l+k3n—k—an+k+2 (k)
k=0

i

e () () ()

k=0 k=0
— (_1)i3n—1an+2 <1 _ g)’ i (_1)i3n—1ﬂn+2 1— é
3 3
— (_1)i3n7i715%(an7i+2 + (_1)1‘671,7“,2)
{3n_i_15;Ln i+2) if 7 is even;

315 B, o, if i is odd.

Given the definition of the by, this is (58).
The case of n odd is analogous using (18):

a; = Z(_ z+k3n k— 1Fn+k+2 (k>
k=0

_ (_1)1'371—15—%0/1—&-2 <1 _ %)l _ ( ) ign—1g— 6n+2 ( §>

- 7 . ..
350 B i, if i is even;
= i1 e
2 Ly iy, ifiis odd.

Given the definition of the ¢, this is (60). O

5 Applications

We conclude with several identities involving Fibonacci numbers, Lucas numbers, binomial
coefficients, and the harmonic numbers that follow from the preceding results.

The first results follow from the theorems of Section 2 concerning the leading coefficients
of the various polynomials.

Corollary 13. For every nonnegative integer n,
(@) Y (1) Fopir () = 1.
i=0 !
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For every even nonnegative n,

o) AL, (n\ 5*-1
C - ==
— i 7 on—1 ’

- 1\° n 5n/2
5 (1) ) 2
i=0

For every odd positive n,

B 5(n71)/2 -1

— Fi_,
@25 (1) = T

=0

n 1 ( 5(n—1)/2
(f) Z (—g) Fotios (?) =

=0

Proof. These identities follow from equating the leading coefficients of the polynomials in
Section 2 with their alternative forms obtained from the Lagrange interpolation formula,
e.g., (25). In particular, (a) follows from Theorem 2 and (b) from Theorem 3. For even n,
(c) follows from Theorem 4 and (d) from Theorem 5. Similarly, for odd n, (e) and (f) also
follow from Theorems 4 and 5, respectively. m

Next, we give a two-parameter result generalizing Corollary 13(a).

Corollary 14. For all nonnegative integers n and k,

zn:(_l)iFQn—iJrk <7Z) = F.

=0

Proof. We proceed by induction. Since F; = 1, Corollary 13(a) is the kK = 1 case. The k = 2
case,

n ‘ n
Z(_1>2F2ni+2(i> =1=1I, (63)
=0

was established as Corollary 3.2 in our previous article [3]. For k > 3, the result follows
using the Fibonacci recurrence. For k = 0, subtracting Corollary 13(a) from (63) leaves

n

Z(_l)iF%z—i (?) =0=Fp. O

=0
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There are several direct applications of the results in Section 4.

Corollary 15. For positive integers n,

- n
(a) Z(;Fni+2<l.) = Fopyo,

(b) i(—l)%nzm (?) = Foia,

1=0

n

iy —i— n—1
(C) Z(_1)22n 1F2n—2i+3( i ) - F3n+2.

i=0
Also, for n even,

n/2
d) S siton-zip (50" ) —10( " al " —1
U; 2“((2@') (2@—1 THoi-2 ’

n/2

i—lon—2i n n n o
() Y 573" F, a4 (5(%) — 15(%_ 1) +9(2¢—2>) = Lopi

=0

and, for n odd,

(n+1)/2 n n n
— pizZon=2tlp .5 —10 4
(f) ; 23 2 — 1 9i —2) T\ 9 _3

(n+1)/2
_ gi-zgn=2+ip 5 ") 5 " of " — Py,
(9) = 2 2+3<(2z'—1 2i—2) T7\2i -3 2l

=0

Proof. For (a), let = n in (46). For (b), let z = n in (48). For (c), let x = n — 1 in (49).
For (d), let x = n — 1 in (52) and, for (e), let x = n — 1 in (57). For (f), let x =n —11in

(54) and, for (g), let x =n — 1 in (59).

The following several corollaries use the derivatives of the binomial polynomial expansions
found in Section 4. We provide one detailed proof and notes for the others. Note that the

terms 9, vary slightly for each result.

Corollary 16. For every integer n > 2 and ¢ > 0,

n+4

—1 -2
e (M) (") (7))
i=f
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_ Fongers Fopgeo
— - — Unye

n+/¢ n+¢—1

-1 ) ) )
n+ n+7—1 n+7—1
— Hyy J J —3Hyq 01 U + Hpyoo
: n n—1 n—1
j=0
| — 2
XFZ—j(n—i_j. ))7
J

where 6,0 = % and b, = (”+ﬁ_1)(Hn+g,1 — Hy_q) for > 0.

Proof. Differentiating (46) with respect to x and evaluating at x = n + ¢ gives

, n+/{ 1

=0

_ n+/{
- Z Fn—i—l—Q( i ) (Hn-i-ﬂ - Hn+€—i)
=0

“ n—+/ n—+/
- n—l—[ZFn—H—Q( i >_ZHH+K—iFn—i+2( i )

n+ ¢
= n+£P n—i_g ZHn+El nz+2< —|—€—’L)

n+4

n+t0—1 n—+/{
= W(FWH—ZE( . )) ZHFJ z+2( ; ) (64)

i=1

where the last equality uses Theorem 1.
Differentiating (5) with respect to x and evaluating at x = n + ¢ gives

n—1

Pln+0) =3P, (n—1+0)+P. y(n—2+10) = (x_l) (65)

“M

.T—l -]a:n+€

which, for ¢ = 0, becomes

while, for £ > 0, is
n+0—1
( ) (HnJr@fl - Héfl) )

n

matching 9, , as defined in the corollary statement.
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Using (64) for P’ terms in (65) and rearranging gives

n+4

14 (-1 {—2
S (1) =2 (") ()
=0

4 .
n+t—1
== (Hn+€F2n+2+€ - 3Hn71+€F2n+€ + Hn72+£F2n72+Z) - (Hn+€ E E( n )
i=1

‘ . ; .
n—1+0—1 n—2+40—1
—3Hn—1+f§ -Fz( n—1 )+Hn—2+€ E -Fz( n—9 >> _5n,Z- (66)

i=1 =1

The first grouped expression in (66) simplifies as

Hy v oFonyore — 3Hp 140 Fonye + Hy—oyiFon_oiy

1 1
= H,- Fy,
( 2+E+n+€—1+n—|—€> 2n+2-+0
1
-3 | H.- — | F H, oy oFo,
3< n2+€+n+€—1) ontt + HypopeFon—o4e

Fopniore — 3Fonie Fopyoss
n+¢—1 n—+/

= Hyori(Fontotre — 3Fonyo + Fon_ote) +

_ Foneio Fonye—2

n+/¢ n+¢—1’

where the last equality uses (16).
The expression with summations in (66), using the identity (Z) = %(

¢ . ¢ . ¢ .

n+0—i n—1+0—1 n—2+0—1

Hn—i—ﬂ E Fz( n )_3Hn—1+ﬁ§ E( n—1 )+Hn—2+€§ -Fz( n—9 )
i=1

i=1 =1

n—1

k_l) , becomes

¢ . ) .
n+l—1 n—1+0—1 n—14+0—1
3 (P I )

n—1 n—1
1

><Fl-<n_2+€_i>).
n—2

Using these two expressions in (66) and reindexing by j = ¢ — ¢ leads to the desired
identity. O]

(2
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Corollary 17. For every integer n > 3 and ¢ > 0,

%Hiﬂ—ﬂ(cl_;g) _S(n—l—f—l) . (n+f—2>)

i=0+1
_ F2n+€ F2n+f 4 _5
n—l—f Cn+l—1

n + n+q—2 n+9—2
(( n+£< J = ) < J ) —3H, 01 (;) +Hn+€—2)
n—2 n—2
n+j5—3
FZ]( ] ))7
J

where 6,0 = ﬁ and b, = (”H*Q)(Hnj%_g — Hyy) for £ >0.

n—1

Proof. Here, differentiate (47), otherwise the proof follows the same structure as that of
Corollary 16. [

Corollary 18. For every integer n > 2 and ¢ > 0,

1)£§§(—1)iHiF2i2eH <<”:r4> n <n+f— 1) B <n+f— 2))

E, Fo o
_ (_1)n( CE -1 )_W

n—+/ n+0—1

—1 ) ) )
n-+1 n+i1—1 n+i1—1
+1Z<( n+€( " )( 1 )‘f‘Han(—n_l >—Hn+£2)
) — 2
XFi—Z(n_’_l. >)7
7

where 6,0 = % and 6,0 = ("Jrﬁ*l)(HnM_l — Hyy) for £ >0.

Proof. The proof is similar to that of Corollary 16, incorporating (48) and (6). O
Corollary 19. For every integer n > 3 and ¢ > 0,

1y nif (1 Ho P ((n—:—ﬁ) N (n—}-f— 1) B <n+f— 2))

i=0+1

Fn—é Fn—é—2
= (=1)" On
( >(n+€+n+€—l)+ o
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—1 . ) )
n—+11—1 n+1—2 n+i—2
- (Hn+e ( > ( ) + Hppo (—) - Hn+£2)
— n—1 n—2 n—2
X Fz—f(n_l_z_B))?
7

where 6,0 = ﬁ and 6,0 = (":ﬁZ)(HnM_Q — Hyy) for £ >0.
Proof. The proof is similar to that of Corollary 16, incorporating (50) and (6).
Corollary 20. For every integer n > 2 and ¢ > 0,

e (7)) (1)

-y
_ (=1)" [ Fanyeys L F3nio-3 _s
201 \ 4l Tt l—1 e

-1 . . .
n41 n+1i—1 n+1i—1
+ Z ( (Hn+é ( " ) ( 1 ) +4H, 101 (ﬁ) — Hn+e2)
i=0
Fg_i n+z— 2
X 9l—i+1 7 ’

where 0,0 = % and 6,0 = (n+ﬁ_1)(Hn+€—l — Hyy) for £ >0.

Proof. The proof is similar to that of Corollary 16, incorporating (49) and (9).
Corollary 21. For every integer n > 3 and ¢ > 0,

o (7)) (70

i=0+1

(=)™ [ Fanss Finies
_ 5.
26+1 n+€+n+€—1 + Ong

—1 ) ) )
n+i1—1 n+i—2 n+1i—2
- (HnH < ) ( ) +4H, 101 (—) - Hn+£—2)
— n—1 n—2 n—2
Fg,i n+i—3
X 9l—i+1 7 )

where 0,0 = ﬁ and 6y 0 = (n+£_2)<Hn+f_2 — Hy q) for £ >0.

n—1

Proof. The proof is similar to that of Corollary 16, incorporating (51) and (9).
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We record a few of the simpler particular identities that follow from the previous corol-
laries.

Corollary 22. For every integer n > 2,

s (() () ()
wxa((3) () (7)) -
o R (1)« ()= (107) o G B 5

=1

@S () (1) (177) mor (B
g () ) () (5
g () 7)- ) () 2
(Q)ZHZHF ((”i) <Z+1) (n:)) Fusi 1 Fas 2

TL+2 TL—}-]. n F2n+2+1 an_g—g
h H; o F; 3 . . — 1.
()Z 2 (( 2> <Z+2>+<Z+2)) n+2 n+1 e

Proof. 1dentities (a)—(f) follow from Corollaries 16 through 21 with ¢ = 0, respectively.
Identities (g) and (h) follow from Corollary 17 with ¢ = 1 and ¢ = 2, respectively. O

In fact, each value of ¢ in each of Corollaries 16 through 21 produces an identity.

We conclude this section with results particular to the polynomials S, (z) of Theorem 4.
Notice that the recurrence (12) combines S,1(x) and S,_1(z — 2) into a scaled binomial
polynomial; this simplification is the core of the following results. The analogous (14) does
not combine as nicely, so there are not similar results based on T),(x).

We rewrite (12) as

k+1 X
Spr1(z+1) = Sp_q(x—1) = _5l5t <k N 1)
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and differentiate with respect to x on both sides,

k
/ / k41
Sen(@+1) =Sy (z—1)=-5"% J(k+1)zx

=0

Letting x = k gives

5L
Stk +1) = Sy (k- 1) = > (67)
That equation informs our last corollary.
Corollary 23. With by and ¢y as defined in (2) and (3), and for every n > 1,
2n n
|k 2n 5"
(a) Z(—Q)k5n Lngka(k) = 2H,, — o
k=1 k=1
2n—+1 n k
2n+1 5
b —2)b-15nlsly =
() > (-2 SOREL %+ 1’
k=1 k=0
n k
(C)Z 5 cka( )_ Spy
2n+1 n k
e 1+(=D* 2n +1 5)
(d) Z(_ it Cka( i >=—2H2n+1+2f
k=1 k=1
Proof. For (a), summing (67) evaluated at k =1,3,...,2n — 1 gives
5 5 5n 15"
Sh(2n) =S, (2n) — SH(0) = —2 — 2 ... 2 — 2N 68
o) = S = 00) = 3 =~ =53 (63)

Next, we find a different expression for S5, (2n). Differentiating (53) with respect to z and
evaluating at © = 2n gives

2n ]
S (2n) = -1 z+15L Jr1J22n7271b o
f(2n) = ()5 iy, (P

i=0 j=0

2n
. i+1 - 2
= Z(—l)ZH5L 3 J22n_l_1b2n—i< n) (Hap — Hop—i)
i

=0
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2n
. 1+1 ; 2
_ HQn Z(_1)1+15L 42' J22n—2—1b2n_i( Zn’)

1=0
2n 27’L
. i+1 .

- Z(_l)ZHE’L; J22n_z_1b2n—iH2n—i( . )

1=0 v

2n , 2n
= HoypSon(2n) — 3 (=1) 5l lo2n=i=ty, . p1,

2nS2n(21) ;( ) : 2 =il g s

2n
n—k 2n
= —H,, — Z<_1)2n7k+15t2 . +1J2k1kak< L >

k=0
1 2n 2n
— _H,, 4= (=2)k5n3p H .
on + 2;:0( ) 240 Hy, 3

Combining this with (68) establishes (a).

The verification of (b) is very similar: Sum (67) evaluated at k = 2,4,...,2n and use
(55) for the other expression of S5, (2n).

For (c), differentiating (52) with respect to « and evaluating at x = 2n gives

NI 2n + 1
Syn(2n) = — Z SIS S (5( 9 )(H2n+1 — Hap 9iy1)
i=0

2n+1 2n+1
- 10(2Z _ 1) (H2n+1 - H2n72i+2) + 4( . )(H2n+1 - H2n2i+3>>

oo A 2n+1
= Hoyp159,(2 5122, oo Hon o
o1 2(n)+; on—2i4+2419 2+1(2n—2i—|—1)

- i02n—2i 2n+1
— Z 5122 ALy oo Hon 9iio < )
i=0

on — 21+ 2
n
. . 2n + 1
517122n722+2F 2 H 2
+; n-2it2tlon-2its| o o0 g
2k +1

& 2n + 1
o 5n—k+122k—1F H.
kZ:O 2k412k 2k

- on + 1
+ Z 5n_k22kF2kH2k+1( )
k=0

L 2n + 1
= —Hopi1 + Z 5 k22kF2k+2H2k+1 ( )
k=0

2k +1
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" 2n + 1
= —Hop1 + Z 5" K%K (Lo, 4 Fopyo) Hopn ( )

— 2k +1
N _ 2n 4 1
o Z 5 k+122k 1F2kH2k
2k

k=0

- 2n+1

= —Hoy, 5" Lo 1 H

ont1 T+ kZ:O 2k+1Horri| o) 1

- 2n+1
o 5nfk+122k:le H

using (19). Doubling both sides, recalling the definition of the ¢, and combining with (68)
gives (c).
The verification of (d) is similar, differentiating (54) and evaluating at z =2n+1. O

6 Further work

We believe that the coefficients of the various polynomials, with initial values given in the
tables of Section 2, merit further study.
Also, the sum in Corollary 22(b) can be rewritten

;HF (()-=("") (")
:;HF(ZL) —3;HF(HZ_1) +2_;HF<nZ_2)

With the other side of Corollary 22(b), we have the sum W, = " | H,;F;(") satisfying the

recurrence
Wy — 3W, 4 W, = Lo Foa =l (69)

n n—1
for all n > 2. A solution to the nonhomogeneous second order linear recurrence (69), with
initial condition Wy = 0 and W, = 1, would give us a closed form for Z?:l HZFZ(TZ) Each

identity in Corollary 22 could give rise to a similar recurrence.
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