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Abstract

Sierpiniski graphs S5} and Sierpiniski triangle graphs §Z’} form two-parametric families
of connected simple graphs which are related, for p = 3, to the Tower of Hanoi with n
discs and for n — oo to the Sierpinski triangle fractal. The vertices of minimal degree
play a special role as extreme vertices in S) and primitive vertices in S)). The key
concept of this note is that of an m-key vertex whose distance to one of the extreme
or primitive vertices, respectively, is m times the distance to another one. The number
of such vertices and the distances occurring lead to integer sequences with respect to
parameter n like, e.g., the Fibonacci sequence (golden) for p = 3 and the Pell sequence
(silver) for p = 4. The elements of most of these sequences form self-generating sets.

We discuss the cases m = 1,2, 3,4 in detail.
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1 Introduction

The vertices of Sierpiriski graph S; with base p € N, p > 2, and exponent n € Ny are n-
tuples of the set P := [p]o := {0,...,p — 1} and written as s = s, ...s; with s4 € P for
d € [n]:={1,...,n}. The edge set is given by

E(Sy) = {si 5 [ {i gy € (5), d€n), s=sn...sama € PP (1)

Note that S) = ({e},0) = K, with the empty word €, S) = K, and that S} is a path on
2™ vertices. Sierpinski graphs were introduced in the 1990s as mathematical models for the
famous Tower of Hanoi (p = 3) and the Chinese Rings (p = 2); see [8, Chapter 4]. In the
past two decades they developed a life on their own as can be seen in a recent survey [9].
Apart from many graph parameters determined, metric properties have been investigated,
and the graphs S§ were used to approximate the fractal structure of the Sierpiriski triangle
(see [10]).

If we concatenate s,,1 = k € P to the left of all vertices of 5 we get what we may
call the graph kS; = 5} as a subgraph of 5’;*”. These p copies of S} are mutually linked
in S1*" by the so-called critical edges {ij", ji"}, {i,j} € (}), according to (1). This shows
that Sierpinski graphs S} are connected and therefore endowed with the canonical distance
function 0 where d(s,t) is the length of a shortest s,¢-path in S;. The importance of the
critical edges lies in the fact that for p > 3 a shortest 5, j¢-path may either run through
critical edge {ij", ji"} (direct path) or via two critical edges, namely {ik™, ki"} and {kj"™, jk"}
for some (but only one) k € P\ {7, j} (indirect path). The decision whether the direct or an
indirect path is shortest (or both are) and for which k, is not easy and has been analyzed
and solved with an algorithm by Hinz and Holz auf der Heide [6]. The decisive ingredient is
the distance (s, j") of an arbitrary vertex s € P" to a so-called extreme verter j" in SJ'. It
is given (see [8, Theorem 4.5]) by the formula

n

VseP'VjeP:o(s,5") = (sa?j)-2"", (2)

d=1

where we make use of the lverson bracket (or Iverson convention) which assigns a numerical
(binary) value (A) to a statement A; it is defined by (A) = 1, if A is true, and (A) = 0,
if A is false. Obviously, (s, ;") < 2" — 1 and putting s = " for some i € P\ {j} we
have diam(S}) = 6(i", j") = 2" — 1. Another immediate consequence of (2) is the following

invariant:
p—1

VseP' Y (s, 5") =(p—1)-(2"—1). (3)

=0
Sierpiniski graphs S} are isomorphic to Hanoi graphs HY; see [8, pp. 1771t]. For these, the
number of 2-key vertices with (s, 2") =2 - (s,0") has been found to be Fibonacci number
F,_y in [11, Theorem 3.1]. Here, for n > 3, the 2-key distances §(s,0™) have the form
23 4+ 2""2 + 1 with 8 running through the set of (n — 3)-bit numbers without consecutive
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0s; see [11, Lemma 3.2]. The fact that all 2-key distances are odd follows also from the
observation from (2) that exactly one of the distances d(s, j") is even, namely for j = s in
S% and for j = s, 4 --- 451 in HY, where the operation given by i a k = i+ (3—2i—k)(i # k)
for i,k € {0,1,2} has to be evaluated from the right; see [8, (2.8)].

In the present note we want to extend these results in three ways. We will consider
Sierpinski graphs of any base p > 2 (Section 2), thereby looking at m-key vertices, i.e., those
s € P™ for which (s, (p —1)") = m-d(s,0") and their respective m-key distances for m =1
(Section 2.1), m = 2 (Section 2.2), m = 3 (Section 2.3), and m = 4 (Section 2.4). Finally,
we will consider the corresponding questions for Sierpinski triangle graphs §g (Section 3).
These are graphs which have often been mistaken for Sierpinski graphs and even been called
so (see [9] for a discussion), but whose metric properties are somewhat more difficult to
access (see [7]). Our focus will be on integer sequences emerging from these considerations.
Some of the sequences come from the so-called self-generating sets, like, e.g., the Mersenne
sequence M, = 2" —1 (A000225, referring to the On-Line Encyclopedia of Integer Sequences
(OEIS)) with @« = 1 and F = {k — 2k + 1} in the following lemma.

Lemma 1. Let o € N and F be a finite set of functions from N to N with
VfeFVzeN: f(z) >z (4)

We say that I' C N fulfills property SG(a, F), iff {a} U U{f(T) | f € F} CT.
Then the following are equivalent:
LNDC={a}uU{f(C) | feF},
2. C={cro-oci(a) | e, € F, L €[k], k € Ny},
3. C =TI c N |T fulfills SG(o, F)},
4. C is the smallest subset of N (w.r.t. “C”) that fulfills SG(«, F).
Such a C is called a self-generating set, « is its seed and F is its generating function set.
Points 2 to 4 guarantee that C' is defined uniquely by 1.

Proof. 1. = 2. Let N D C = {a} U U{f(C) | f € F} and define C" := |J{C) | k € No}
with Cy = {cro---oci(a) | ¢o € F, £ € [k]}. We prove C, C C by induction on k.
Co={a}CcC. Ifzx=c10c,0---0ci(a) € Cryq, then x = f(2) with f = ¢y € F,
' =cpo---oci(a) € Cp C C, the latter by induction assumption. Therefore, x € f(C) C C.

For C' C C’, we apply the Algorithm to x € C. The condition in the while loop can be
checked because F is finite and 2’ must be smaller than x by virtue of (4). The algorithm
terminates because x is getting strictly smaller in each iteration of the while loop. The
output of ¢ = ¢ ...c; then provides the representation of z as an element of C’, ie., x =
cko---ocy(a).

2. = 3. Let C = {cyo---oci(a) | ¢, € F, £ € [k], kK € No} and " = [{I" C
N | T fulfills SG(«, F)}. For every I' C N which fulfills SG(«, F) we can prove Cy, C I' by
induction as before. So Cy C C" and consequently C' C C’. Obviously, C' fulfills SG(«, F),
so that C" C C.


https://oeis.org/A000225

Algorithm
Procedure C c '
Parameter x: element of C'
Parameter c: string of elements of F
input x
¢ < € (empty word)
while 3f e FI2' € C:x = f(2)
x<a, ccf
end while
output ¢

3. = 4. C = (I c N| T fulfills SG(a, F)} fulfills SG(e, F). If I' C N fulfills SG(a, F),
then C' C T

4. = 1. Let C be the smallest subset of N that fulfills SG(a,F) and assume that
x e C\{at U UH{SfO)]| feF}). Let ¢":=C\ {z}. Then o € ' and if f € F and
x' € (', then f(2') # x, i.e., f(a') € C'. So C' fulfills SG(«, F), but is smaller than C, a
contradiction. ]

2 Sierpinski graphs

For p € N, p > 2, and n € Ny we define Sierpiniski graph S7' with V(S]) = P" and edge set
asin (1). Let m € N. An m-key vertez in S} is an s € P" with §(s, (p — 1)") = m - §(s,0").
If s is an m-key vertex, the value 0(s,0") is called an m-key distance. If there is no doubt
about the m we just write “key vertex (distance)”. The set of m-key vertices in S} is denoted
by V., occasionally without the indices m or p. A special case is n = 0, where the only
vertex € is a key vertex for every m, i.e., ,¥,0 = {€}, and 0 is the only key distance. For
n € N, key distances are always positive.

In the discussion of the case p = 2, Mersenne numbers M, = 2" — 1 play a central role.
The following is probably well-known:

Lemma 2. Every odd k > 1 divides some M,, with [In(k +1)/In(2)] < k < k. In particular,
every odd number is a proper divisor of some Mersenne number.

Proof. 1t suffices to prove the first statement because Mersenne number M, is a proper
divisor of My, = (2" + 1)M,, for k € N.

The set of residues modulo k of powers of 2 has size at most k£ — 1 because £ > 1 is odd
and therefore the remainder 0 is impossible. So by the pigeonhole principle there must be
0 <i<j<k—1suchthat 2 — 2 € N, whence k[2/(27~" — 1). Again because k is odd we
get k|28 —1withl <k:=j—i<k-—1 O

As we have seen before, SI', n € N, is a path graph on 2" vertices which can be labeled
by binary strings s € {0, 1}", leading from 0™ to 1" in natural order of their values as binary
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numbers. An m-key vertex s must therefore satisfy (m-+1)d = M,,, where the m-key distance

d is §(s,0™) = (s)2 and must be odd. We get

M, M,
< n

1<6=
- m+1— 2

, n> 2.

So we find m-key vertices if and only if m+1 > 1 is a divisor of M,, and ¢ is a proper divisor
of M,. From Lemma 2 we see that there are m-key vertices iff m is even and that every
odd ¢ is a key distance. We call § = 1 trivial, which leads to an (M,, — 1)-key distance with
trivial key vertex 0"~'1. Note that

M, is prime if and only if no non-trivial key vertex exists in S5.

So for odd m and n € N we have ,,,¥5,, = (). For m = 2 we get ,¥s,, = {(01)”/2}, if n is
even and oWy ,, = (0, if n is odd. This reflects the famous formula M,, mod 3 = n mod 2 (cf. [8,
p. 100]). For n = 2v, v € N, the (positive) 2-key distances form the sequence A002450 of
odd Lichtenberg numbers (5,1 = (2% — 1) = 6 ((01)”,0%). (For the Lichtenberg sequence
(A000975), see [5] and [13]). For m = 4 we note that 5| M, < 4|n, as can be seen by
looking at the residues modulo 5 of powers of 2, so that there are 4-key vertices if and
only if n = 4v, v € Ny, namely 4¥s4, = {(0011)”}. The sequence of 4-key distances is
A182512(v) = 1(2% — 1) = 0,3,51,819,13107, .. ..

2.1 The case m=1

As a warm-up for general p we ask whether for some key vertices s € P, n € N, the distances
to two extreme vertices, 0" and (p — 1)" say, are equal. From (3) we see that this cannot
happen for p = 2. For p > 3 we have from (2):

55, (p— 1)) = 6(5,07) & S (sa#p—1)-27 = 3 (sg £0) - 201
d=1 d=1
& Vden]:isqg#p—1&84#0
& Vden]:sq€lp—2
& selp—-2™

Theorem 3. Forp e N, p > 2, and n € Ny we have 1V,,, = [p — 2|".

So there are (p — 2)" key vertices and the corresponding key distance 6(s,0") is always
2™ — 1. In particular, for p = 3 there is only one key vertex at distance 2" — 1 from both 0"
and 2", namely extreme vertex 1".


https://oeis.org/A002450
https://oeis.org/A000975
https://oeis.org/A182512

2.2 The case m =2

The Fibonacci sequence turns up in |oWs,| = F,_;, which is also the number of 2-key
distances occurring for S'; see Proposition 6 below. (This is formally compatible for n = 0,
if we put F_; = 1.) In order to generalize this result we define F ,, for ¢,n € Ny by

F‘LO = 07 (5)
F(Ll = 17 (6)
Fq,n+2 = q- Fq,nJrl + Fq,n- (7)

(F, is the Lucas sequence of the first kind U(P, Q) for the parameters P = g and @ = —1;
see [12, formula (10)]. The numbers F,,, are sometimes called g-Fibonacci numbers, as, e.g.,
in [3].) Again, for formal reasons, we put F, _; = 1, compatible with (5), (6), and (7) for
n = —1. Special cases are

Fy,, = nmod?2,
Fl,n = Fna
F2,n = Pm

where F,, are the Fibonacci numbers (A000045) and P, are the Pell numbers (A000129),
respectively. Let Q4 := % (q + 4+ q2>; then

Fq,n = ; ((Fq,l - Qqu,O)Qi - (Fq,l - Q+Fq,0)Qﬁ) (8)
Vi eE

Q-
R+ — Q-
is the solution of (7), the latter if (5) and (6) are fulfilled. For ¢ € N the ratios F ,4+1/F,,
tend to Q. as n — oo. These irrational numbers have recently been called metallic means;
see, e.g., [4, p. 2]. Since this expression is used inconsistently in literature, we prefer to refer
to them as precious metal means as, e.g., the golden (¢ =1, Q4 = % (1 + \/5)), silver (¢ = 2,
Q4+ = 1++/2) and bronze (¢ = 3, Q1 = % (3 + \/ﬁ)) ratio. They have the constant infinite
continued fraction representation [¢;q].

Our first main result now reads

Theorem 4. Forp € N, p > 2, and n € Ny we have |2V, ,| = F,_2,_1.

Proof. Let s =s,...51 € P" and s = s5,,15 € ¥,,41. Then s,,1 = 0, because (p — 1)"! is
the closest extreme vertex to vertex (p — 1)5 in S)*! and if 5,41 € [p — 2], then

o(s,(p—= 1)) =6(, (p— ") +2" <2

and
§(s,0") = 4(3,0™) 42" > 2",
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Let @, ;= {se€ P"|2"+i(s,(p—1)") =2-0(s,0")}, i.e., ¥U,py = 0D,,. We show that
|®,,| fulfills the recurrence (5), (6), (7) for ¢ = p—2. If s € &y, then 1 = 0, whence |Pg| = 0,
i.e., (5) holds. So let n € N. Then

n

sed, & 2"+Zn:(sd¢p—1).2d1:2~Z(sd7&0)~2d1

d=1 d=1
n—1 n—1

& P> (sun#Ap—1) -2t (1 #£p—1) = (5. £0) 2+ Y (su#0) -2
d=1 d=1

& s1=p—1,Vden—-1]:s55=0&s9.1=p—1, s, #0. (9)

For n =1 we have s € &1 iff s =p—1, so |®1] = 1, i.e,, (6) is satisfied. Together with (9)
(cf. also the standard drawings of S}, e.g., in [8, Chapter 4]) we can deduce

VneNy: @, 0=[p—2]P,,1U(p—1)0d,.
Therefore |®,| also satisfies (7) for ¢ = p — 2. O

Remark 5. 1. 2-key vertices s lie at % = (O.E)2 on the only optimal path from (p — 1)" to
0™ which passes s.

2. For p = 2 it follows immediately from (9) that ¥,, = (), if n is odd, and that otherwise
s = (01)"/2 is the only element of ¥,,, as we have seen before.

Sierpiniski graph S5 and R™, the state graph of the Chinese Rings (see [8, Chapter 2]),
being isomorphic, we see that if the number of rings is odd, there is no state at % distance
between the extreme states 0" and 10", while for an even positive number of rings there
is exactly one, which is the state 1™. O

The approach taken in [11] was slightly different. We looked at the binary representation
of the key distance d(s,0"*!) and observed [11, Lemma 3.2(2)] that the last bit is 1 and
that the representation does not contain a square 00 [11, Lemma 3.2(3)] (this would, e.g.,
contradict the distance formula (2), because there would be a 0 at the same place in the
binary representations of §(s,0"™) and (s, (p — 1)"*!); for p = 2 there are no squares 11
either because there are only two types of bits). Conversely, every binary number with these
properties represents some (s, 0"*1). To achieve this, one can construct a bijection between
P™ and the set of those binary matrices b = (bj4-1)jepacm € {0, 1}P*"™ which satisfies

p—1
Vden]: Zbivd—l =p—1; (10)
=0

in fact, bj 41 = (sq # j) for s € P". This can be based on the fact that the set of those
binary matrices which satisfy (10) has size p" (as can easily be seen by induction on n).

Note that this bijection shows that p — 1 rows of the matrix suffice to recover s, because
the missing row can be reconstructed by virtue of (10). Moreover, from this representation
one can immediately deduce [8, Corollary 4.7].
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Let us add our observations that s,.; = 0 for key vertices s = 5,45 in S’g“ [11,
Lemma 3.2(1)] and that therefore the first and last bits of §(5,0") are 1. The quest for key
distances in S;}*l can then be reduced, for p > 3, to the problem of finding, for n > 2, the
value of |B,_s| for the sets B, defined as the sets of bit strings of length ¢ € Ny which do
not contain the substring 00. A counting like this can be found in [2, Section 1.2]. Quite
obviously, By just contains the empty word, and B; = {0,1}. As before, we get

Byyo = {1t | t € Byy1}U{01t | t € By},

whence |By| = Fy.o.
The elements of the union of the By, ¢ € N, considered as decimal numbers, form the
sequence a given by

apg = O, Vn e N, n > 2VEk € [Fn]o CAF, 1 —14k = OF, 1 —1+k + 271—2;

this is, apart from the offset, the sequence A003754 of the OEIS, i.e., a, = A003754(n + 1)
for n € Ny.

The distances occurring in C,, := {J(s,0") | s € ®,,} are none for n = 0, (1) for n = 1, and
(181), with 8 running through B,,_5 for n > 2 or, in other words, C,, = 2"+ (C,_1UC,,_»).
Hence these distances are all different so that |C,| = F,,. We arrive at

Proposition 6. The number of 2-key distances in Sj, p > 3, is Fy,_1.

The sequence ¢ obtained from U C,, ordered by size, is given by ¢, = 2a,_1 + 1 for

n€Ng
n €N, ie.,
Co = 0, VneNVE e [Fn]g . CFn+1+k = CF,_1+k -+ 2n71.

It is A247648 = 2-A003754+1 and starts (0,)1,3,5,7,11, 13,15, 21, 23,27, .. .; see [L1, p. 77].
The sequence forms the self-generating set obtained from v = 1 and F = {k — 2k + 1,k —
4k 4+ 1} in Lemma 1. In particular, the sequence ¢ includes the odd Lichtenberg numbers,
i.e., the positive 2-key distances for p = 2, which are generated by k +— 4k + 1 with seed 1.

The sets @, contain, for p € N, p > 3, and n € N, the vertices s € [p — 2]""}(p — 1)
with maximal distance (s, 0") = 2" — 1. Similarly, the vertices s = ((p — 1)0)" /% (p — 1),
if n is odd, and s € ((p—1)0)""?"*[p — 2](p — 1), if n is even, have minimal distance
3(s,0™) = Jny1 (Jacobsthal numbers (A001045); cf. [5]). For p = 3 it is possible to prove
that all elements of ®,, are those which lie on the straight line joining maximal distance with
minimal distance vertices in the standard triangular drawing of S¥. If the side length of the
triangle is chosen to be 1, this magic line is the same for all n [11, Theorem 3.3] and leads to a
fractal if intersected with the Sierpinski triangle (of side length 1), see [11, Section 4]. When
drawn as tetrahedra with side length 1, the graphs S} contain an analogue magic triangle

accommodating all 2-key vertices and leading to another fascinating fractal structure, the
Pell fractal (cf. [11, Section 5]).


https://oeis.org/A003754
https://oeis.org/A003754
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https://oeis.org/A001045

2.3 The case m =3

A 3-key vertex s of 5 must satisfy

n n

D (sa#p—1)-27=3> (s¢#0)- 27", (11)

d=1 d=1

If s, # 0, then RHS > 32" > M, > LHS; therefore s, = 0 and (11) can be replaced by

n—1 n—1
4 (sqAp—1)-27 =3 (sq£0)- 207 (12)
d=1 d=1

For n = 1 this leads to a contradiction, whence 3¥,; = 0. So let n > 2 and assume that
$p—1 = 0. Then RHS < 3-M,_5 < 3-2"2 =271 4 9n=2 < HS, a contradiction. Similarly,
if s,_1 = p—1, then LHS < 2" '+ M, _; < 3-2""2 < RHS, another contradiction. Therefore,
Sp—1 € [p— 2] and (12) reduces to

[\

3

n—2
(sa#p—1)-27" =3 (sa#0)- 2" (13)
d=1

i

1

For n = 2 we are done with 53U, = 0[p — 2]. For n > 3 we notice that (13) is the same as
(11), but with n replaced by n — 2. It follows that

3Wpn = O[p - 2] 3Wp 2

with 6(s, (p — 1)) = M,, for s € 3¥,,,. We can summarize the case m = 3 in the following
theorem.

Theorem 7. The set of 3-key vertices in S) is empty for odd n and otherwise 3V, , =
(Olp — 2)"% with |39,,| = (p — 2)"/*. The sequence of positive 3-key distances is Moy, =
lop_1 =1,5,21,85,... for k € N; these are the odd Lichtenberg numbers, A002450. It is the
self-generating sequence for seed 1 and generating function set {k — 4k + 1}.

2.4 The case m =4

For this case we need some preparation. For ¢ € Ny let the sequences (F'F},,)nen, be defined
by

FFo—FFl—FFQ == O, (14)
Fl,s = 1, (15)
FFq7n+4 = ( (FFq7n+3 + FFq,n+1) + FFq,n. (].6)

As before and consistent with (14), (15) and (16), we put F'F,_; = 1. For ¢ = 0, the
sequence is FFy, = (nmod4 = 3). If ¢ = 1, we write F'F,, for F'F},; then the sequence
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FF;., is A006498. The sequence of differences FF is, apart from the shift of the offset,
A070550. For the sequence of partial sums X F'F, cf. the somewhat obscure entry A097083
of the OEIS. The sequences F'F;,, and F'F3,, are, but for the offsets, A089928 and A089931,
respectively. The relation between the sequences F'F,, and F,, is the following.

Proposition 8. For all ¢,k € No: FFyop = Fyp1Fyr, FFonn = Fpy
Proof. Induction on k, where the cases £ = 0 and k£ = 1 are obvious. For k € N we get:

FFoow) = Floog-1)1a=q FFam-1)13+q FFaw—1)11+ FFgar-1)
=q- Fq2,k +q- Fq%kfl + Fyr—2Fyr
=q-Flp+ Fupo1(q- Fypo1 + Fypa)

=q- F;k + Fy 1 For = FypFy e
and

FFoomy1)y+1 = FlFyop—14a = q- FFyopio+q- FFyon+ FFyop
=q- - FFpogi1) +q- FFoop + FFpag-1)+1
=q - FynFpp+q FoporFop + Fopy
=q- FpFype + Fp1Fppr = Fioppr- O

In particular, for all £ € Ny we have

FFio, = Iy - iy, FFyop =Py P,
FFy s = F? W BB = P2
We will now set out to prove
Theorem 9. Forp € N, p > 2, and n € Ny we have 4V, | = FF, 5,_1.
Proof. For n = 0, we have 4V, o = {€}, whence |4V, o] =1 = F'F,_5_; by our convention.

In S} = K, there is no distance four times a different one, so 4,1 = 0 and [4¥,,| = 0 =
FF, 9. For n > 2 we have that s € P" lies in 4V, ,, iff

(s1#p—1) + (2#p—1)-2 + Y (sa#p—1)-2¢"
d=3

= D (Sa2 #0)- 27 4 (801 #0) - 2" + (s, # 0) - 2"

d=3

This, in turn, is only possible if

s1=p—1=s3,Vden—-2]:5=0& sgp0=p—1, 8,1 =0=s,.
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For n = 2 and n = 3 this cannot be fulfilled, so 4V, » = 0 = 4V, 5 and consequently [,V, 5| =
0= FF, o1 and |4V, 3] = 0 = FF, 55. For n > 4 this amounts to s = 005(p — 1)(p — 1)
with 5 = s,,_5...53 € P fulfilling

s3#Ep—1#sy, Vden—4\[2]:s4=0<5s400=p—1, $,_3# 0 F# 5,_9. (17)

Let S; = Sy = S3 = () and for n > 4 denote the set of 5 fulfilling (17) by S,,. Then S, = {e},
Ss=[p—2], S¢ = [p—2]%, and S; = [p—2]> U(p—1)[p—2]0. For n > 8 we have the following
three cases for an 5 = s,,_95,_3...53 € Sp, depending on the number of initial p — 1 (there
cannot be three in a row because of (17)):

1 0#sua#p—1,
2. Spo=p—1#5, 3#0,
3. Spo=p—1=35,_3.

In case 1, § will run through [p — 2]S,,_1, because s,,_3 # 0 # s,_4. In case 2, s,,_4 has to be
0, and all elements of (p — 1)[p — 2]0S,,_3 are admissible because s,_5 # 0 # s,_¢. Finally,
in case 3, 5, 4 = 0 = 5,_5, and all elements of (p — 1)(p — 1)00S,,_4 are admissible because
Sn—¢ # 0 # s,_7. So we obtain that for n > 8 (in fact, for n > 5):

Sn=1p—2S1U(p—1)[p—2]0S,—3U (p—1)(p — 1)00S,4, (18)

with the unions disjoint. We can conclude that (for n € N)

1S1] = [Ss] = [S5] = 0, (19)
1S4 = 1, (20)
1Susal = (p—2) (|Snss] + |Sns1l) + [Sal- (21)

Comparison of (19), (20), (21) with (14), (15), (16) yields 1Su| = FF, 9,1 and since
|4V, .| = |Snl, the theorem is proved. O

If we ask for DD,, := {§(s,0") | s € 4¥,,}, we see that DDy = {0}, DD; = DD,y =
DDs = (), and for n > 4 we have

n—2
DDn:3+{Z(sd7éO)-2d_l|§:sn_2...33€§n}. (22)

d=3

All elements of S,, have the form ¢ = o0y,...0y, where oy € [p—2]U(p — 1)[p — 2]0U{(p —
1)(p — 1)00} and k € Ny is such that ¢ has overall length n. It follows that the binary
representation of a distance in DD, has the form 005 ... 511 with g, = 1 if o, € [p — 2],
Be=110if 0, € (p—1)[p—2]0, and B, = 1100 if o, = (p—1)(p—1)00, respectively. Therefore,
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max DD,, = M, _o, if p > 2; max DD,, = %Mn =min DD,, if p =2 and nmod 4 = 0 (this is
A182512; cf. supra); and finally, for p > 2,

(00(1100)("=9/411), = (27 — 1), if nmod4 = 0;

i DD, — (00(1100)=9/4111); = 1(2" +3),  if nmod4 =1;
" (00(1100)"=9/41111), = L(2" 4+ 11), if nmod4 = 2;
(00(1100)"=7/411011)5 = £(2" + 7), if nmod4 = 3.

Asymptotically, for large n, we have min DD,, ~ %2" and max DD,, ~ %2”. Note further
that for n > 6 every element of DD,, has a binary representation 0011511 with a bit string
S of length n — 6 and which does not contain a substring 000 or 010. From (22) and (18) we
also obtain the recurrence relation DD, 4 = 2" + (DD, 3U (2" + (DD,,,1 U DD,))) for
n € Ny. The sequence cc resulting from the union over n € N of the sets DD,, by order of
size is given by cc(1) = 3 and ¥ n € Ny:

Vke[FF,+ FF,1]: cc(XFF, 3 +k)=3-2""" + cc(SFF, | + k),
Vk € [FF,3): cc(XFF, 14— FF,3+k)=2""2 4 cc(SFF, 2+ k).
The sequence cc (with offset 1) starts
3,7,15,27,31,51,55,59,63,103,111, 115,119, 123,127, . ..

and is A353578 of the OEIS. It can be viewed as the self-generating sequence with seed 3
and generating function set {k — 2k + 1,k — 8k + 3,k — 16k + 3} (cf. Lemma 1).

As an example, we consider the case n = 8. Theorem 9 and Proposition 8 assert that
there are F'F,_ 97 = Fp2—23 4-key vertices. For p = 2 this is (3mod 2)? = 1, for p = 3 this is
F? = 2% =4, while for p = 4 this is P? = 5% = 25. The 4-key vertices come in four forms:

0°[p —2]*(p — 1)?,

0*[p —2)(p — 1)[p — 2J0(p — 1),
0*(p — Dp — 2J0[p — 2J(p — 1)*, and
0%(p — 1)%0%(p — 1)2

The numbers of key vertices of these types are (p — 2)*, (p — 2)%, (p — 2)?, and 1, totaling
1 for p = 2, 4 for p = 3, and 25 for p = 4, as expected. The corresponding key dis-
tances are (00111111)y = 63 = ccy, (00111011)y = 59 = ccg, (00110111)y = 55 = ccz, and
(00110011)y = 51 = ccg. Figure 1 illustrates the four 4-key vertices 00111122, 00121022,
00210122, and 00220022 when p = 3.

3 Sierpinski triangle graphs

The approximation of the Sierpinski triangle by a sequence of graphs is even more direct
when we consider Sierpinski triangle graphs S™. They are embedded as the case p = 3 in
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Figure 1: 4-key vertices in S5 (subgraph 00SS$ shown)

the class §g with vertex sets
V(§;) = ﬁU{Sy...Sgsl | 5,...80€ P"" 1 v e n] s :iAj, {i,j} € (123)},

where p € N, p > 2, and P stands for the set of primitive vertices k: k e P = [ Jo; in

particular, SO is the complete graph on P. All non-primitive vertices s, . . . S91) 7 in S” come
about by contractlng the edge between vertices s, ... 505" "' and s, ... 597" in SPT

note that ¢ j = jZ The primitive vertex k _corresponds to extreme vertex k" and all non-
contracted edges of S"H are preserved in S” For a direct definition of the edge set of S”

[7, Definition 3]. The Sierpiriski triangle graph §;+” can be obtained recursively by takmg
P copies k§" in which a k € P has been concatenated to the left of the vertices of §" and

finally writing k for kk and identifying k( and (k for ( € P, k # (¢, resulting in critical vertex
il Consequently, S" is connected; the canonical distance function is denoted by 6. In the
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case of p = 2, we obtain a 6, T—path of length 2" with the only critical vertex 01. For p=3
we write S" := S%; see Figure 2.

Figure 2: Drawing of the Sierpinski triangle graph GE

For our purpose the distance of a vertex to a primitive vertex is of utmost importance.
We have (cf. [7, Equations (3) to (5)]):

5 (ke 0) =27 (k # 0) (23)

and

~ -~

(S(n) (Sl, . 52{5, 6) = 2n7y5(y)(51/ s 3 f)

= o ( + (i £+ +st+l7&£ ) (24)

As before/vle are interested in m-key vertices s for which, without loss of generality, the
distance to p — 1 is m times the distance to 0. Primitive vertices k are m- key vertices, iff

14
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m =1and k € [p— 2]; the key distance is 2". We write ;®,0 = [p — 2] and ,®,0 = 0 for
m > 1. Moreover, by (24) it suffices to look at the case v = n € N, i.e., we consider the sets
m®pn given by

{sfj |s=sn...55€ PP {ij} € (5): 6™ (sij,p—1)=m- 5<n>(sfj,6)}.

n n
The set of m-key vertices in :S'\g is then ‘Tfn = UmC/ISW, and its size is ]@n\ = Zlm&;pv”"

As we already know, §§ is a path graph on 2" 4 1 vertices whose leaves are the primitive
vertices 0 and 1. A § is an m-key distance iff (m + 1) = 27, i.e., if

2" 1
< 9n-
m+1"

1<6=

Som = M,, v € [n], and § = 6 (s,0) = 2" with m-key vertex s = 0*"101 € V(5%) C
V(S%).

3.1 The case m =1

For m =1 and n € N we have

i
L

$iJED, & 1+(i#Ep—1#5)+) (Sap1#p—1) 2
1

n—1
=1+ #0#))+ Y (sar1 #0) -2
d=1

S ((#p—1#))=(#0#7) and¥den—1]: (sas1 £p—1) = (541 £ 0)
& sep—2""and (z'Aj:O(p—l) or{i,j} € (pf])).

.
Il

Let V, == {0(?_—\1)} U {{\7 | {i,j} € ([pf])} and f, := [V,| = 1+ (*,?). Then we have

shown:

Theorem 10. For allp € N, p > 2, and all n € Ny:

1\/I}p,n U p— 21/ 1‘/[)7

\@M —p—2+§, L ifp#£3.

=1 +’I’L7 ‘I@p,n

=2 -1
p—3
In particular, 1\/1}27,1 =0 ifn=0, 1(1\]2771 — {(ﬁ} otherwise;
1\/1}3,71 = {/1\} U {1“(5\2 | i€ [nlo}; |1{I\J4,n| — ontl
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When we ask for 1-key distances, we can enter the 1-key vertices from Theorem 10 into
the distance formulas (23) and (24). The case p = 2 can contribute only one value, and only
for n # 0, namely 2”71, For p > 3 we get 2" and 2" — 2", v € [n]. These sets only overlap
at powers of 2, so that the sequence of all 1-key distances is given by (’2‘) + v 2 —=2"Y
for n € N and v € [n]. These are the numbers whose binary representation is (1"7#0*), with
i € [n]o. They form, apart from the offset, sequence A023758 of the OEIS.

Figure 3 illustrates the six key vertices in §§’ — S% that are equidistant from primitive
vertices 0 and 2. From left to right, these vertices are T at distance 32, 147402 for w1 from 0
to 4 at distances (1°7#0H),, i.e., 31, 30, 28, 24, and 16, respectively.

AN AP A,
R IRIK AR

A
».?.'AVA
N .A AA AA
a¥avaVAVAVAVAVAVAVAVAVAVAVAVAV'

Figure 3: m-key vertices in S° for m = 1 (red), 2 (green), 3 (blue), and 4 (violet)
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3.2 The case m =2
For ¢,n € Ny let us define ﬁqm by

Fq,O = q,
For = (g)>
Fq,n+2 = q- Fq,n-i—l + Fq,n~ (25)

We notice that ﬁO,n =0, ﬁlmﬂ = F,,, and E,nﬁ =4- P,y + P, = A048654(n + 1).
Theorem 11. Forpe N, p > 2, 2@,70 =0 and for n € N we have |QEI\>p’n| = ﬁp_g’n_l.
Proof. Since 3 does not divide 2", there are no 2-key vertices in §§; so we may assume that
p=3.

We know already that a 2-key vertex cannot be primitive, i.e., 2(5:,,70 = (). From (24) we
deduce for n € Ny:

52?62(/151)@-&-1 A (i#p—l#j)—}—Z(sdH#p—l)-ﬂ
d=1

n

=142 #0#7)+ > (sayr #0)- 2.

d=1

This means that i # p—1 # j and that for n = 0 we have zcﬁp,l = 0[p — 2] and consequently
lo®,1] = p — 2 = F,_29. Moreover, for n € N we get s,,1 = 0 so that we can reduce the
problem to finding |®,| = [0®,| = 2P, ,,+1] for

D, = {sZAj | s=5,...50€ P {i,j} € (1;,); 2" + 5(”)(3@,]9/—\1) =2 5(")(3@,6)},
where P’ := [p — 1]y. For completeness, we also define

By = {E kel 1+600F%p—1)=2- 5(0)(%,5)} =[p-2]

~ o —

so that |Pg| = p—2 = F,_20. Note that 0dy = O[p — 2] due to the recursive definition of
S, For n € N we have

3
—_
3
—

SIJ € By Y (sap #p—1)- 27+ 2" =2 £0#£5)+ > (5401 #0) - 2.
1 1

a
Il
ir

If n = 1, this means that i # 0 # j, whence &, = {z} | {i,j} € ([;;2])}7 ie., ]21\31] = (p;2) =

ﬁpﬂ,l- For n > 2 we have sz’Aj € &\Dn if and only if
so#Fp—1ei#0#j, Vden—1]\{1}:sqp1=p—1cs4=0, s, #0.
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As in the proof of Theorem 4 we can deduce from this that
EI5n+2 =[p- 2]‘$n+1 U(p - 1)051\%, (26)
s0 that [, o] = (p — 2)[Prya| + @, for n € Ny, ie., (25) is satisfied with ¢ = p — 2. O

As an example, the 2-key vertices in 55 5% are 01, 0201, 01201, 020201, and 011201 (see
—1

3

[
o

Figure 3). To see why there are exactly 5 = Fy of them, we have to calculate ﬁq,n V-

N
Il
o

It fulfills

~

Fao0=0, Fl—Q7 Vn €Ny : Fqn+2 -3+ Fn+1+Fq,n
This can be solved by putting G, = ﬁq,n — q% which then fulfills

Gq,O = _q;217 Gq,l = %7 Vne I\IO : Gq,n+2 = qu,n+1 + Gq,n-
For ¢ = 1 we obtain ]31771 =G, = F,, and ¢ = 2 yields (cf. (8))

Fon=Contj = 1(2v2-D(1+V2)" (2f+1)(1-¢§)n+2)
= 0,2,3,7,16, 38,91, 219, 528, .

which is A353580 in the OEIS.

To find out about the 2-key distances, i.e., the distances of 2-key vertices to the primitive
vertex 0, we define, for v, n € Nj:

D, — {5<v+l>(55j,6) | sij € 2<T>,,,VH} - {5@)(5@9,6) | sij € @V},

the latter if v > 1, and

n—1 n—1
B,=J2""D,=J2'Du1v, B= | B..
v=0 v=0 neN

B,, is the set of distances to 0 occurring among 2-key vertices in §I’} It fulfills the recurrence
BO = @, Vne NO . Bn+1 = QBn U Dn- (27)

For v = 0 we have QEI\DPJ = 0[?—\2] and 61 (07,0) = 1 for j € [p — 2], so that Dy = {1}. For
v =1 we have ®; = {23 | {i,j} € ([”;2])} and (5(1)({\]',6) = 2, so that D; = 0, if p = 3, and
D, = {2}, if p > 4. Using (26) we get:

Vn €Ny: Do =2"" 4+ (D, UD,). (28)
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Note that for p = 3 this is the recurrence of the sets C,, (cf. supra) with the seeds switched
and that the elements of D,, are the odd elements of B, ;. Independent of p > 3 we get

BOIQ, Bl :{1}, VTZENQ IBn+222n+<Bn+1UBn). (29)

The first two statements are clear, as is By = {2} for the base step of an induction proof for
the recurrence relation. The induction step is

Bnis=2B,2sUD, o = 2" +(2B,,;U2B,UD,,;UD,)
2" 4 (B2 U Buyy).

From equations (28) and (29) we immediately get
"t <« p, <2 2"t < B, <27

in particular, the sets in the sequence B are disjoint, as are those from the sequence D,
whence |D,,| = F,_1, if p = 3, |D,| = F,y1, if p > 4, and |B,| = F, for n € Ny. More
precisely:

Proposition 12. For n € N we have

(a) max B, =2""1,

ALTL“—>% as n — oo; cf. [5, p. 7].)

c) If the sequence b € NN is given by
b = 1, Vn e Ny Vk e [Fn+2]0 : bFn+3+k = bFn+1+k’ + 2”,
then B = b(N). (This corresponds to sequence A052499 of the OEIS: b, = A052499(n —1).)

Proof. Statement (a) follows by induction from (29). Similarly, the recurrence for min B,
in (b) is
min By =1, min By =2, Vn € N: min B, ;s = 2" + min B,,
a recurrence also fulfilled by the Arima numbers A, 1; cf. [5, p. 7].
For (c) we can show by induction and making use of (29) that

Vn e NO . Bn = {bk ‘ ke [Fn+2]0 \ [Fn+1]0} .

As N = U [Fri2lo \ [Frt1o, the elements of sequence b exhaust the whole set B. O
TLGN(())

Remark 13. The maximum distance from 0 among 2-key vertices in §g, n € N, is attained
for s = 0j, j € [p— 2], and s € Ofp — 2)"1j, {i.j} € ([”;2]), v € [n — 1]p. The minimum is
taken in vertices s = (0(p — 1)L™™/2 05, j € [p—2] and in addition, if n is even, in vertices
s=(0(p = 1)"?0ij, {i.5} € (7). 0
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If we compare (29) with the recurrence for the sequence ¢, we see that 2b, = ¢, + 1, i.e.,
2-A052499(n —1) = 2- A003754(n) + 2, whence A052499(n—1) = A003754(n)+ 1 forn € N
(cf. [1, Corollary 1]).

The recurrence in (29) shows that the sequence B does not depend on p, so we may
assume that p = 3, i.e., D; = (). Then another consequence of equations (28) and (29) is the
following.

Proposition 14. Let n € Ng. Then D, = 4B, — 1 and B, 2 = 2B,;1 U (4B, — 1).

Proof. Forn = 0we have D; = () = 4By—1. Forn = 1 we get Dy = {3} = 4{1}-1=4B;—1.
Now for n € Ny:

Dpiz = 2"+ DyysUDyyy
= 2"2 4 (4B, — 1)U (4B, —1)
= "2 4 4B, UB,) -1
= 42"+ B,1UB,) —1
4Bpys — 1.

The second statement then follows by (27). The union is disjoint for parity reasons. O]

From Proposition 14 it follows that B = {1} U2B U (4B — 1) (disjoint unions), so that
B fulfills the definition given in [1, p. 2] and which is assumed to characterize the sequence
A052499, albeit with offset 0, in the OEIS. It is, however, not stated in literature, why the
set B C N should be determined uniquely by the above condition. It is an example of a
self-generating set; cf. Lemma 1.

3.3 The case m =3

Primitive vertices cannot be 3-key vertices in §g, which are therefore the elements of \/I;n =

n
U 3®, ., where for n € N:

v=1
Sap,n = {SZA] ’ §=58p...5 € Pn71> {Zj} < (123)7 5(71)(523’})/_\1) =3 6(n)(3i\776)}

A vertex sij lies in 3@, ,, iff

n n

(#p=1#)+D> (saFp—1)-2"" =243 #£0#4)+3) (sa#0)-2"  (30)

d=2 d=2

If n =1, then LHS < 1 < 2 < RHS, so 3</Isp,1 =0 = \ffl. So let n > 2 and assume that
s, # 0. Then RHS > 2+ 3-2""! > 2" — 1 > LHS, a contradiction. Therefore, s,, = 0 and
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(30) becomes

(#p—1#)+D (saFp—1)-27 42" =243 #£0# j)+3> (sa#0)-27" (31)
d=2 d=2

If n = 2, then necessarily (i #p—1%# j) =0 = (i # 0 # j), whence 3(I>p2 = {OO( -1} =
U,. Let n > 3 and assume that s, ; = 0. Then RHS < 2+ 3M,_o = 2" + 272 _ | <
2n=1 4 9n=2 < LHS, a contradiction. Similarly, if s,_; = p — 1, then LHS < M,,_5 + 2" 1 =
3-2"72 -1 <2+ 3-2"% < RHS; again a contradiction. It follows that s, ; € [p — 2] and
(31) becomes

3
V]

(#Fp—1#7)+> (sa#p—1)-2"" =243 #0#j)+3) (sa#0)-271 (32)
d=2

2

.
[|

We notice that (32) is the same as (30), but with n replaced by n — 2. It follows that
3®pn = @ if n is odd, and 3<I>pn = (0[p — 2))"=2/200(p — 1), if n is even. In the latter case,
8 (sij,p — 1) M, for sij € 3<I>pn.

We can summarize the case m = 3 in the following theorem.

Theorem 15. The set of 3-key vertices in §g I8

ez -
v, = (0[p —2])*00(p — 1)
pn=0
with
a2 [n/2], ifp=3;
Ul = D> =2 =4 (p-2)" 1
-0 , ifp#3.
w D — 3

The set of 3-key distances from S” is By = = {i2""M, | v € [n] even} with |B,| = |n/2]
(A004526 ).

Remark 16. 1. In our test case §5 we have key vertices 002 and 01002 with key distances 8
and 10, respectlvely (see Figure 3)

2. Note that Bo 0= Bl and that for n > 2 we have min B = 2772 and max B =Vlp_1,
the Lichtenberg numbers (A000975). As 4,1 < 2", the sets B are disjoint. The elements
of B, can be written as $2MVM, = (2" —27Y) = 2”_”&,,1 for even v € [n]. The set of all
3-key distances is

o0

= J Bu = {2541 | 1,5 € No} = {(1(01)70")s | 4, € No}. (33)
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This set can be written as a sequence beNVin an interesting way. If we define AO —0=A
and AN+2 = AN + N+ 1 for N € No, i.e.,

Ry ="1n/2) = |N?/4] = [N/2] - [N/2] = H(N? ~ N mod2)

(see the many entries for A002620 in the OEIS and note that £N+1 + ﬁN = (NQLI) = Ay),

every n € N can be written uniquely as n = Ay_; + p with N = [2y/n] > 2 and a
p € [|N/2]]. Then B = b(N) for the sequence b given by

D(An_1 +p) = L2V —2N-2) = oN=2y, | — (1(01)7~0N~%)

2 )
i.e., withi= N —2p and j = p— 1 in (33). (This sequence b is A181666.) The bijection
NS Ay 14+pe (N=2p,p—1) e N2

is quite remarkable.

B is also the self-generating set (cf. Lemma 1) with seed 1 and engendered by the two
generating functions given by N > &+ 2k andAf(Qi(Qh +1)) = 2(8h +5) for i, h € Ny; note
that f(2%9;11) = 2'la(j41)41, whence f(B) = B\ {2'|i € Ny}. O

3.4 The case m =4

Again, primitive vertices cannot be 4-key vertices in §I’} , which are therefore the elements of

n
v, = U 4P, where for n € N:
v=1

1Py, = {szAj | s=s8,...50€ P"" {ij} € (}); 5(")(52'Aj,p/—\1) = 4~5(")(sfj,6)}.

A vertex sij lies in 4@, ,,, iff

n

(#p=1#5)+) (sa#p—1)-2""=3+4(1#0#))+ Y (sa#0)-2"".
d=2

d=2
As the RHS is odd, we must have i # p — 1 # j and

n n

Y (saAp—1)-27" =244 £0# )+ > (sa7#0)- 2.

d=2 d=2

The case n = 1 cannot be satisfied, so that 4(51,,1 = () and |4(f>p,1| = 0. Let n > 2. Then
ss # p — 1, whence

n

D (saFp—1)-2" =4 A 0#4)+ > (sa#0)- 2 (34)

d=3
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For n = 2 we necessarily have ¢ = 0 and j € [p — 2] and s, = 0, so that 4&3},,2 = OO[?—\2]
and [4®, | = p — 2; key distance is 6(005,0) = 1. For n > 3 we get s, , = 0 = s,,, which
for n = 3 means {i,j} € ([pf]), sy = 0 = s3, whence 4@,,3 = {OOiAj | {i,5} € ([p;2])} and
14D,,.5] = (73?); key distance is 5®(00i7,0) =2. Forn =4 we get i £ 0 # j, s5 € [p—2], and
s3= 0= s4, L., 4Ppy = {0032@' | sy e p—2], {i,j} € ([p;Q])} and [,@, 4] = (p — 2)(*;?);
key distance is 5(4)(0082{\j76) = 4. For n > 5 we deduce from (34) that, in addition to the
conditions already fixed, s3 = p—1 < ij € Op—2,Vde n—2]\[3] :sa=p—1<542=0
and s,_3 # 0 # s,_9. This leads to the following recurrence relation for n € Nj.

Pparn = 00[p — 20405, U00(p — 1)p — 2J4®) 1, U00(p — 1)(p — 1)4P,,0,

—

where each prime indicates the deletion of a leading 0; e.g., 4<I>p2 = O[p — 2]. This means
that

|4(I)p74+n| =(p— 2)|4(I)p,3+n| +(p— 2)|4<Dp,1+n| + |4q)p,n|-

If for ¢ € Ny we define the sequences (ﬁqm)neNo by
FNFq,O =0= ﬁq,la ﬁqﬂ = q, ﬁq,i’) = (3)7

ﬁq,n% = ‘J(ﬁqm% + ﬁqmﬂ) + ﬁqmv
we get
Theorem 17. Ifp e N, p > 2, and n € Ny, then \4<T>pn\ = /F\J/Tp,m.

For ¢ = 0 we have FF o,n = 0, which reflects the fact that 5 does not divide 2". For
g = 1 the sequence is FF1 n= FFn+1 The sequence of partial sums is |4\113 n| = FFnH In

our standard example, the graph S§ , we therefore have two 4-key vertices, namely 001 and
002101 with 4-key distances 8 and 7, respectively (see Figure 3). The sequence

FFap=1((5-3V2)1+v2)" + (5+3V2)(1 - V2)" +z,),
where z, = —10, 2, 10, —2, if n mod 4 = 0, 1, 2, 3, respectively, starts
0,0,2,1,2,8,20,45, 108, 264,638, 1537, . . .;
this is A353581 in the OEIS. Its partial sums form sequence A353582, namely

s, = £ (A= VA +V)" + (4 +V2)(1 = V2)" +y,)
= 0,0,2,3,5,13,33, 78,186,450, 1088, 2625, . ..

with y, = —8, —4, 16, 12, if n mod 4 = 0, 1, 2, 3, respectively.
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For the sets of 4-key distances in §;}, p > 3, we get the recurrence
ET)O = (Z) == 5.\D1, 5.\D2 - {1}, .51\)3 == {2},
DD,y = 2" + (51\)”+3 U (2” + (@nﬂ U 511))) .

For n > 2 we have max DD, = 2"~2 and

$(2"+4), ifnmod4 =0;

— £(2"+3), if nmod4=1;
min DD,, = ‘;’(2n+ ) %nmo S
(2" +1), if nmod4 =2;

(2" +2), ifnmod4=3.

Asymptotically, for large n, we have min El\)n ~ %2” and max l/)T?n ~ ;112".
The sequence ¢c obtained from the union over n € N of the sets DD,, by order of size is
given by c¢(1) = 1 and Vn € Ny:

Vke|[FF,+ FF,1]: ce(BFF, 3+k)=3-2""1+Cc(BFF, | +k),
Vk € [FFn+3] : é\C(EFFn+4 - FFn+3 + k’) = 2" + é\C(EFFn+2 + ]{I)

The sequence ¢¢ (with offset 1) starts
1,2,4,7,8,13,14, 15,16, 26, 28. 29. 30, 31,32, . ..

and is A353579 in the OEIS. It can be viewed as the self-generating sequence with seed 1
and generating function set {k + 2" + k, k> 3- 2" 4 k k> 32772 4k}, where n is the
smallest non-negative integer such that k£ < 2" (cf. Lemma 1).

4 QOutlook

For fixed m and p, the string sets of m-key vertices, ,, ¥, ,, for Sierpinski graphs .S}’ and m(I\fp,n

for Sierpinski triangle graphs §g, are often, perhaps always, regular languages, denoted
by regular expressions. For example, the language of non-empty strings in W3, can be
represented by the regular expression

0(1 Vv 20)*2,

illustrating equation (9) in the proof of Theorem 4. This regular expression denotes the
language of all strings that begin with the character 0 and end with the character 2, with
zero or more substrings, each either 1 or 20, in between; the star character stands for the
star closure, or Kleene closure, of a language. If we wish to include the empty string, which
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is the only key vertex when n = 0, we can use the more compact but perhaps less intuitive

regular expression
(01*2)*.

From this, all distance properties can be deduced via the formulas (2) and (23), (24), re-
spectively. The counting sequences |:V,, ,,| for m-key vertices when m = 2F appear to have
interesting forms, extending the formulas for k£ € {0, 1,2} presented here. Moreover, it will
be interesting to investigate the fractal structures engendered by the underlying sets of key
vertices.
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