Mathieu-Fibonacci Series

Živorad Tomovski University of Ostrava Faculty of Sciences Department of Mathematics 30. Dubna 22 701 03 Ostrava Czech Republic

zhivorad.tomovski@osu.cz

Stefan Gerhold TU Wien Financial and Actuarial Mathematics Wiedner Hauptstr. 8 1140 Vienna Austria

sgerhold@fam.tuwien.ac.at

Abstract Using reciprocal sums of powers of Fibonacci and Lucas numbers, we present series representations for generalized Mathieu series via Lambert-type series. An application of the Laplace-type integral for Dirichlet series yields some integral representations of reciprocal sums of the Fibonacci numbers and generalized Mathieu series. Finally, we analyze the asymptotic behavior of Mathieu-Fibonacci series by the Mellin transform method.

1 Introduction

The Mathieu series is a functional series, introduced by Émile Léonard Mathieu (1835–1890), for the purpose of his research on the elasticity of solid bodies. This series, its generalizations and their alternating variants have been studied by many authors. The recent book by Tomovski et al. [22] presents many of these results, including integral representations, inequalities and asymptotic expansions. Srivastava and Tomovski [20] introduced the generalized Mathieu series

S^{(α,β)}_μ (r; a) = S^{(α,β)}_μ (r; (a_n)^∞_{n=1}) = ∞∑ n=1 2a^β_n (a^α_n + r^2)^μ

, r, α, β, μ ∈ R^+, (1)

where it is tacitly assumed that the monotone–increasing, divergent sequence of positive real numbers a = (a_n)^∞_{n=1} ( lim_{n→∞} a_n = ∞)

is chosen such that the infinite series (1) converges, that is, the auxiliary series

∑_∞ n=1 1 a^{μα−β} n is convergent. We will also find it useful to consider the function a_x = a(x), x ∈ N, and its inverse a^{−1}(x). The alternating variant S̃^{(α,β)}μ (r; a) of (1) is defined by [21]

S̃^{(α,β)}_μ (r; a) = S̃^{(α,β)}_μ (r; (a_n)^∞_{n=1}) =^∞ ∑ n=1 (−1)^{n−1}

2a^β_n (a^α_n + r^2)^μ

, r, α, β, μ ∈ R^+, (2)

if the auxiliary alternating series

∑_∞ n=1 (−1)^{n−1} a^{μα−β}

n is convergent. From (1) and (2), Srivastava and Tomovski [20] found the series representations

S^{(α,β)}_μ (r; a) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 1 a^{(μ+m)α−β} n , 0 < r < 1, (3) and S̃^{(α,β)}_μ (r; a) = 2^∞ ∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 (−1)^{n−1} a^{(μ+m)α−β} n , 0 < r < 1.

Integral and series representations for various selections of the sequence (a_n)^∞_{n=1} were derived recently, for example, for (n^γ )^∞_{n=1}, ((n!)^γ )^∞_{n=1}, ((log n!)^γ )^∞_{n=1}, etc. [22]. One of the goals of the present article is to give series representations of generalized Mathieu series associated with Fibonacci numbers and related sequences. We apply some results on series of reciprocal Fibonacci numbers, a subject with a long history [2, 6, 13, 17, 24]. Moreover, we show how our generalized Mathieu series can be analyzed asymptotically for r → ∞. This gives rise to an interesting numerical phenomenon: Fourier series with extremely small coefficients occur in the expansions, which cause oscillations that are numerically very hard to see by computing the generalized Mathieu series.

2 Series of reciprocal Fibonacci and Lucas numbers

Before stating our first result, we recall some basic facts about Fibonacci and Lucas numbers (see Grimaldi [11] for more information). Both of these number sequences satisfy the secondorder recurrence relation G_{n+1} = G_n + G_{n−1}, but they have different initial terms. Fibonacci numbers F_n start with F_0 = 0 and F_1 = 1; Lucas numbers L_n have the initial values L_0 = 2 and L_1 = 1. With φ =^{1+√5}_2 , the explicit Binet forms of Fibonacci and Lucas numbers are given by

F_n = 1 √ 5 ( φ^n −

(−1)^n φ^n ) , (4)

L_n = φ^n +

(−1)^n φ^n . Zucker [24] proved that for any integer s ≥ 1 the reciprocal sums ∞∑ n=1 1 F^s_{2n} , ∞∑ n=1 1 L^s_{2n} , ∞∑ n=1 1 F^{2s}_{2n−1} , ∞∑ n=1 1 L^{2s}_{2n−1} , among others, can be expressed as rational functions of Jacobi’s theta functions with rational coefficients. Let q =^1_{φ2} , where φ^2 =^{3+√5}_2 . Zucker used the fact that the above series can be expressed as Lambert-type series, for any complex s with Re(s) > 0, ∞∑ n=1 1 F^s_{2n} = ( √ 5)^s ∞∑ n=1 q^{ns} (1 − q^{2n})^s

, (5) ∞∑ n=1 1 L^s_{2n} = ∞∑ n=1 q^{ns} (1 + q^{2n})^s , ∞∑ n=1 1 F^{2s}_{2n−1}

= 5^s ∞∑ n=1 q^{(2n−1)s} (1 + q^{2n−1})^{2s} , ∞∑ n=1 1 L^{2s}_{2n−1} = ∞∑ n=1 q^{(2n−1)s} (1 − q^{2n−1})^{2s} . For s = 1, the Lambert-type series for (5) was already given by Landau [13].

3 Series representations

In this section we will give series representation for S^{(α,β)}μ (r; (F_{2n})^∞_{n=1}), S^{(α,β)}μ (r; (L_{2n})^∞_{n=1}), S^{(α,β)}μ (r; (F^2_{2n−1})^∞_{n=1}), and S^{(α,β)}μ (r; (L^2_{n−1})^∞_{n=1}), by using formula (3). We have

S^{(α,β)}_μ (r; (F_{2n})^∞_{n=1}) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 1 F^{(μ+m)α−β} 2n , (6)

where μ, α, β are so chosen that μα − β > 0. Then, by (5), we get

S^{(α,β)}_μ (r; (F_{2n})^∞_{n=1}) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m( √ 5)^{(μ+m)α−β} ∞∑ n=1 q^{n((μ+m)α−β)} (1 − q^{2n})^{(μ+m)α−β}

. (7)

Analogously,

S^{(α,β)}_μ (r; (L_{2n})^∞_{n=1}) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 1 L^{(μ+m)α−β} 2n = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 q^{n((μ+m)α−β)} (1 + q^{2n})^{(μ+m)α−β}

, (8) and S^{(α,β)}_μ (r; (F^2_{2n−1})^∞_{n=1}) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m5^{(μ+m)α−β} ∞∑ n=1 q^{(2n−1)((μ+m)α−β)} (1 + q^{2n−1})^{2((μ+m)α−β)} , as well as

S^{(α,β)}_μ (r; (L^2_{n−1})^∞_{n=1}) = 2 ∞∑ m=0 ( μ + m − 1 m ) (−r^2)^m ∞∑ n=1 q^{(2n−1)((μ+m)α−β)} (1 − q^{2n−1})^{2((μ+m)α−β)} . Example 1. Setting μ = 2, α = 1, β = 1, and r^2 =^{1√}_5 in (7), we get

S^{(1,1)}_2 ( 1 √ 5 ; (F_{2n})^∞_{n=1} ) = 2 √ 5 ∞∑ m=1 m(−1)^{m−1}L_m(q),

where L_m(q) = ∞∑ n=1 q^{mn} (1 − q^{2n})^m

is a sequence of Lambert series. For example, L_1(q) = L(q) − L(q^2), where

L(q) = ∞∑ n=1 q^n 1 − q^n = Ψ_q(1) + log(1 − q) log q

. (9)

Here Ψ_q(z) is the q-digamma function, defined as

Ψ_q(z) = 1 Γ_q(z)

∂Γ_q(z) ∂z , where Γ_q(z) is the q-gamma function. We refer to Andrews at al. [3, Section 10.3]; the wellknown identity (9) follows immediately from the definition of the q-gamma function. The second member of the sequence L_m(q) is

L_2(q) = ∞∑ n=1 q^{2n} (1 − q^{2n})^2 = ∞∑ n=1 nq^{2n} 1 − q^{2n} = ∞∑ n=1 ξ_1(n)q^{2n}, where ξ_1(n) = ∑ d|n d is the sum-of-divisors function (see Agarwal [1]). Similarly,

S^{(1,1)}_2 ( 1 5 ; (F^2_{2n−1})^∞_{n=1} ) = 10 ∞∑ m=1 m(−1)^{m−1}L̃_m(q),

where L̃_m(q) =^∞ ∑ n=1 q^{(2n−1)m} (1 + q^{2n−1})^{2m} is a sequence of Lambert-type series. In the following, we use the notation of Whittaker and Watson [23] for Jacobi theta functions. The identities we use are found in Whittaker and Watson [23, pp. 471, 489] or in Borwein and Borwein [5, Section 3.7]. For example,

L̃_1(q) = ∞∑ n=1 q^{2n−1} (1 + q^{2n−1})^2 = − ϑ^{′′}_3 (0, q) 8ϑ_3(0, q) , where ϑ_3(z, q) = 1 + 2 ∞∑ n=1 q^{n2} cos 2nz

and the derivative is taken with respect to z.

Example 2. Setting μ = 2, α = 1, β = 1, and r = 1 in (8), we get

S^{(1,1)}_2 (1; (L_{2n})^∞_{n=1}) = 2 ∞∑ m=1 m(−1)^mL̂_m(q),

where L̂_m(q) is a variant of Lambert series:

L̂_m(q) =^∞ ∑ n=1 q^{mn} (1 + q^{2n})^m . For example,

L̂_1(q) =^∞ ∑ n=1 q^n 1 + q^{2n} = 1 4 (ϑ_3(0, q)^2 − 1),

L̂_2(q) = ∞∑ n=1 q^{2n} (1 + q^{2n})^2 = − 1 8 ( 1 + ϑ^{′′}_2 (0, q) ϑ_2(0, q) ) , etc., where

ϑ_2(z, q) = 2 ∞∑ n=0 q^{(n+ 12 )2} cos(2n + 1)z.

Similarly,

S^{(1,1)}_2 (1; (L^2_{n−1})^∞_{n=1}) = 2 ∞∑ n=1 m(−1)^{m−1}L^∗_m(q),

where L^∗_m(q) = ∞∑ n=1 q^{(2n−1)m} (1 − q^{2n−1})^{2m} . For example,

L^∗_1(q) = ∞∑ n=1 nq^n 1 − q^{2n} = ϑ^{′′}_4 (0, q) 8ϑ_4(0, q) , where ϑ_4(z, q) = 1 + 2 ∞∑ n=1 (−1)^nq^{n2} cos 2nz.

The second term can be expressed via L^∗_1(q), namely

L^∗_2(q) = ∞∑ n=1 q^{4n−2} ∞∑ k=0 ( k + 3 3 ) q^{(2n−1)k}

= ∞∑ k=0 ( k + 3 3 ) q^{k+2} 1 − q^{2k+4} = 1 6 ∞∑ n=1 (n^3 − n)q^n

1 − q^{2n} = 1 6 ∞∑ n=1 n^3q^n 1 − q^{2n} − 1 6 L^∗_1(q) = − 1 192 d^3 dz^3 ϑ^′_4(z, q) ϑ_4(z, q) | | |_{z=0} − 1 48 ϑ^{′′}_4 (0, q) ϑ_4(0, q) . In the last step, we evaluated the third derivative of the identity (see p. 489 in [23]) ∞∑ n=1 4 sin(2nz)q^n 1 − q^{2n} = ϑ^′_4(z, q) ϑ_4(z, q)

at zero.

Ling [14, 15, 16] used Weierstrassian elliptic functions to obtain closed forms for L_m(q), L̃_m(q), L̂_m(q), and L∗_m(q).

4 Integral representations of reciprocal Fibonacci series and Mathieu-Fibonacci series

We begin this section with some integral representations of series of reciprocal Fibonacci numbers and their alternating variants. We need the following lemma [12, 19, 21].

Lemma 3. If (a_n)^∞_{n=1} is a monotone sequence increasing to infinity, then ∞∑ k=1 e^{−ak s} = s

∫_∞ 0 e^{−st}A(t)dt

and_∞ ∑ k=1 (−1)^{k−1}e^{−ak s} = s

∫_∞ 0 e^{−st}Ã(t)dt,

where the counting functions A(t) and Ã(t) are defined by

A(t) = ∑ k ak≤t

1 = ⌊a^{−1}(t)⌋,

the notation ⌊λ⌋ denotes the integer part of a real number λ, and

Ã(t) = ∑ k ak≤t

(−1)^{k−1} =

1 − (−1)^{⌊a−1 (t)⌋} 2 = sin^2 (π 2 ⌊a^{−1}(t)⌋ ) .

Let us find all natural numbers k for which log F_{2k} ≤ t. From^{1√}_5 (φ^{2k} −^1_{φ2k} ) ≤ e^t we have φ^{4k} − e^t √ 5φ^{2k} − 1 ≤ 0. The quadratic equation associated with this inequality has two solutions φ^{2k} =^{√5±√5e2t+4}_2 . The first one^{√5−√5e2t+4}_2 is negative, so 3 + √ 5 2 ≤ φ^{2k} ≤ √ 5 + √ 5e^{2t} + 4 2 := u(t).

Hence, the possible values of k are all natural numbers of the segment [1, ⌊log_φ √ u(t)⌋].

Since log F_{2k} is monotone increasing to infinity and

e^{−s log F2k} = 1 F^s_{2k} , we get

A(t) = ∑ k log F2k≤t 1 = ⌊log_φ

√_{u(t)⌋} ∑ k=1 1 = ⌊log_φ √ u(t)⌋ and Ã(t) = ∑ k log F2k≤t

(−1)^{k−1} =

⌊log_φ

√_{u(t)⌋} ∑ k=1 (−1)^{k−1} = sin^2 (π 2 ⌊log_φ √ u(t)⌋ ) . Then, Lemma 3 yields_∞ ∑ k=1 1 F^s_{2k} = s ∫_∞ 0 e^{−st}⌊log_φ √ u(t)⌋dt (10) and_∞ ∑ k=1 (−1)^{k−1}

F^s_{2k} = s ∫_∞ 0 e^{−st} sin^2 (π 2 ⌊log_φ √ u(t)⌋ ) dt. The natural numbers k satisfying log F_{2k−1} ≤ t are those of the segment [ 1, ⌊^{logφ v(t)+1}_2 ⌋ ] , where v(t) =^{√5et+√5e2t−4}_2 . Hence, again by Lemma 3, ∞∑ k=1 1 F^{2s}_{2k−1}

= 2s

∫_∞ 0 e^{−2st} ⌊ log_φ v(t) + 1 2 ⌋ dt and_∞ ∑ k=1 (−1)^{k−1} F^{2s}_{2k−1}

= 2s

∫_∞ 0 e^{−2st} sin^2 ( π 2 ⌊ log_φ v(t) + 1 2 ⌋) dt. Analogous integral representations for series of reciprocal Lucas numbers can be obtained in a similar way. We can now derive further integral representations for generalized Mathieu series. From (6) and (10), we obtain

S^{(α,β)}_μ (r; (F_{2n})^∞_{n=1}) = 2

∫_∞ 0 e^{−(μα−β)t}⌊log_φ √ u(t)⌋Σ(t)dt,

where

Σ(t) = ∞∑ m=0 [(μ + m)α − β] ( μ + m − 1 m ) (−r^2e^{−αt})^m

= (μα − β) ∞∑ m=0 ( μ + m − 1 m ) (−r^2e^{−αt})^m + α ∞∑ m=0 m ( μ + m − 1 m ) (−r^2e^{−αt})^m

= μα − β (1 + r^2e^{−αt})^μ

+ αμ(−r^2e^{−αt}) ∞∑ m=1 ( μ + m − 1

m − 1 ) (−r^2e^{−αt})^{m−1} = μα − β (1 + r^2e^{−αt})^μ − μαr^2e^{−αt} (1 + r^2e^{−αt})^{μ+1} = μα − β(1 + r^2e^{−αt}) (1 + r^2e^{−αt})^{μ+1} . Hence,

S^{(α,β)}_μ (r; (F_{2n})^∞_{n=1}) = 2

∫_∞ 0 e^{−(μα−β)t} μα − β(1 + r^2e^{−αt}) (1 + r^2e^{−αt})^{μ+1}

⌊log_φ √ u(t)⌋dt

(r, α, β, μ > 0, μα − β > 0).

Analogously, under the same conditions on the parameters, we get the following integral representations:

S̃^{(α,β)}_μ (r; (F_{2n})^∞_{n=1}) = 2

∫_∞ 0 e^{−(μα−β)t} μα − β(1 + r^2e^{−αt}) (1 + r^2e^{−αt})^{μ+1} sin^2 (π 2 ⌊log_φ √ u(t)⌋ ) dt, S^{(α,β)}_μ (r; (F^2_{2n−1})^∞_{n=1}) = 2

∫_∞ 0 e^{−(μα−β)t} μα − β(1 + r^2e^{−αt}) (1 + r^2e^{−αt})^{μ+1} ⌊ log_φ v(t) + 1 2 ⌋ dt, and S̃^{(α,β)}_μ (r; (F^2_{2n−1})^∞_{n=1}) = 2

∫_∞ 0 e^{−(μα−β)t} μα − β(1 + r^2e^{−αt}) (1 + r^2e^{−αt})^{μ+1} sin^2 ( π 2 ⌊ log_φ v(t) + 1 2 ⌋) dt. 5 Asymptotic expansions

We consider here the generalized Mathieu series (1), with αμ > β, 0 < α ≤ 3, and a the sequence of Fibonacci numbers (F_n). We focus on this choice of a, because the associated Dirichlet series

D_{Fib}(s) := ∞∑ n=1 F^{−s}_n , (11)

which occurs in the Mellin transform of this Mathieu-Fibonacci series, has been studied before. Several related generalized Mathieu series, involving F_{2n} or Lucas numbers, can be treated very similarly. Egami [6] and Navas [17] both proved, independently, that the series (11), which converges for Re(s) > 0, has a meromorphic continuation to the whole complex plane, with a lattice of simple poles

− 2k +

(2n + k)πi log φ

, k ∈ N_0, n ∈ Z. (12)

This follows from applying the binomial series to (4), which yields the expression

D_{Fib}(s) = 5^{s/2} ∞∑ k=0 ( −s k ) 1 φ^{s+2k} + (−1)^{k+1} .

We will use this continuation to obtain asymptotics of S^{(α,β)}μ (r; (F_n)^∞_{n=1}) as r → ∞ by the Mellin transform method. This method has been applied to other generalized Mathieu series in several detailed studies [9, 10, 18], and so we present here only the gist of the approach and the main estimate specific to our problem, without spelling out all the laborious case distinctions for various parameter ranges. In Example 5, we give more details for a special set of parameters, and explain why oscillating factors with very small amplitude appear in the expansions. It is straightforward that the Mellin transform of the Mathieu series under consideration equals [9, (2.10)]

M(s) :=

∫_∞ 0 r^{s−1}S^{(α,β)}_μ (r; (F_n)^∞_{n=1})dr

= Γ(μ)^{−1}Γ ( μ − s 2 ) Γ ( s 2 ) D_{Fib} ( αμ − β − αs 2 ) , 0 < Re(s) < σ, (13)

where σ := min

(_{2(αμ−β)} α , 2μ ) .

Now S^{(α,β)}μ can be expressed by the Mellin inversion formula, and an expansion is found by integrating (13) over an appropriate rectangle and collecting residues. This is explained on a similar problem in Flajolet et al. [7, Example 12], to which we refer for details. The estimate for M that is needed to let the height of the rectangle tend to infinity is provided by Lemma 4 below. The outcome is that

S^{(α,β)}_μ (r; (F_n)^∞_{n=1}) = − ∑ σ≤Re(ξ)<σ̃

Res_{s=ξ} [ M(s)r^{−s} ] + O(r^{−σ̃}), (14)

where σ̃ > σ is arbitrary. This easily yields an expansion in powers of r, possibly with logarithmic factors stemming from double poles. Terms resulting from poles of D_{Fib} feature oscillating factors, due to the vertically aligned poles with equal real part (see (12)). See Example 5 for more on this.

Lemma 4. For m ∈ N, we have the estimate ∞∑ k=m | | | | ( −s k ) 1 φ^{s+2k} + (−1)^{k+1} | | | | = O(exp(1.04|Im(s)|)) (15)

as |s| → ∞ in the strip 1 − 2m ≤ Re(s) ≤^1_2 .

Proof. W.l.o.g., it suffices to consider s with Im(s) > 0. We write c for various positive constants, which may depend on m. Since Re(s) + 2k ≥ 1, we have

|φ^{s+2k} + (−1)^{k+1}| = φ^{Re(s)+2k} | |1 + (−1)^{k+1}φ^{−s−2k} | | ≥ φ^{Re(s)+2k} ( 1 − φ^{−Re(s)−2k} ) ≥ φ^{1−2m+2k}(1 − 1/φ),

and so 1 |φ^{s+2k} + (−1)^{k+1}|

≤ cφ^{−2k}, k ≥ 0. (16)

It is well-known that, using the reflection formula of the gamma function, we can rewrite the binomial coefficient as ( −s k ) = Γ(1 − s) Γ(k + 1)Γ(−s − k + 1)

= Γ(1 − s) sin π(s + k) π Γ(k + s) Γ(k + 1)

= (−1)^kΓ(1 − s) sin πs π Γ(k + s) k! . We use Stirling’s formula in the form

|Γ(z)| ∼ √ 2πe^{−Re(z)−Im(z) arg(z)}|z|^{Re(z)−1/2}, |z| → ∞, where | arg(z)| is bounded away from π. Writing s = u + iv, with u ≤^1_2 bounded and v → ∞, we obtain

|Γ(k + s)| ≤ ce^{−(k+u)−v arg(k+s)} ( (k + u)^2 + v^2

) k+u_{2 −} 1_4

≤ ce^{−k−v arg(k+s)} ( (k + u)^2 + v^2

) k+u_{2 −} 1_4 . (17) Now we split the sum in (15) into k ≤ v and k > v. If k ≤ v, then

arg(k + s) = arctan v u + k

≥ arctan v u + v ≥ π 4 − ε,

where ε > 0 is arbitrary. Together with (17), this implies

|Γ(k + s)| ≤ ce^{−k−v(π/4−ε)} ( (v + u)^2 + v^2

) k+u_{2 −} 1_4

≤ cv^ke^{−k−v(π/4−ε)}3^{k/2}, hence ∑ m≤k≤v | | | ( −s k ) 1 φ^{s+2k} + (−1)^{k+1} | | | ≤ c|Γ(1 − s) sin πs| ∑ m≤k≤v

|Γ(k + s)| k!φ^{2k}

≤ c|Γ(1 − s) sin πs|e^{−v(π/4−ε)} ∞∑ k=0 1 k! (v√3 eφ^2

)_k

= c|Γ(1 − s) sin πs| exp ( −v(π/4 − ε) + v √ 3 eφ^2 ) ≤ c|Γ(1 − s) sin πs|e^{−0.54v}, (18) for ε small enough. We will see below that this last expression dominates our estimate for ∑ k>v, which we now develop. By (17), for k > v and any ε > 0,

|Γ(k + s)| ≤ ce^{−k} ( (k + u)^2 + k^2

) k+u_{2 −} 1_4

≤ ce^{−k}k^{k+u−1/2}(2 + ε)^{k/2}.

This part of our sum thus satisfies, by using Stirling’s formula for k! in the third line, ∑ k>v | | | | ( −s k ) 1 φ^{s+2k} + (−1)^{k+1} | | | | ≤ c|Γ(1 − s) sin πs| ∑ k>v |Γ(k + s)|

k!φ^{2k}

≤ c|Γ(1 − s) sin πs| ∑ k>v e^{−k}k^{k+u−1/2}(2 + ε)^{k/2} k!φ^{2k}

≤ c|Γ(1 − s) sin πs| ∑ k>v e^{−k}k^{k+u−1/2}(2 + ε)^{k/2} k^{1/2}(k/e)^kφ^{2k}

= c|Γ(1 − s) sin πs| ∑ k>v k^{u−1} (√ 2 + ε φ^2

)_k .

It is easy to see that the last sum satisfies, for arbitrary ε, δ > 0 and v large enough, ∑ k>v k^{u−1} (√ 2 + ε φ^2

)_k ≤ ∑ k>v (1 + δ)^k (√ 2 + ε φ^2

)_k

≤ c exp ( v log √ 2 + ε(1 + δ) φ^2 ) . This implies ∑ k>v k^{u−1} (√ 2 + ε φ^2

)_k

= O(e^{−0.6v}),

for ε > 0 small enough, which is negligible compared to the last factor in (18). By Stirling’s formula, Γ(1 − s) = O ( exp ( −(^π_2 − ε)|Im(s)| )) . (19)

The result follows from (18), (19) and

sin πs = O ( exp ( π|Im(s)| )) , since − π 2 + π − 0.54 < 1.04.

By this lemma, (13), Stirling’s formula (cf. (19)), and our assumption that 0 < α ≤ 3, the Mellin transform (13) decays exponentially along vertical lines, uniformly for Re(s) bounded. This implies (14); again, see Flajolet et al. [7] for details. The constraint α ≤ 3 can presumably be removed by improving the estimates in Lemma 4.

Example 5. We derive first order asymptotics for r → ∞ of the Mathieu-Fibonacci series

S^{(1,1)}_2 (r; (F_n)^∞_{n=1}) = ∞∑ n=1 2F_n (F_n + r^2)^2 , i.e., α = 1, β = 1, μ = 2. Numerical evaluations suggest that it is of order O(r^{−2}), which is true, and that r^2 S^{(1,1)}_2 (r; (F_n)) converges to 2/ log φ. The latter is wrong, however; we will see that there is an oscillating factor with very small fluctuations. By (13), the Mellin transform is M(s) = Γ ( 2 − s 2 ) Γ ( s 2 ) D_{Fib} ( 1 − s 2 ) , 0 < Re(s) < 2. (20)

The factor Γ(2 − s/2) has poles at s = 4, 6, 8, . . . , while Γ(s/2) has no poles in the right half-plane. By (12), the poles of the third factor are located at

4k + 2 −

2(2n + k)πi log φ

, k ∈ N_0, n ∈ Z. (21)

We just present first order asymptotics here, resulting from the simple poles of D_{Fib}(1 − s/2) with Re(s) = 2, i.e., k = 0 in (21). It is straightforward to push the expansion further, if desired. There are double poles, the first one at s = 10, which induce logarithmic factors for some of the higher order terms. From (14) and (20), we find

S^{(1,1)}_2 (r; (F_n)) = − ∑ n∈Z Res_{s=2−} 4nπi_{log φ} [ M(s)r^{−s} ] + O(r^{−4}) = − ∑ n∈Z r^{−2+ 4nπilog φ} Γ ( 1 + 2nπi log φ ) Γ ( 1 − 2nπi log φ )

× Res_{s=2−} 4nπi_{log φ} D_{Fib} ( 1 − s 2 ) + O(r^{−4}). (22)

The explicit formula [17, Proposition 1] for the residues of D_{Fib} yields

Res_{s=2−} 4nπi_{log φ} D_{Fib} ( 1 − s 2 ) = −2 Res_{z=} 2nπi_{log φ} D_{Fib}(z) = −

2 · 5^{nπi/ log φ}

log φ . Inserting this into (22) gives the desired result:

S^{(1,1)}_2 (r; (F_n)) = 2H ( log r +^1_4 log 5 ) r^2 log φ

+ O(r^{−4}), r → ∞,

where the periodic function H is defined by

H(x) := 1 + 2 log φ ∞∑ n=1 | | |Γ ( 1 + 2nπi log φ )| |^2 cos

(4nπx

log φ ) , x ∈ R.

Due to the exponential decrease of the gamma function along vertical lines, the coefficients of this Fourier series are extremely small: of order 10^{−16} for n = 1, and 10^{−34} for n = 2. This explains why, numerically, our Mathieu series seems to behave like 2/(r^2 log φ). The phenomenon is not restricted to this concrete example, as it is due to the gamma factors in (13). This kind of “fake asymptotics”, stemming from very small Fourier coefficients, has been observed before in other asymptotic problems [4, 8].

References

[1] R. P. Agarwal, Lambert series and Ramanujan, Proc. Indian Acad. Sci. Math. Sci. 103 (1993), 269–293.

[2] R. André-Jeannin, Irrationalité de la somme des inverses de certaines suites récurrentes, C. R. Acad. Sci. Paris Sér. I Math. 308 (1989), 539–541.

[3] G. E. Andrews, R. Askey, and R. Roy, Special Functions, Vol. 71 of Encyclopedia of Mathematics and its Applications, Cambridge University Press, 1999.

[4] P. T. Bateman and H. G. Diamond, On the oscillation theorems of Pringsheim and Landau. In Number Theory, Trends Math., Birkhäuser, 2000, pp. 43–54.

[5] J. M. Borwein and P. B. Borwein, Pi and the AGM, Canadian Mathematical Society Series of Monographs and Advanced Texts, John Wiley & Sons, Inc., 1987.

[6] S. Egami, Some curious Dirichlet series, Sūrikaisekikenkyūsho Kōkyūroku 1091 (1999), 172–174.

[7] P. Flajolet, X. Gourdon, and P. Dumas, Mellin transforms and asymptotics: harmonic sums, Theoret. Comput. Sci. 144 (1995), 3–58.

[8] S. Gerhold, Asymptotic estimates for some number-theoretic power series, Acta Arith.

142 (2010), 187–196.

[9] S. Gerhold, F. Hubalek, and Ž. Tomovski, Asymptotics of some generalized Mathieu series, Math. Scand. 126 (2020), 424–450.

[10] S. Gerhold and Ž. Tomovski, Asymptotic expansion of Mathieu power series and trigonometric Mathieu series, J. Math. Anal. Appl. 479 (2019), 1882–1892.

[11] R. P. Grimaldi, Fibonacci and Catalan Numbers, John Wiley & Sons, 2012. [12] J. Karamata, Theory and Practice of the Stieltjes Integral, Srpska Akademija Nauka.

Posebna Izdanja, Matematički Institut, 1949. In Serbian.

[13] E. Landau, Sur la série des inverses des nombres de Fibonacci, Bull. Soc. Math. France 27 (1899), 298–300.

[14] C. B. Ling, On summation of series of hyperbolic functions, SIAM J. Math. Anal. 5 (1974), 551–562.

[15] C. B. Ling, On summation of series of hyperbolic functions. II, SIAM J. Math. Anal. 6 (1975), 129–139.

[16] C. B. Ling, Generalization of certain summations due to Ramanujan, SIAM J. Math.

Anal. 9 (1978), 34–48.

[17] L. Navas, Analytic continuation of the Fibonacci Dirichlet series, Fibonacci Quart. 39 (2001), 409–418.

[18] R. B. Paris, The asymptotic expansion of a generalised Mathieu series, Appl. Math. Sci.

(Ruse) 7 (2013), 6209–6216.

[19] T. K. Pogány, H. M. Srivastava, and Ž. Tomovski, Some families of Mathieu a-series and alternating Mathieu a-series, Appl. Math. Comput. 173 (2006), 69–108.

[20] H. M. Srivastava and Ž. Tomovski, Some problems and solutions involving Mathieu’s series and its generalizations, JIPAM. J. Inequal. Pure Appl. Math. 5 (2004), Article 45. [21] Ž. Tomovski, Some new integral representations of generalized Mathieu series and alternating Mathieu series, Tamkang J. Math. 41 (2010), 303–312.

[22] Ž. Tomovski, D. Leškovski, and S. Gerhold, Generalized Mathieu Series, Springer, 2021. [23] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Cambridge Mathematical Library, Cambridge University Press, 1996. Reprint of the fourth (1927) edition.

[24] I. J. Zucker, The summation of series of hyperbolic functions, SIAM J. Math. Anal. 10 (1979), 192–206.

2020 Mathematics Subject Classification: Primary 11B39. Secondary 11M41, 41A60. Keywords: Mathieu series, Fibonacci number, Lucas number, Lambert series, theta function, Mellin transform.

(Concerned with sequences A000032 and A000045.)

Received May 23 2022; revised version received June 24 2022. Published in Journal of Integer Sequences, June 24 2022.

Return to Journal of Integer Sequences home page.