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Abstract

We initiate the study of the coefficients of the distinct monomials in the expansion
of the multivariate polynomials x1(x1 4+ x2) -+ (x1 + 22 + - -+ + x,),n € N, the number
of which was shown by Shallit to be counted by the Catalan numbers C,,,n € N. In
particular, we obtain an exact formula for the coefficients and reduce the complexity
of the search for their maximum from the order of (), to the order of the number of
partitions of n with distinct parts.

Introduction

in the expansion of the multivariate polynomials

Pn=21(T1 +22) - (1 + 22+ -+ 2), nEN,
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., T, be indeterminates. It is well known that among the multitude of
their combinatorial interpretations, the Catalan numbers also count the distinct monomials
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a result that goes back at least to [8]. It seems that despite the naturalness of these poly-
nomials, the coefficients of their distinct monomials have not been studied extensively. In
particular, to the best of our knowledge, a closed formula for their maximum is not known. In
this work, we initiate the study of these coefficients and accomplish the following: upon estab-
lishing several elementary properties including a closed formula for the coefficients (Lemma
4), we show that, for every n € N, a maximal coefficient in the expansion of p, is attained
at a monomial belonging to a certain set M,, that has the same cardinality as the set of
all partitions of n with distinct parts (Theorem 17 and Lemma 18). Finally, we provide an
algorithm (Algorithm 1) that successively (and greedily) generates a sequence of monomials
(7n)nen such that r, € M, for every n € N and conjecture that the corresponding coefficients
are actually maximal.

Our interest in the polynomials p,,n € N, was triggered during our work [5] on the
restrictiveness of stochastic orders in which we established a closed formula ([5, Lemma 3.6])
for the probability that a random probability distribution that is uniformly drawn from the
probability n-simplex is greater than a fixed probability distribution, with respect to the
usual stochastic order. The formula involves a sum over all distinct monomials of p,_1.
Thus, the distinct monomials of p,,,n € N, have a direct application in probability theory.

2 Main results

This section consists of two parts: in the first, we establish several elementary properties
of the coefficients of p,,n € N, including a closed formula for them and, in the second, we
address the problem of finding the maximal coefficients of p,,n € N. Before we begin, let
us, for completeness, prove the claim stated in the introduction that the distinct monomials
in the expansion of p,,n € N, are counted by the Catalan numbers which have the explicit
formula C,, = %H(Qg) for every n € Ny where Ng = NU {0} (e.g., [9, Theorem 1.4.1]).
To simplify formulations throughout this work, whenever we refer to a monomial of p,,, we
mean a monomial in the expansion of p, after combining like terms. In particular, in our
terminology, the monomials of p,, are distinct. Likewise, whenever we refer to a coefficient
(of a monomial) of p,, we mean the coefficient (of the monomial) after expanding p, and
combining like terms. Finally, unless stated otherwise, n € N.

Lemma 1. Let P,, denote the set of all monomials of p,. Then |P,| = C,.

Proof. The Catalan numbers have several fundamental interpretations. Thus, it suffices
to construct a bijection between P,, and a set consisting of the elements in one of these
interpretations. Following [9], we shall prove that there is a bijection between P,, and the
set T, of plane trees with n + 1 vertices (cf. [9, p. 6 and Theorem 1.5.1]). The bijection goes
through two auxiliary sets A, and B,

Let us define

An:{(al,...,an)EN3| Zai:nand Z aign—kforeverylgkzgn—l}.
i=1

i=k+1
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We shall show that there are two maps ©: A,, — P, and ®: P, — A, such that Oo® = idp,
and ® 0 © =1idy, . For (ay,...,a,) € A,, let

O((ay,...,an)) = ---aim.
The proof that z{' .-z € P, relies on the following observation: suppose iy,...,i, €
{1,...,n} are such that 1 < i, <k for every 1 < k < n. Then z;, ---z;, € P,. We define
i1,...,1, as follows: first, if a,, = 1 then we set 7,, = n. Now, suppose we have already defined
I 1= ags -+ -5 fn for some 1 < k£ < n such that 1 <, < r for every n—l—l—Z?:k a; <r <n.
Set ipp1-s  ap = = lp-yr o, =k — 1. Since (a1,...,a,) € A,, we have

n

i=k—1 i—k—1
It follows that 1 <i, <rforn+1-3", ,a;<r <n.
In the other direction, for x{*-- -z € P, we let &(21*---2%) = (ay,...,a,). To see

that (aq,...,a,) € Ay, first notice that a,, <1 =mn — (n —1). Suppose now that we have
already shown that Z?:kﬂ a; < n —k for some 1 < k < n —1. By definition of p,, the
indeterminate x;, can appear in at most n — k + 1 places, of which Y ", 41 @i places are
already taken. Thus,

ar <n—k+1-— i a; = iaign—(kz—l).

i=k+1 i=k

Now consider the set
n k

B, = {(bl,...,bn) e Ngu{-1}| Zbizoand Zbi > 0 for every 1 Skﬁn—l}.
i=1 i=1

One verifies immediately that the map (aq,...,a,) — (a1 — 1,...,a, — 1) gives a bijection
between A, and B,

It remains to show that there is a bijection between B, and 7,. By [9, 82 on p. 71], the
following procedure provides such a bijection: perform a depth-first search through a plane
tree with n 4+ 1 vertices and every time a vertex is encountered for the first time, record
one less than its number of children, except that the last vertex is ignored. We prove by
induction on n that the resulting sequence belongs to B,: for n = 1, the plane tree has 2
vertices and the corresponding sequence is necessarily (0) which obviously belongs to B.
Suppose that the claim holds for plane trees with n vertices and consider a plane tree T" with
n+ 1 vertices together with the corresponding sequence (by,...,b,). Deleting the last vertex
from T gives a plane tree 7" with n vertices. Let 1 <[ < n be the index of the parent of the
last vertex of 1. We distinguish between two cases:

1. Suppose that [ = n. Then T" must end with a sequence of three vertices that make a
tree of depth two. Thus, b, = 0 and (by, ..., b,_1) is the sequence corresponding to 7".
Using the induction hypothesis and putting back b, = 0, we see that (by,...,b,) € B,.
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2. Suppose that [ < n. Then the nth vertex of T" is a leaf and therefore b, = —1. Now,
by > 0and (by,...,0_1,0,—1,b41,...,b,_1) is the sequence corresponding to 7", which,
by the induction hypothesis, belongs to B,,_;. Putting back b, = —1 and replacing
b; — 1 with b;, we obtain the original sequence and conclude that it belongs to B,,.

One can show, again by induction, that any (by,...,b,) € B, induces a unique plane tree
with n + 1 vertices. We omit the details. O

Remark 2. It follows from the proof of Lemma 1 that we may identify P,, with A, and we
shall exploit this equivalent representation freely throughout this work. In particular, we
shall refer to the elements of A, as ‘monomials’.

2.1 Elementary properties of the coefficients of p,

Our first result is an explicit formula for the coefficients of p,. We shall use the following
notation:

Definition 3. For (ay,...,a,) € A,, we denote by ¢(4,,... a,) the corresponding coefficient.
Lemma 4. Let (ay,...,a,) € A,. Then

H”—kal Zz k1 %

041, 5@

k=1
Proof. Beginning with a,,, we notice that x, can be taken solely from the last term of the
product in the definition of p,,. Thus, there are (aln) possibilities to do that. Proceeding to
a,_1, we notice that x,,_; can be taken only from the last two terms of the product, but not
from those that contributed x,,. This gives (i;f’l‘) possibilities. Continuing so until we reach

ai, we conclude that the number of possibilities to obtain (ay,...,a,) is given by

ﬁ(kJrl—Z?:nmai) :ﬁ (k—Z" —(k— 1)&z> <k+1—2 —(k— 1)a>

=0 Ap—k 0 Ap—F- (kﬁ—l—l—zl —n— k,CLZ)'
- 1k+1 Zz n—(k— 1)
o !
k=0 ’
n— 1
_ H k+ 1- Zz k+1
(lk!
k=1

]

It is desirable, when writing down the expansion of the different p,,n € N, to maintain
consistency regarding the order of their terms. To this end, we define an ordering on A,.
This, of course, induces an ordering of the corresponding coefficients. A reasonable choice is
lexicographic and in decreasing order:



Definition 5. Let a = (ay,...,a,),b = (by,...,b,) € A, such that a # b and let k =
min{l <i <n|a; #b;}. We write a < b if ap > by.

Example 6. The elements of A3 are ordered as follows:
(3,0,0) < (2,1,0) < (2,0,1) < (1,2,0) < (1,1,1).

Example 7. In the following “triangle”, we present the coefficients of pi,...,ps ordered
according to Definition 5 (cf. A347917 in the On-Line Encyclopedia of Integer Sequences
(OEIS):

421112111
6963342114963684221211113213421112111.
0,.

Example 8. Consider c,, y and c(i,..1) which are, respectively, the first and the last
coefficients of p,. Then

el
QO
W=
[N
=0 =

C(n0,..,0) = C(1,..,1) = 1.

Indeed,
n—1
C(n,0,...,0) = H n—k+1)=1 and
k=1
n—1
ca,.,1) = H m—k+1—-(n—k) =1
k=1

Lemma 9. The coefficients of p,+1 contain (at least) two copies of the coefficients of py.
Proof. Suppose that n > 2 and let (ai,...,a,-1) € A,_1. Clearly,
(17 Ay, .. 7an—1)7 (ala <oy Un—1, 1) € An

Now,

1 _
an_l_k+1 Z?:kl—i—lal
Cal» an—1,1 |

k=1 Q>
n—2 n—1
n—1-k+1-3"" a4
N ag!
k=1 k
=c

(a17"'7an71)7

where in the second equality we used that a,,_;! = 1. Similarly,

n—1+1-""a ‘n—k+1— Dot @i
0(170'17"'70'71*1) 1‘ H a
' k=2

21— k41— Z:‘:klﬂai
ak!

=(n—(n—1))H

k=1

= C(alz~~~7an—l)'


https://oeis.org/A347917

The coefficients of p,, sum to n!:
Lemma 10. We have 3,

Proof. The assertion follows immediately from specializing (z1,...,z,) — (1,...,1) in the
definition of p,,. m

In the following lemma, we calculate the sum of the coefficients of the monomials of p,
that contain ;. It provides additional interpretation to several known sequences (cf. Table

).

Lemma 11. Let 1 < i <n. Then

S Claray = (n— i+ 1)(n =1L

Proof. Specializing, f,(z;) := pn(1,...,1,2;1,...,1) is a (univariate) polynomial in z;
whose free coefficient r is the sum of the coefficients corresponding to the monomials that
do not contain z;. Thus,

r = fu(0)
=pu(1,..., 21,0000 1)
= pu(l,...,1,0,1,...,1)
=12 (i =i —1)i-(n—1)
=@G—-1)(n-1L (1)

x; =0

It follows that

:n!—r:(n—z’—l—l)(n—l);

where the second and third equalities are due to Lemma 10 and (1). O

Sequence OEIS Number
n! A000142
(n—1)(n—1)! A001563
(n—2)(n—1)! A062119
(n—3)(n—1)! A052571

Table 1: Several sequences for which Lemma 11 provides an additional interpretation.
Combining Lemma 1 together with Lemma 10 we immediately obtain the following result.
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Corollary 12. The average of the coefficients of p, is g—;

Remark 13. The sequence (%) is rational and the sequences of the corresponding numer-

eN
ators and denominators are A144187 and A144186 in the OEIS, respectively. Corollary 12
provides an additional interpretation for these sequences that correspond to the denominator
and numerator in the series expansion of the EGF for the Catalan numbers, respectively.

In the following lemma, we calculate the sum of the coefficients of p,, whose corresponding
monomials have x; as a variable with maximal index. This result seems to provides the first
interpretation for A299504 in the OEIS. These monomials were used in the proof of [5,
Lemma 3.6].

Lemma 14. Let 1 <1 <n. Then

Y i =l

(alwwan)e-An
aj+1="=an=0

Proof. Clearly,
7 times n—1 times
— ——

Z :pn<1’7170570):1'2n_2

(ala---van)EAn
ajp1="=an=0

2.2 The maximal coefficients of p,,n € N

Let m € N. The multinomial theorem (e.g., [3, Theorem 3.9]) states that

<f"1+"'+~”ﬁn)m:z<k1 " /c)xlfl"'xﬁn’ @

where the sum is over all nonnegative integers ki, ..., k&, such that ky +--- 4+ k, = m. It
seems to be folklore that the maximal coefficient on the right-hand side of (2) is obtained
whenever r of the kq, ..., k, are equal to ¢+ 1 and the rest are equal to ¢ where m = qn +r,

qg € Ng and 0 < r < n. In this section, we address the analogous problem of finding the
maximal coefficients of p,,n € N, the sequence of which we denote by (m,,)nen (A349404 in
the OEIS). For example,

(M )nen = 1,1,2,4,9,27,96, 384, 1536, . ..

The quotients of consecutive elements of (m,,),ey exhibit a nontrivial pattern and the
induced sequence is denoted by (qn)nen, ie., ¢, = "2 n € N. Table 2 lists (m,);2, and
(¢,)?2_,, which were established by brute force. The last column in the table lists a monomial
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of p, whose coefficient is m,,. Notice that such a monomial is, in general, not unique and in
Table 3 we list all other monomials of py, ..., psg Whose coefficients are maximal.

The problem of finding a maximal coefficient of p,, may be formulated as a combinatorial
optimization problem as follows:

n—1 n
o n—k+1-=> " 10
maximaize H
ak!
k=1

subject to (ay,...,a,) € A,.

This problem is intractable already for small values of n since C), is asymptotically ﬁ

(e.g., [2, Problem 12-4]). The following two lemmas reduce the complexity of the problem.
More precisely, in Lemma 15, we show that it suffices to perform the search over elements
of (ai,...,a,) € A, such that a; > ay > --- > a, and, in Lemma 16, we show that the
search may be performed over (aq,...,a,) € A, with consecutive differences bounded by 1,
ie., a; —a; < 1forevery 1 <i<mn-—1. In Lemma 18, we show that the subset M, of
A, consisting of elements that have both properties has the same cardinality as the set of
all partitions of n with distinct parts, reducing the complexity of the problem to the order

of 31 omy/n/3 (e.g., [4, (50) on p. 48]).

12n3/4

Lemma 15. Let (ay,...,a,) € A, such that a; < a;y1 for some 1 < i <n — 1. For every
1 <k <n we define

ag, k 7& lal + 17
a, = Gir1, k=1
a;, k=1 + 1.
Then (ay,...,ay,) € Ay and c(a),..ar) > Clay,...an)-

Proof. Clearly, [[,_, ax! = [[i_, a},!. Furthermore, for every k € {1,...,i—1,i+1,...,n},

we have . .
n—k+1-— Z aj=n—k+1-— Z a;.

j=k+1 j=k+1
It follows from Lemma 4 that

n

Cld)naly) > Clar,an) —— N—1+1— Z a; >n—i+1— Z a;

J=i+1 Jj=i+1
n n
/ E / E
j=i+2 j=i+1

— a; < Giq1-



Lemma 16. Let (ay,...,a,) € A, such that a; > a;11 + 1 for some 1 < i < n—1. For
every 1 < k <n we define

ay, k#l,l—i‘l,
ay =1 a; — 1, k=1
ai+1+1, ]{?:Z+1
Then (ay,...,a,) € Ay and ¢, a1y = Clay,.... Ar)-

Proof. Arguing as in the proof of Lemma 15, we have

B n . n
n_Z_Zj:i—i-la’j > n_Z_Zj:i+1aj+]‘

Cla),aly) 2 Clar,man)

- &i+1+1 - a;
a1+ 1
n—z—Za]_ +l
j=it1 az+1+1)
<:>n— z—l a @i
]Zz—;lj_ CLZ+1+1)

Since a; — (al+1 +1) > 1, it suffices to show that n — (i —1) — Z] _i11 05 > a; or, equivalently,
that >°7_; a; <n — (i — 1), which holds true by the definition of A,. O

Combining Lemma 15 and Lemma 16, we obtain the following theorem.

Theorem 17. A mazimal coefficient of p, is attained at a monomial belonging to M,,, where
M, ={(ar,...,a,) € A, | a;y1 < a; <ajq1+1forevery 1 <i<n-—1}.
Lemma 18.

1. There 1s a bijection between the set
{(ar,...,;an) €A, a1 > a3 > -+ > a,}

considered in Lemma 15 and the set of all partitions of n. In particular, Lemma 15

reduces the complexity of the problem to the order of ﬁe” /3,

2. There is a bijection between M,, and the set of all partitions of n with distinct parts. In

particular, Theorem 17 reduces the complexity of the problem to the order of = o d/46 n/3,

Proof. Recall that, by definition (e.g., [1, Definition 1.1]), a partition of n is a nonincreasing
sequence a; > as > --- > a, of r € N natural numbers such that 22:1 a; = n. One also
writes (ay,...,a,) for such a partition.



1. Let (ai,...,a,) € A, such that a; > as > -+ > a, and let r = max{l < i <
n | a; > 0}. Then (aq,...,a,) is a partition of n. Conversely, let ay,...,a, € N be
a partition of n with » € N parts. Extend (ai,...,a,) with n — r zeros to obtain
(a1,...,a,,0,...,0) € N§. Let 1 <1 <7 —1 and suppose > ;' , ,a; > n—1[ Since
a, > 1, by monotonicity, also ay,...,a,_; > 1. Thus,

n l n
n:Zai:Zai—i— Zai>l+n—l:n,
i=1

i=1 i=l+1

a contradiction. This shows that (ay,...,a,,0,...,0) € A,. The claim regarding the
complexity is due to [6, 7, 10].

2. Let (ay,...,a,) € M, and let r = max{l < i <n|a; > 0}. Then (a,...,a,) is a
partition of n such that a; —a;; 1 <1 for every 1 <i <r —1 and a, = 1. This means
that each of the numbers 1,2,... a; =: m appears as a part in (aq,...,a,). We claim
that the conjugate (a},...,al,) of (ai,...,a,) (cf. [1, Definition 1.8]) has distinct parts.
To see that, let 1 < i < m and recall that a} is defined to be the number of parts of
(a1,...,a,) that are > i. Suppose aj, = aj_, for some 1 < k < m — 1. This means
that for every 1 < i < r, if a; > k, then also a; > k + 1. Thus, k cannot be a part of
(ay,...,a,), a contradiction.

Conversely, let (a},...,al,) be a partition of n with 1 < m < n distinct parts and let

r'm
(ay,...,a,) be its conjugate, where 1 < r < m. Suppose that a; > a;11 + 2 for some
1 <i < m — 1. Thus, there are distinct 1 < k,I < m such that i < a) and a; <i+ 1.

It follows that aj = i = aj, a contradiction. It remains to show that a, = 1. Since

the parts of (a},...,al,) are distinct, a} > a} for every 2 < i < m. Thus, r = a| and
a, = 1 since a, is the number of parts of (a},...,a,,) that are > r.

The claim regarding the complexity may be found, for example, in [4, (50) on p. 48].
]

Remark 19. The idea of the proof of the second statement in Lemma 18 is due to Grahl and
Adams-Watters (see the comments to A000009 in the OEIS).

Despite the complexity reduction described above, the problem remains intractable. We
provide a simple algorithm that for a prescribed | € N successively generates a sequence
of monomials (rn)ln:1 such that r, € A, for every 1 < n < [. In Lemma 20, we show
that actually r, € M,. The algorithm also returns a sequence (s,)!_; of the correspond-
ing coefficients. It uses a method Coefficient(-) that upon receiving a monomial of p, as
input returns its corresponding coefficient, e.g., by using the formula given by Lemma 4.
We applied the algorithm with [ = 100 and Table 4 lists the elements of (s,,)1%,, returned

by the algorithm (the first 29 elements of (s,).% coincide with (m,,)??, that were already

listed in Table 2). We consider the correctness of the first 29 numbers returned by the
algorithm and the preservation of the pattern that the elements of (g,)* ; exhibit (this is

n=1
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illustrated in the third column of Table 4) to be a strong indication that the algorithm
actually returns the true sequence (m,),cn. Before we present the pseudocode of the algo-
rithm, let us illustrate by an example its idea: assume that the algorithm arrived at, say,
ris = (3,3,2,2,1,1,1,1,1,0,0,0,0,0,0). First, a zero is attached at the end of r15 and the
result is denoted by rj4. Thus, riy = (3,3,2,2,1,1,1,1,1,0,0,0,0,0,0,0). Now, beginning
at the end of 74, we iterate backwards and every time the value is about to increase, we
add 1 at this point (actually, every time is wasteful and we also increase the first entry by
1 if it does not result in a gap of 2 between the first and the second entries). These are the
candidates to pick g from. In our example, these are

(3,3,2,2,1,1,1,1,1,1,0,0,0,0,0,0), (3,3,2,2,2,1,1,1,1,0,0,0,0,0,0,0), (3,3,3,2,1,1,1,1,1,0,0,0,0,0,0,0), (4,3,2,2,1,1,1,1,1,0,0,0,0,0,0,0).
For each of the candidates we calculate the corresponding coefficient. Here, we obtain
370594350, 361267200, 321126400, 48168960.
We take r15 to be the monomial with the largest coefficient. In this case,
re = (3,3,2,2,1,1,1,1,1,1,0,0,0,0,0,0).
Now, we repeat the procedure described above with 4.

Lemma 20. Let | € N and let (r,)!,_, be the sequence of monomials returned by Algorithm
1. Then r, € M,, for every 1 <n <.

Proof. First notice that for each 2 < n <[ the condition in the inner for loop is satisfied at
least once. Indeed, if the first two conditions are not satisfied, then the third must be. Now,
for n = 1 we have r; = (1) € M;. Assume that r,, = (ay,...,a,) € M,. The monomial 7,4,
is chosen from the set R and therefore it suffices to show that € M, for every x € R. By
definition of M,,, we have a; > --- > a, and a; — a;11 <1 forevery 1 <i <n—1. We give
the details only in the case that x € R due to i > 1,a; # a;,_1 and a; = a;.1, the other two
cases being similar. Let a,+1 = 0 and notice that, necessarily, a,, € {0,1}. Thus, a, > a,41
and a, — a,+1 < 1. Conclude that = = (a1, ...,a;-1,a; + 1,a;11,...,a,41) € A,1. By the
assumptions, a;_1 = a; + 1 and a; + 1 — a;41 = 1. Therefore, x € M, 1. O

3 Open questions

The following questions remain open and are left for future research:
1. Is there a closed formula for the maximal coefficients (m,,),en?

2. Prove or disprove: the sequence (s,)nen returned by Algorithm 1 is equal to (1, ),en-

11



Algorithm 1: Generate a sequence of monomials.

Input: The length [ of the desired sequence
Output: A sequence (r,)!_; of monomials and the sequence (s,)!_, of their
corresponding coefficients
T < (1)
s1+ 1
for n + 2 tol do
T4 Tp_1 U0
R« {}
S« {}
for : <~ n to 1 do
if (i =n and 7/ [n] # r)[n —1]) or
(i > 1 and 7 [i] # r.[i — 1] and 7. [i] =7/ [i + 1]) or
(=1 and 7/ [1] = r/[2]) then
temp <« 7,
templi| « templ[i] + 1
R + R U temp
S < S U Coeflicient(temp)

ko arg max S
rn < R[k]
| sp < S|k

return (r,)!_,, (s,)_,

3. The sequence (g, )nen exhibits a nontrivial pattern. In particular, some of its elements
are natural. Can we predict for which n € N this happens? Furthermore, certain natu-
ral numbers seem to be missing from (g, )nen. According to the output of Algorithm 1,
for n < 200, these numbers are 15,51, 54 and 73. Is there a characterization for these
numbers?

4. For n < 30, the maximal coefficient of p, is not uniquely attained only for n =
2,5,6,12,13,14 and 15. Are these the only cases when this happens? If not, can we
predict when?
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n my n (a1,...,a,)

1 1 1 (1)

2 1 (1,1)

3 2 2 (2,1,0)

4 4 H (2,1,1,0)

5 9 3 (2,2, 1,0,0)

6 27 2 (2,2,1,1,0,0)

7 9 4 (3,2,1,1,0,0,0)

8 384 4 (3,2,1,1,1,0,0,0)

9 1536 & (3,2,1,1,1,1,0,0,0)

10 7500 5 (3,2,2,1,1,1,0,0,0,0)

11 37500 = (3,2,2,1,1,1,1,0,0,0, 0)

12 194400 6 (3,2,2,2,1,1,1,0,0,0,0,0)

13 1166400 16807 (3,2,2,2,1,1,1,1,0,0,0, 0, 0)

14 7563150 7 (3,3,2,2,1,1,1,1,0,0,0,0, 0, 0)

15 52942050 Wl 1(3,3,2,2,1,1,1,1,1,0,0,0,0,0,0)

16 385351680 8 (4,3,2,2,1,1,1,1,1,0,0,0, 0, 0, 0, 0)

17 3082813440 Sl 1(4,3,2,2,1,1,1,1,1,1,0,0,0,0,0,0, 0)

18 24998984640 9 (4,3,2,2,2,1,1,1,1,1,0,0, 0,0, 0, 0, 0, 0)

19 224990861760 9 (4,3,2,2,2,1,1,1,1,1,1,0,0, 0, 0,0, 0, 0, 0)

20 2024917755840 0000 1(4,3,2,2,2,1,1,1,1,1,1,1,0,0,0,0,0, 0, 0, 0)

21 19051200000000 10 (4,3,2,2,2,2,1,1,1,1,1,1,0,0,0, 0,0, 0, 0, 0, 0)

22 190512000000000 2881 (y,3,2,2,2,2,1,1,1,1,1,1,1,0,0,0,0,0,0,0, 0, 0)

23 1944663768432000 11 (4,3,3,2,2,2,1,1,1,1,1,1,1,0,0, 0,0, 0,0, 0, 0, 0, 0)

24 21391301452752000 0SS 1 (4,3,3,2,2,2,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0, 0)

25 | 235998033739776000 12 (4,3,3,2,2,2,2,1,1,1,1,1,1,1,0,0, 0, 0,0, 0, 0, 0, 0, 0, 0)

26 | 2831976404877312000 12 (4,3,3,2,2,2,2,1,1,1,1,1,1,1,1,0,0,0, 0,0, 0, 0, 0, 0, 0, 0)
27 | 33983716858527744000 | 19604499873 | (4, 3,3,2,2,2,2,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0, 0)
28 | 419064703766444736000 13 (4,3,3,2,2,2,2,2,1,1,1,1,1,1,1,1,0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0)
29 | 5447841148963781568000 (4,3,3,2,2,2,2,2,1,1,1,1,1,1,1,1,1,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0)

Table 2: The maximal coefficients of p,, and their consecutive quotients. The last column
lists a monomial of p,, whose coefficient is equal to m,,.

n (ar,...,an)

2 (2,0

51(3,1,1,0,0)

613 1,1,1,0,0)

121(3,3,2,1,1,1,1,0,0,0,0,0), (4,2,2, 1,1, 1, 1,0, 0, 0, 0, 0)
13](4,2,2,1,1,1,1,1,0,0,0,0,0), (3,3,2,1,1,1,1,1,0,0,0, 0, 0)
14](4,2,2,2,1,1,1,1,0,0,0, 0, 0, 0)
15](4,2,2,2,1,1,1,1,1,0,0,0,0, 0, 0)

Table 3: Additional monomials of p,, whose coefficients are equal to m,, for n < 30.
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n Sn

30 5447841148963781568000

31 71547458245452693504000

32 1001664415436337709056000

33 14023301816108727926784000

34 209673612792393750000000000

35 3148330635292233982279680000

36 50373434164675743716474880000

37 805974946634811899463598080000

38 13346235805315454304418995840000

39 226886008690362723175122929280000

40 3978404225024620607607354163200000

1 71611276050443170936932374937600000

42 1301601882440198387257545835699200000

43 24730435766363769357893370878284800000 19

44 469878279560911617799974046687411200000 R

45 9388017391765133721600000000000000000000 20

16 187760347835302674432000000000000000000000

a7 3903402780908908402684872776385162240000000

48 81971458309087076456382328304088407040000000 P i o

19 1729429060270920090607276147799029186560000000 22

50 38047439325960241993360075251578642104320000000 22

51 8370436651711253 730126295040000000 i e

52 26126077952000000 23

53 476141426840974701010242300899792896000000 Lssossonioisistony

51 10452307380872489948744789613053673200242655232000000 24

55 250855377356930758769874950713288156805823725568000000 P

56 6025508444195271521816253662109375000000000000000000000 2

57 150637711104881788045406341552734375000000000000000000000

58 3804975577941702545004131009801025732678899466240000000000

59 36502648426617010740625482 19651386122240000000000 26

60 2572163490688590920422792562625493395290936039178240000000000 a1

61 68495151317539451014974372699807632703067401288427560000000000 27

62 1849369085573565177404308062894806082082819834787544120000000000 L) T e

63 51670504955920472544522433459271401555552182671108997120000000000 28

64 1446774138766025231246628136859599243555461114791051919360000000000 R TR i
65 10862798295083655283632061806834793855899184040599487771040000000000 29

66 1185021150557426003225320792398209021821076337177385145360160000000000 29

67 34365613366165354093534563079548061632811213778144169215444640000000000 T S s e
68 1015501326834227574804448936477849769406960000000000000000000000000000000 30

69 30465039805026827244133468094335493082208800000000000000000000000000000000 B
70 940118652620125224647533652879072642271519651664470795263552602800000000000 31

71 29143678231223881964073543239251251910417109201598594653170130686800000000000 it
72 9082770069768388934953968307207320759929 07565812097329240473600000000000 32

73 20064864223258844591852698871063455231774028285042105987114535695155200000000000 32

74 930075655144283026939286363874030567416768905121347391587665142244966400000000000 L LT s )
75 30379974863093055499068023870097652840716436890381792175415887077743001600000000000

76 1002539170482070831469244787713222543743642417382599141788724273565519052800000000000

7 33864506118722234127534503334495450730573121152148488603345499618079355699200000000000

78 1151393208036555060336173113372845324830486119173048612513746987014698093772800000000000

79 39816271517312074256100509002896515744268277555434859054687500000000000000000000000000000

80 1393569503105954098963517815101378051049389714440220066914062500000000000000000000000000000 ST 03032 1 00080020808 1008
81 4932057064273 08025957484343031663764994032732601353227472207179939840000000000000 36

82 17755405431384732706797194880344604363491 30805530785 1 78376888716188999458477834240000000000000 36

83 63919459552985037744469901601640899708569036239432266421567993782803980505202032640000000000000 e
81 2345769877936484815469854363747603640274357258304513512999736861193926236361921658880000000000000 37

85 806793485483649938172384611458661334690151218560596999980990263864175270745391101378560000000000000 e e
86 3293280220294377971347467731349401205685328549014404380417498855020065676:295207000211456000000000000

87 125144648371186362011203773791277249236042484862547366455864956490796695699217866008035328000000000000

88 4794608647994409038997330943549548574735 16685602630 7562390437024839722099393985472296755584000000000000 39

89 186980737271781952520805906798432394414671507385025994933227043068749196976365433419573467776000000000000 L )
90 7408378167700986380: 058461847205 740817451089920000000000000000000000000000000000000000 10

91 206335126708039455233133035333183384738882290603579869632698043596800000000000000000000000000000000000000000 40

92 11853405068321578209325321413327335380555291624143194785307921743872000000000000000000000000000000000000000000 S R T
93 48513791557141715946202823131499489934324826674701913554971496920784693080285252938668 70608795 13600000000000000 41

9 19800654538428103537943157483914790873073178936627784557538313741211724162916953704854169496060057600000000000000 L

95 830260659007146007772745680466656164663688800918177680838519253171995494099206780078316846245644075008000000000000

96 3487094767830013232645531895759955891587492063856346259521 7808633223810752170464763289307542317051150336000000000000 - 108000081 101981 12002149
97 | 1483399063252167028338360020439804956347076714866041438488642548695961414227705961250855012767516543942656000000000000 43

98 | 63786150719843182218549481265911613122024208739239781855011629593926340811791356333786765549003211389534208000000000000 . i
99 | 2764744244541327539828782867196968086879145195304124286644923210215005242351869797701380142664027856774889472000000000000 44

100 | 1216487467598184117524664461 2682388593381468612376621249460230663482271098860726277217225698095136768000000000000

Table 4: s3q, ..., s100 returned by Algorithm 1 and their consecutive quotients.
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