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Abstract

In 2015, Nowicki posed the following question: let d = ¢ or d = 2¢, where ¢ is a
product of prime numbers of the form 4k + 1. Is it true that d is a special number?
We answer this open question.

1 Introduction

A positive integer d is called a special number if for every integer m there exist nonzero
integers a, b, ¢ such that m = a* + b? — dc?. Nowicki [1] proved that there are infinitely many
special numbers and every special number is of the form ¢ or 2¢, where either ¢ = 1 or ¢ is
a product of prime numbers of the form 4k + 1. Then he posed the following open question:
let d = q or d = 2¢q, where ¢ is a product of prime numbers of the form 4k + 1. Is it true
that d is a special number? In this article, we confirm that the answer is yes.

Theorem 1. Let d = q or d = 2q, where q is a product of prime numbers of the form 4k +1.
Then d is a special number.
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2 Proof of the main result

First, we recall some lemmas that we need to prove our results.

Lemma 2. [3, p. 378] If an odd prime p divides the sum of the squares of two relatively
prime positive integers, then it must be of the form 4k + 1.

Lemma 3. /3, p. 227] If p is a prime of the form 4k +1 then for s = 1,2,..., the number p*
admits precisely one representation as the sum of the squares of two relatively prime natural
numbers.

Lemma 4. [3, p. 228] If m,n are two odd numbers that are relatively prime, and such
that each of them is representable as the sum of the squares of two relatively prime positive
integers, then the product mn admits at least two representations as the sum of the squares
of two relatively prime positive integers that differ not only in the order of the summand.

Using the lemmas above, we can obtain the following theorem.

Theorem 5. A positive integer d > 2 can be written in form of a®> + b*, where a,b are two
relatively prime positive integers if and only if d = q or d = 2q, where q is a product of prime
numbers of the form 4k + 1.

Proof. Assume that d = a? + b?, where a, b are two relatively prime positive integers. Let p
be an odd prime factor of d, we have p|a® + b*. By Lemma 2, we see that p is a prime of the
form 4k + 1.

If d is divisible by 4 then 4|a? + . This only happens when both a and b are even, which
contradicts the fact that a,b are relatively prime. Therefore, 4 { d. So d = q or d = 2gq,
where ¢ is a positive integer that all of whose prime factors are of the form 4k + 1.

If d = q or d = 2q, where ¢ is a product of prime numbers of the form 4k + 1. We have
two cases:

(i) d = q: We write d = ¢7"¢5* - - - ¢, where ¢, qo, . . ., q; are distinct primes of form 4k+1
and «; are positive integers for all j = 1,2,...,¢. By Lemma 3, q?j can be written as
the sum of the squares of two relatively prime positive integers for all j = 1,2,...,t.
By Lemma 4 we have d = ¢7''¢5? - - - ¢ can be written as the sum of the squares of

two relatively prime positive integers for all j =1,2,...,t.

(ii) d = 2q. By (i), we have ¢ = A%+ B?, where A, B are positive integers and ged(A, B) =
1. So
d=2q=2A*+B* =(A+B)?+(A- B)~

Since ¢ is odd, we see that A+ B and A— B are also odd. Combined with ged(A, B) = 1,
we deduce that ged(A+ B,A— B) = 1.
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Now we answer the open question that we mentioned in introduction.
Proof of Theorem 1. We consider two cases:

(i) d = q, where ¢ is a product of prime numbers of the form 4k + 1.

By Theorem 5, we have d = A%+ B?, where A, B are positive integers and gcd(A, B) =
1. Since d is odd, we deduce that A 4+ B is odd. Without loss of generality, we can
consider that A is even and B is odd.

Because ged(A, B) = 1, there exist integers e, f such that Ae + Bf = 1. Then for all
integers k we have
Ale + Bk)+ B(f — Ak) = 1. (1)

Now let n be an arbitrary integer. We consider two cases:

(a) n is even.

Because B is odd, we can choose kg € Z such that e + Bkg is odd. Therefore
e+ B(ko + 2t) is odd for all t € Z. Now we can easily see that

lim |n — (e+ B(ko +2t))* — (f — A(ko + 2t))?| = +o0;

t—+o00
lim 'A_n (e + B(ko + 2t)) (f = Alko +21)) +e+B(ko+2t)' = 400;
t——4o00 2
Jim ‘B." (€+B(ko+2t))2 (f = Alko +21)) +f—A(k:o+2t)’:+oo.

So we can choose a large enough positive integer ¢, such that
n — (e + B(ko + 2t9))> — (f — A(ko + 2t0))* # 0;

“n— (e+ Blko + 2t0))* = (f — A(ko + 2t))?

- B(ko +2t9))* — (f — A(ko + 2tg))?
n—ei—fi
Set e; = e+ B(ko + 2ty), f1 = f — A(ko + 2ty) and | = ————; then

l#£0,Al+e; #0,Bl+ f1 #0

and e; is odd. Combined with (1), we get Ae; + Bf; = 1. Because A is even,
Aeq is even and so that, Bf; is odd. Hence, f; is odd. Since e; and f; are odd,
it follows that e? + f? is even. This deduces that
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Set
a=Al+e,b=Bl+ fi,c=1;

then we have
a® +b* —dc® = (Al + e))* + (Bl + f1)* — dI?

= 2(Aey + Bf)l+ €2 + f?
=2l +ei+ fl =n,
where a = Al +e; #0,b=Bl+ f1 # 0,1 # 0.
n is odd.

Because B is odd, we can choose k; € Z such that e + Bk; is even. Then
e+ B(ky + 2t) is even for all t € Z. Now we see that

lim |n— (e+ Bk +2t))* — (f — A(ky + 2t))?| = +o0;

t—+00
— 2 - — 2
Jim 'A. n (€+B(k1+2t))2 (f — Alks +21)) +e+B(k1+2t)‘ = +00;
_ 2 _ _ 2
Jlim ‘B (et Bk A+ Qt))z U= Ak 20V | r agry + 2t)‘ = +o0.
— 400

Therefore, we can choose a large enough positive integer ¢; such that
n = (e+ Bk +2t1))* = (f — A(ks +2t1))* # 0;

4 (e + B(ky +2t1))* — (f — A(ky + 2t1))?

+€+B(k’1+2t1) 7&0,

2
— B(k 2t))2 — (f — A(k 2t1))?
Set
n—c3— f3
e =¢e+ B(kfl + 2t1),f2 = f — A(k’l + 2151) and ll = T’
then

117&0,14[14—627&0,3114—]027&0

and eg is even. Combined with (1), we obtain Ae; + B fy = 1. Because A is even,
Aey is even and Bfy is odd. Therefore, f, is odd. This implies that e3 + f3 is
odd. So ) )
L= ah g
2
Set
a:Al1+62,b: Bll +f2,C:ll;



then we obtain

0,2 + bQ — d02 = (All + 62)2 + (Bll + f2)2 — dl%
= 2(Aey + Bfo)ly + €2 + f2
=2l +e5+ fi=n,

where a = Al; + ey # 0,b= Bly + fo # 0,11 # 0.

(ii) d = 2q, where g a product of prime numbers of the form 4k + 1.

By Theorem 5 we have d = C? + D?, where C, D are odd and relatively prime. Now
let n be an arbitrary integer. Then we consider two cases:

(¢) nis odd.
Because ged(C, D) = 1, there exist integers g, h such that

Cg+ Dh =1.
Then for every integer k£ we have
C(g+ Dk)+ D(h—Ck) =1 (2)

Because both C, D are odd, we have (g + Dk) + (h — Ck) is odd.
Hence, (g + Dk)? + (h — Ck)? is odd. We see that

lim |n—(g+ Dk)* = (h— Ck)*| = +oc;

k—+o0

n—(g+ Dk)? — (h— Ck)?

kEToo‘C ) +(g+Dk)‘ = 4-00;
— DE2 — (h — 2

lim ‘D nolgH DR = (h=CkY () Ok)‘ = +o0.

k—+o0 2

Therefore, we can choose a large enough positive integer ko such that
n — (g4 Dky)* — (h — Cky)* # 0;

] n — (g + Dk2)2 — (h — Ckz)g

C 5 + (9 + Dky) # 0;
_ 2 _ _ 2
p.n=lo+ Db)z M= Cha)” | (3~ Oy 0.

Set ) )
n—g—hy

glzg+Dk2,h1:h—C’k2andj: 5 )



then j #0,Cj + g1 # 0,Dj + hy # 0 and g7 + h? is odd. Because n and ¢? + h?

n—gi—hi

are odd, it follows that j = 5 Lis an integer. Set ¢ = j,a = Cj + g1,b =

Dj + hy; then

a? +0* —dc* = (Cj+g1)* + (Dj + hy)? — dj*
=2(Cg, + Dhy)j + g + h? = n.

Notice that a = Cj+ g1 #0,b=Dj+ hy #0,c =35 # 0.
(d) n is even.
Because ged(C, D) = 1, there exist integers ¢’, h’ such that

Cq + Dh = 2.
Then for every integer k£ we have
C(g' + Dk)+ D(h' — Ck) =2 (3)

Now we consider two small cases of n:

First case: n =2 (mod 4).
Because C, D are odd, we can choose k4 € Z such that ¢’ + Dk, is odd.
From (3), we have

C(¢' + Dky) + D(I' — Cky) = 2.
Therefore, h’ — Cky is also odd. Now we see that

lim |n— (¢ + D(ky+2t))* — (K — C(ky + 2t))?| = +o00;

t—4o00

= (g + D(ks +2t)* = (W = Cka + 2t))°

lim ‘C’ +(g/+D(k4+2t))‘ = +00;
t——4o0 2

— (¢ + D(ks +2t))? — (W — C(ky + 2t))*
Jim ’D.” (o' + Dlky + ))2 (W = Otk +2) +(h’—0(k4+2t))‘=+oo.
— 400

Therefore, we can choose a large enough positive integer ¢4 such that
n— (g + D(ky+2t4))> — (W — C(ks +2t4))* # 0;

= (g + Dlka+20))* = (B = Cka + 214))?
2

1= (g + D(ka + 2t4))* = (b = Cky + 2t4))*
2

C

+(g" + D(ky +2ty)) # 0;

D 4 (W — O(ky + 2t4)) # 0.



n — gs — h3

Set go = ¢’ + D(ky + 2ty),ho = b — C(ky +2ty),y = . 2. then

and ¢y, hy are odd. Because go, hy are odd, we have g3 +h3 = n (mod 4) and

42 h2
so that y = D97 g an integer.
From (3), we have C'go + Dhy = 2. Set a = C'y + go,b = Dy + ho, ¢ = y; then
we have

a’ 4+ b* —dc* = (Cy + g2)* + (Dy + hy)* — dy?
= 2(Cgs + Dha)y + g5 + b3 = n,
where a = Cy+ g2 # 0,b = Dy + hy # 0,c =y # 0.
Second case: n =0 (mod 4).

Since D, C' are odd, we can choose k' € Z such that ¢’ + DK’ is even.
From (3), we have

C(g + DK') + D(K — CK') = 2.

Because ¢’ + Dk’ is even, h' — Ck’ is even.
We see that

lim |n— (¢ + D(K +2t))* — (K = C(K + 2t))*| = +o0;

t——+00

n— (g + D(K +20))° — (W = C(K +2t))°

lim ‘C + (¢ + D(K' + 2t))‘ = +o0;

t——4o00 2

— (¢ + DK +2t)*> — (W — C(K + 2t))?
th+m ’D.n (9" + D(F + ))2 ( C(¥ +2t)) —|—(h’—C(k’—|—2t))’:—|—oo.
——+o0

So we can choose a large enough positive integer ¢’ such that
n— (g + DK +2t")?* — (b — C(K +2t")* #0;

n— (g + D(K +2)* — (W — C(k' + 2t'))?

C 5 + (¢ + DK +2t)) #0;
5. =g+ DO + 2t’)); — (W =CW+20? o o 4oy 20,

2 h2
Set g3 = ¢ + DK +2t),hy = I — O(K +2),y1 = B~ Tpen

y1 # 0,Cyy + g3 # 0, Dy; + hy # 0 and both g3, hg are even. Because g3, hs
2 2
n—gs—hy

are even, we have g2 + h2 = n (mod 4) and so that y; = — is an

integer.



From (3) we have Cgs + Dhs = 2. Set
a=Cyi+ g3, b= Dyr + hs, ¢ = y1;

then we have

a’> + b —d® = (Cyy + 93)2 + (Dy; + h3)2 — dy%
= 2(Cgs + Dhs)y, + g2 + h% = n,

where a = Cy; + g3 # 0,0 = Dy, + hs # 0,¢ = y1 # 0.

Combining (i) and (ii), we have the desired proof. O
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