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Abstract

The Ulam sequence U(1,n) is defined as the sequence starting with integers 1,n
such that n > 1, and such that every subsequent term is the smallest integer that can
be written as the sum of distinct previous terms in exactly one way. This family of
sequences is notable for being the subject of several remarkable rigidity conjectures.
We introduce an analogous notion of an Ulam sequence inside the integer polynomial
ring, and use it both to give new, constructive proofs of old results as well as to produce
a new conjecture that implies many of the other existing conjectures.

1 Introduction and main results

Given integers 1 < a < b, define the Ulam sequence U(a,b) to be the sequence starting with
a, b, and such that every subsequent term is the smallest integer that can be written as the
sum of two distinct prior terms in exactly one way. The sequence

U(1,2) =1,2,3,4,6,8,11,13, 16, 18, 26, 28,36,38 . . .,


mailto:sheydvasser@campus.technion.ac.il

0 1 2 3 4 5 6

Figure 1: A histogram of the first billion terms of U(1,2) mod Ag, re-scaled into the interval
[0, 27].

which is A002858 in the On-Line Encyclopedia of Integer Sequences (OELS), was originally
introduced in 1964 by Ulam [13], who posed the question of determining the growth rate
of this sequence, which remains opens to this day. It is conjectured that U(1,2) grows
linearly, and it has positive density of about 0.079. The growth rate of certain other families
of Ulam sequences was confirmed to be linear by proving the stronger result that they
are eventually periodic—this was done for Ulam sequences U(2,2n + 1) by Schmerl and
Spiegel [11], using previous work of Finch [2, 4, 3] and Queneau [10]. Similarly, Cassaigne
and Finch [1] proved that sequences U(4,n) are eventually periodic if n = 1 (mod 4), and
Hinman, Kuca, Schlesinger, and Sheydvasser [7] found a finite set of sequences U(4,n) with
n = 3 (mod 4) that are also eventually periodic. In contrast, none of the sequences of the
form U(1,n) seem to be eventually periodic, and virtually nothing was known about them
until very recently, when Steinerberger [12] gave numerical evidence that there exists a real
number Ay & 2.44344296778 with the curious property that U(1,2) mod Ag is concentrated
in the middle third of the interval. To be more precise, we have the following conjecture,
formulated by Gibbs [5].

Conjecture 1. There exists a real number Ay ~ 2.44344296778 such that for all ¢ > 0, for
K sufficiently large,

2
U(1,2) N [K,00) mod Ay C (%—e,%—i—e).

This conjecture has since been confirmed for the first trillion terms of U(1,2) by Gibbs
and McCranie [6]. Numerical evidence suggests that for Ulam sequences U (a, b) that are not
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eventually periodic, similar behavior occurs—such “magic numbers” for Ulam sequences are
referred to as periods in the literature. In particular, there is the following generalization
of Gibbs’ conjecture in the mathematical folklore, communicated to the author by Joshua
Hinman, who did an extensive numerical study of the periods of various families of Ulam
sequences.

Conjecture 2. For all n > 2, there exist real numbers \,,, K, such that for all € > 0,

An 2\,
U(1l,n) N [K,,o0) mod \, C (? —E,T—FE) :

Furthermore, for n > 4, we can take A\, = 3n + X\, where X ~ 0.417031.

The observed empirical fact that for n > 4, the periods \,, grow linearly has been poorly
understood up until now. Our goal is to show that this curious phenomenon is deeply tied to
the following, seemingly unconnected, numerical observation of Hinman, Kuca, Schlesinger,
and the present author [8]. Specifically, we noted that for n > 4 runs of consecutive elements
of U(1,n) group into blocks whose endpoints grow linearly.

U(1,4) = [1], [4,5,6,7,8], (10}, [16], [18,19],
U(1,5) = [1], [5,6,7,8,9,10], [12] 120, [22,23,24],
U(1,6) = [1], [6,7,8,9,10,11,12], [14], [24], [26,27,28,29], 131]...
(Ln) =

, Im,n+1,...2n ) ’571—1—2‘...

, on+2|, [4n], [4n+2...5n—1

This observation was made precise by the following conjecture.

Conjecture 3. There exist unique integer coefficients a;, b;, ¢;, d; such that for all n > 4,

o0

U(l,n) = U [ain + b;, e;n + dy],

i=0
such that a;;1n + b1 > ¢;n + din + 1 for all 4.
At present, this conjecture is still wide open, but there is a somewhat weaker result.

Theorem 4 ([8, Theorem 1.1]). There exist integer coefficients a;, b;, ¢;, d; such that for every
C > 0, there exists a positive integer N such that for all integers n > N,

[e.o]

U(l,n)N[1,Cn] = (U [ain + bi, cin + di]) N [1,Cn.

=0

The original proof of this theorem was nonconstructive and in fact model-theoretic in
nature, although we showed [8] that assuming Theorem 4, one can prove that there exists an
algorithm that will both find the coefficients a;, b;, ¢;, d; and the minimal integer Ny that will
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U(1,X) = {1} U [X, 2X] U {2X + 2} U {4X}

UM4X +25X —1] U{HX+1} U7X +3,8X +1]
U {10X + 2} U {11X + 2} U [13X +4,14X + 1]
U {16X + 2} U{17X + 2} U {19X + 3}

U {20X + 2} U {22X + 3} U {23X +4}

U [25X +4,25X + 5] U {26X + 3} U {28X + 4}

U [31X +5,32X + 3] U {34X + 5} U {38X + 6}

U {40X + 5} U[40X +8,41X +4] U [43X + 7,44X + 4]
U{44X + 6} U {46X + 7} U [49X + 8,50X + 6]

U [52X +8,53X + 7] U [55X + 9,56 X + 6] ...

Table 1: The first 30 intervals of U(1, X )—equivalently, replacing X with n, the first 56n+ 6
terms of U(1,n) when n > 4.

satisfy the conditions of Theorem 4, given C' > 0. Our present goal is to give an alternate,
constructive proof of Theorem 4 by considering a variant of the Ulam sequence that sits
inside the polynomial ring Z[X]. This ring can be given the structure of an ordered ring
via the lexicographical ordering—that is, p(X) > ¢(X) if and only if the leading term of
p(X) — q(X) has a positive coefficient. In Section 2, we define a set

U1, X) = [a:X + bi,e:.X + di) C Z[X]

1=0

which should be viewed as an analog of an Ulam sequence inside this ordered ring; specifically,
in the additive subgroup of linear polynomials. Here [z, y] has the usual meaning that it is
the set of all elements z € Z[X] such that z < z < y. We call the sequences (a;):en, (b;)ien,
(¢i)ien, and (d;)ien the coefficients of U(1, X )—as we shall see, they are uniquely determined
and, better yet, there is an algorithm to compute them.

Theorem 5. There exists a polynomial-time algorithm Ayiam such that on an input of k € N,
it returns the first k coefficients of U(1, X )—that is, (a;)_, (b))%, (ci)Fo, and (d;)F_y—and
an integer N such that for alln > N,

k
UlL,n)N[1cen+di + 1] = U [a;n + by, cin + dj].
i=0

Theorem 4 is an immediate corollary of Theorem 5. We construct an explicit example of
such an algorithm in Section 5 and show that there should be many other such algorithms,
including ones that are likely much more efficient. Studying the output of such algorithms



raises the possibility of proving that

o0

U(l,n) = U [a;n + b, cin + d]

=0

for all n > N, for some natural number N. To the best of the author’s knowledge, this is
the first proposed method of attacking Conjecture 3. However, this is not the only benefit
of introducing the set U(1, X )—it also makes it convenient to state a conjecture for which
the author found ample numerical evidence, which is presented in Section 3.

Conjecture 6. Let a;,b;,c;,d; be the coefficients of U(1,X). There exist real numbers
N 2 0.417031, 01 ~ 1.86, 05 ~ —1.3 such that for every e > 0, if 7 is sufficiently large, then

)\/
aiX+bi,ciX+dim0d3X+X€(X+§—67X+01+e)

2\
U 2X—|—02—€,2X—|—?+€ .
The precise definition of taking a modulus in Z[X] is given in Section 3, but the intuitive
idea is as follows: the residues of the endpoints of the intervals defining U(1, X) are

1. constrained (to e-neighborhoods of) the middle third of the interval [0, 3X + X' |—that
is, between X + \'/3 and 2X +2X/3, and

2. there also seems to be a gap inside that middle third interval, namely (X +o01,2X +039),
where these residues also do not appear.

This conjecture should be seen as an analog of Conjecture 2 for the ordered ring Z[X]. In
Section 4, we also demonstrate that Conjecture 6 has a number of remarkable consequences—
for example, it implies that b; grows linearly with respect to a;, and similarly d; grows linearly
with respect to ¢;; furthermore, we prove that Conjectures 6 and 3 together imply Conjecture
2, for n > 4.

2 An Ulam-like sequence

We begin by defining what we mean by Ulam sequences in (1, X), the abelian group generated
by 1, X in Z[X]; equivalently, this is the set of linear integer polynomials. We always take
this to be an ordered group via the lexicographical ordering—i.e., aX + b > ¢X + d if and
only if @ > c or a = c and b > d.

Definition 7. Given 0 < a < b in (1, X), an Ulam sequence starting with a,b is a set
U C (1, X) such that

1. UN(—o0,b] = {a,b},
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Figure 2: A histogram of U(1, X)) mod A(X) for the first 200000 intervals. The plot on the
left represents elements in (X + ’\3/ —¢€, X +01+4¢€). The plot on the right represents elements

in (2X + 09 —€,2X + 2" 1),

2. for all p < q € (1,X), UnN|p,q] has both a minimum and a maximum, and

3. for every p € (b,00), p € U if and only if it is the smallest element in the set

{¢e (1, X)g>UnN(—o0,p) and Ax £y €U, g=x+y}.

Remark 8. The idea of extending Ulam sequences to other ordered abelian groups than the
integers is not new—Kravitz and Steinerberger [9] previously showed that one can define the
notion of an Ulam subset of R".

Why do we say that it is an Ulam sequence, rather than the Ulam sequence? This is
because, in general, it is not unique! For example, it follows from earlier model-theoretic
results [8] that there exist Ulam sequences U, U’ starting with 2, X such that

UN2,2X +1] = {2} U{X + 2k|k € N} U {2X — 2k|k € N}
U'N2,2X +1] = {2} U{X + 2k|k € N} U{2X — 2k + 1|k € N}

Nevertheless, there are some specific cases where such an Ulam sequence is unique—in par-
ticular, we show that there is a unique Ulam sequence starting with 1, X, which we denote by
U(1,X). This set is very special in that it is a disjoint union of intervals with an important
finiteness property.

Definition 9. We say a set S C (1, X) is a union of intervals with finite intersections if it
is a disjoint union of intervals [a,b] C (1, X) such that for every a,b € (1, X), there are only
finitely many of these intervals between a and b.

Remark 10. The core idea is that while S might contain infinitely many intervals, every
intersection with an interval [a, b] can only contain finitely many.

6



XX +1,2X +1,3X +1,3X +2,4X + 1,4X +3,5X + 1,5X +4,6X + 1,
6X +3,6X +57X +1,7X +6,8X +1,8X +3,8X +5,8X +7,9X + 1,
9X +8,10X +1,10X +3,10X +5,10X +7,10X +9,11X + 1, 11X + 10,
12X +1,12X +3,12X +5,12X + 7,12X 4+ 9,12X + 11, 13X + 1, 13X + 12,
14X + 1, 14X + 3, 14X +5,14X + 7,14X + 9, 14X + 11, 14X + 13,15X + 1,
15X +14,16X +1,16X +3,16X 4+ 5,16X + 7,16X +9,16X + 11,16X + 13,
16X +15,17X +1,17X + 16,18X + 1,18X + 3, 18X + 5, 18X + 7, 18X + 9,
18X + 11, 18X + 13,18X + 15, 18X + 17,19X +1,19X + 18,20X + 1,20X + 3,
20X +5,20X +7,20X 4+ 9,20X + 11,20X + 13,20X + 15,20X + 17,20X + 19,
21X 4+ 1,21X +20,22X +1,22X + 3,22X + 5,22X + 7,22X +9,22X + 11,
22X 4 13,22X + 15,22X + 17,22X +19,22X + 21,23X + 1,23X + 22,
24X 4+1,24X +3,24X +5,24X +7,24X +9,24X + 11, 24X + 13,
24X +15,24X 4+ 17,24X + 19, ...

Table 2: The first 100 terms of the unique Ulam sequence starting with X, X + 1.

It is easy to see that for every union of intervals with finite intersections S, there exist
integer sequences a;, b;, ¢;,d; and N € Z~oU {oo} such that

N

i=0
and ¢; X +d; +1 < a;41 + bjyq for all ¢ < N. This decomposition is clearly unique, which
makes the following definition sensible.

Definition 11. Given a union of intervals with finite intersections .S, we call the decompo-
sition

N

i=0
where a;, b;, ¢;, d; are integer sequences and N € Z-qU{oco} the standard form of S. We call
the sequences a;, b;, ¢;, d; the coefficients of S.

To prove that there is a unique Ulam sequence starting with 1, X, we start by showing
that the beginning of its standard form is uniquely determined.

Lemma 12. Let U be an Ulam sequence starting with 1, X. Then UN[1,2X + 1] = {1} U
(X, 2X].



Proof. Obviously, U contains both 1 and X, and hence it contains X + 1. By induction, it
must also contain X + k for all £ € N. It follows that it must contain elements 2X — k with
k arbitrarily large, since otherwise U N [1,2X — k| would fail to have a maximum for some
k € N. But 2X — k£ must be the sum of two prior elements u < v, and if u,v > X, then it
would have to be at least 2X + 1 = X 4+ (X + 1). Therefore, u = 1 and v = 2X — k — 1,
which is to say that [X,2X] C U. Finally, since 2X + 1 can be written as the sum of distinct
elements in U in two different ways, 2X +1 ¢ U. O]

Theorem 13. There exists a unique Ulam sequence U(1, X)) starting with 1, X. Further-
more, U(1, X) is a union of intervals with finite intersections.

Proof. We prove by induction that for all £k € N, there exists [, € Z and a unique set
U C [1,kX + l;] such that

1. UN[l, X]={1,X},
2. U is a finite union of intervals, and

3. for every u € [1,kX + 1], u € U if and only if there exists a unique pair p < g € U
such that u = p + q.

We already know that this is true for £ = 0,1. So, assume that it is true for k£ — 1; we prove
it for k. Start with a set U C [1,(k — 1)X + lx_1] which has the desired properties. By
induction, there is a unique extension U’ C [1, (k — 1) X + (] for all [ € N such that

1. UN[L, X]={1,X} and

2. for every u € [1, (k—1)X +1], u € U’ if and only if there exists a unique pair p < g € U’
such that u = p +gq.

Moreover, our claim is that if [ is sufficiently large, then either U'N[(k—1) X +[, (k—1) X +I'] =
[(k—1X +1,(k—1)X +1] for all larger I', or U'N[(k — )X +1,(k—1)X + 1] = 0. This
is because if u € U’, then u + 1 € U’ unless there exist X < p < ¢ such that u+1=p+q.
But it must be that p < ¢ < (k—2)X + 1 for some [ € Z since otherwise p + ¢ would be too
big. Therefore, p, ¢ both belong to one of the intervals of U—there are only finitely many of
these, hence

[LEXN{p+ql<p<qeU}

is a finite union of intervals. Therefore, if [ is sufficiently large, the intersection of this set
with [(k — 1) X + [, kX —[] is either all of [(k — 1)X + 1, kX —[] or empty. In the first case,
U'N[(k—1)X+1, (k—1)X+1'] = (J; in the second case, either U'N[(k—1) X+, (k—1)X+1'] =0
or UN[k—1D)X+1Lk—1)X+U]=[(k—1)X+1,(k—1)X 4], depending on whether
(k—1D)X+1eU".



If there exists [ € N such that U'N[(k—1) X+, (k—1D)X+U'] = [(k—1) X+, (k—1) X +']
for all larger [’, then there exists some [ € Z such that

([LEXN{p+gl<p<qeUhHn[k—1)X+1LkX =1"]=0.
Therefore, if we define I, =1", U" =U U |[(k — 1) X + [, kX +1"], then
1. U'Nn[1,X] ={1, X},
2. U” is a finite union of intervals, and

3. for every u € [1,kX + Ii], u € U” if and only if there exists a unique pair p < ¢ € U”
such that u = p + q.

Moreover, this is the only possible extension of U’ to [1, kX + li], since the requirement that
U"N[1, kX + ;] have a maximum requires that there must be some element kX + 1" € U"—
but this forces kX +1" -1, kX +1"—-2,... e U and kX +1""+1,kX+1"+2,... .k X+, € U.

Otherwise, U' N [(k — 1) X 4+ 1, kX — ] = 0 for sufficiently large I. We can choose [ large
enough such that for all p € [(k — 1)X + [, kX — [], either there exists more than one pair
X <wu,v < kX —1[ such that p = u+ v, or there are no such pairs. Then if we define [, = —I,
then U’ is a subset of [1, kX + [;] such that

1. UNn[1,X]={1,X},
2. U’ is a finite union of intervals, and

3. for every u € [1,kX + Ii], u € U’ if and only if there exists a unique pair p < g € U’
such that u = p + q.

Moreover, this is the only possible way to extend U’ to [1, kX + [;]—if we were to add any
element kX +1, it would require that kX +1—1,kX +1—2,... € U’, which would contradict
the requirement that U’ N [(k — 1)X + [, kX + [;] has a minimum.

Thus, we have shown that there is a unique U C [1,kX + [;] for all k. But this gives
a unique U C (1, X) which is just a union of all these sets—it is easy to see that this U is
the unique Ulam sequence starting with 1, X, and that it is a union of intervals with finite
intersections. [

3 Numerical results

In light of Theorem 13, we know that U(1, X) is uniquely defined; we now discuss some of
the numerical data gathered about this set. In Section 5, we produce an algorithm Ayjam
such that on an input of k£ € N, it returns the first k& coefficients of U(1, X) and an integer
N such that for all n > N,

evaly ., (U(L, X) N [1 e X +di]) =U(1,n) N [1, cpn + dy),



where evalx_,, : Z[X| — Z is the evaluation map sending X to n. This algorithm has in
fact been implemented in Python by the author; unfortunately, in practice Ayjam is not very
efficient, as we shall discuss.

An easier approach toward computing the coefficients a;, b;, ¢;, d; is to assume that Con-
jecture 3 is true and that Ulam sequences grow linearly, and then to compute U(1,4) and
U(1,5) up to a suitably large number of terms, from which one can compute the coefficients
a;, b;, c;,d;. The results of this method can be proven correct by using Theorem 3.1 from a
paper of Hinman, Kuca, Schlesinger, and the present author [7]; one need only verify that
there exists a B ~ (0.13901 such that

1. |b; — Ba;|,|d; — Be;| < 2.5 for all 4, and
2. forn=4,5,...14,

k
U,n)N[1,cxn+di] = U [a;n + b, cin + d;] .

=0

It is immediate from these calculations that the computed coefficients a;,b;, ¢;, d; are
actually the coefficients of U(1, X) since we know that

evaly_, (U(L, X)N[1, X +dp+1]) =U(1,n) N[1, cxn + di, + 1],

for sufficiently large n and that the standard form of U(1, X) is uniquely determined.
In this way, using a basic ©(k?) algorithm for computing Ulam sequences U(1,n), the
author was able to compute coefficients a;, b;, ¢;, d; such that for all n > 4,

217529
U(1,n) N[1, ca1rs20m + dor7s29] = U [a;n + by, cin + d;] .
i=0

As (a217529, b217529, C217529, d217529) = (966409, 134342, 966410, 134340), this is the full list of
coefficients a;, b;, ¢;, d; such that ¢;n + d; < 966410n + 134340. This data gives further
numerical evidence for Conjecture 2; specifically, defining A\, = 3n + 0.417031, we consider
the sets U(1,n) mod \,. We find that 99.9% of the terms smaller than 107n lie in the interval
[An/3, 2\, /3]—this is shown in Figures 3 and 4.

With this motivation, it is natural to investigate whether there might be some “magic
polynomial” A\(X) and a way to define U(1, X') mod A(X) such that the resulting distribution
has interesting properties. Not only is this possible, but the results are startling. First, we
give a couple of definitions.

Definition 14. Given elements p, g € R[X], define their remainder set to be
Rpq :=1{p—sq|s € Z[X], p—sq > 0}.

If R, , has a smallest element, we define p mod ¢ = minR,, .
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n  # of exceptions # elements of U(1,n) computed Percent of exceptions
4 411 635045 0.0647198%
5 416 814686 0.0510626%
6 423 994573 0.0425308%
7 426 1174402 0.0362738%
8 427 1354386 0.0315272%
9 430 1534323 0.0280254%
10 430 1714404 0.0250816%
11 432 1894463 0.0228033%
12 433 2074581 0.0208717%
13 436 2254856 0.019336%
14 436 2435164 0.0179043%

Figure 3: Computations of the number of elements u € U(1,n) such that u mod )\, is not
between A, /3 and 2),,/3.

Notice in particular that if we define A\(X) = 3X +.417031, then U(1, X) mod A\(X) is a
well-defined subset of {aX + bla € {0,1,2}, b€ Q} C Q[X].

Definition 15. We say that an interval [p, ¢] C Q[X] is long if deg(q — p) > 0. Otherwise,
we say that the interval is short.

Remarkably, long intervals in U(1, X)) seem to occur almost exactly four times as often
as short ones—for the first 217530 intervals, we find that 79.98% are long, and 20.02% are
short. These two interval types seem to exhibit slightly different statistical behaviors modulo
A(X), so we split into two cases accordingly.

Long Intervals: Let U, be the subset of U(1, X) consisting of all long intervals, and let
a, b, ¢, d; be the coefficients of Uy. For all i such that ;X + d; < 966410X + 134340,
we find that o} =1 (mod 3) and ¢, = 2 (mod 3), hence a;X + b mod A(X) = X + 0,
and ;X + d} mod A\(X) = 2X + 0;5. Furthermore, we find that |o; |, |o;2| < 3 for all

t. The statistical distributions of o, ; and o; 2 are given in Figure 5.

Short Intervals: Let Ug be the subset of U(1, X) consisting of all short intervals, and let
a;, b, i, d. be the coefficients of Ug. For all i such that ¢, X +d; < 966410X 4134340, we
find that 0, = d; with just a single exception, namely the interval [25X + 4,25X + 5].
Furthermore, we find that o = 0 (mod 3) if and only if (al,b},c},d;) = (0,1,0,1),
a; =1 (mod 3) is true for ~ 43.7% of indices ¢, and a; = 2 (mod 3) is true for ~ 56.3%
of indices i. Therefore, a; X +0; mod A\(X) = X+0; 3 or a; X+, mod A\(X) = 2X +0; 4,
and we find that |o; 3|, |0;4] < 2 for all . The statistical distributions of ¢; 3 and ;4

are given in Figure 6.
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Figure 4: From left to right, and top to bottom, histograms of U(1,n) mod \, for n =
4,5,6,7,8,9. The dashed lines split the interval into thirds.
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(left) and x = 2X\'/3 (right), and blue lines at = 0.86 (left) and x = —0.34 (right).

One final, but important, numerical observation is that the bulk of of the o; ; appear to
be bounded—specifically, 0;1,0,3 > N /3 and 0,2, 0,4 < 2X'/3 for almost all i. Additionally,
i1 < 1.86, 0,3 < 0.86, 0,2 > —1.3, and 0,4 > —0.34 for almost all 7. Taking all of
this information together, we precisely come up with Conjecture 6. Note additionally that
1.86 ~2— )\ /3 and —1.3 &~ —1 — 2)'/3; unfortunately, the numerical evidence is insufficient
to conjecture this with any strong degree of certainty.

4 Relations between conjectures

The importance of Conjecture 6 is that, if true, then it sheds light on other open questions
about Ulam sequences. We give a few examples.

Theorem 16. If Conjecture 6 is true, then taking B = X'/3, for all e > 0, if i is sufficiently
large,

N 2N
|b2—BaZ’,’dl—BC2| < min (Jl —§+€,?—02+6> .

Proof. Note that if ¢ > 0, then

>\/ )\,CLZ'
:(CLZ—SLCLZ/?)J)X‘l—bZ‘f'g(aZ—LCLZ/SJ)— 3
X4+ —2m ifg; =1 (mod 3);
| 2X b+ B - A4 if ;=2 (mod 3).

3

13



Therefore, for sufficiently large i, either

b~—|—i/—)\/ai6 )\—/—60' +e
) 3 3 U1

3
by — Na; c (_6 01—£+6)
3 ’ 3
bi—Xai <01—£+€
3 3
or
2N Na; 2N
it T3 (02—6,—+6)
b—)\/al (UQ—Z—X—tEE)
i 3 3 ;
b; Na 2—)\/ — 0y +¢€
3 3 '
The argument for ¢; X + d; is identical. O

Theorem 17. If Conjecture 3 and Conjecture 6 are true, then Conjecture 2 is true for
n > 4.

Proof. Fix an n > 4 and define A\, = 3n + X'. Choose an ¢ > 0. By Conjecture 6, we get
that if ¢ is sufficiently large, then

a3 = o) (- (%)

N 2N\
€ n+§—e,n+01—|—e Ul2n+0y—€¢,2n+ — +¢€

3
c An 2)\n+
3 €, 5 €.

Since this gives a real number between 0 and \,, we conclude that for ¢ sufficiently large,

2
am—i—bimod/\ne(%—e,%qLe),

and similarly for ¢;n 4+ d;—thus, by Conjecture 3, it suffices to prove that for all a;n + b; <
U < cn+ dz‘,

2
umod/\ne(%—e,%qLe).
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If a; = b;, then u = a;n + r, where b; < r < d;. Therefore,
= 5] = (w=3[3])n+ (=¥ [3])
c An B 2\, N
3“3 )

hence we have the desired conclusion. If a; # b;, then b; = a; + 1, and therefore (a;, b;) mod
3 =(1,2). In that case, we know that

)\/
a;n + b; mod \,, € (n+§—e,n+01+e).

Since u — (a;n + b;) < n and 2n + 01 + € < A, if € is small enough, we conclude that
wmod A\, = (a;n + b; mod \,) +u — a;n + by,

whence

An 2\,
umod)\ne(?—e,T%—e).

5 Algorithms

We close by giving the technical details behind Theorem 5 and the promised algorithm Ayjam.
Before we present this, we will need four intermediate subroutines.

Algorithm 5.1. On an input of two intervals Iy = [p1, ¢1], Is = [p2, ¢2] such that p, + 1 < ¢,
this algorithm returns a pair of unions of intervals with finite intersections Sy, Sy such that
S, consists of all elements that can be written as the sum of an element of /; and an element
of I, in exactly one way, and S5 consists of all elements that can be written as the sum of
an element of I; and an element of /5 in more than one way.

1: procedure SUMDISTINCT(/y,]5)
2 start < p1 + po

3 end < ¢ + q9

4: if #1 =1or #1, =1 then
5: S < [start, end]
6 SQ — {}

7 else

8 S1 < {start} U {end}

9 Sy < [start + 1,end — 1]

10: return Si, S5

15



Proof of Correctness. Clearly, I; + Iy = [start, end], so it is solely a question of how this set
is partitioned between S and Sy. If #1; = 1 or #15 = 1, then it is easy to see that S, is empty
and S; = [start, end]. Otherwise, start,end € Sy, but for every z € [start + 1,end — 1]
we can write x = u +v = (u— 1) + (v + 1) for some u, (v — 1) € I1, v, (v+ 1) € L. O

Algorithm 5.2. On an input of an interval I = [p, ¢|, this algorithm returns a pair of unions
of intervals with finite intersections S7, S5 such that S; consists of all elements that can be
written as the sum of two distinct elements of [ in exactly one way, and Sy consists of all
elements that can be written as the sum of two distinct elements of I in more than one way.

1: procedure SUMWITHITSELF(/)
2 if #1 =1 then

3 Sl — {}

4 SQ — {}

5: else if #1 = 2 then

6 S+ {p + Q}

7 SQ — {}

8 else if #1 = 3 then

9: S1+ [2p+1,2p+ 3]

10 So +— {}

11: else

12: S1+ 2p+1,2p+2]U[2q — 2,29 — 1]
13: Sy« [2p+3,2q — 3]

14: return S;, Sy

Proof of Correctness. It is clear that the subset of (1, X) representable by pairwise sums of
distinct elements of I is [2p+1,2¢ —1]. It is easy to see that 2p+1,2p+2,29—2,2g—1 € S
if they are in this subset, while the remainder must be in .Ss. O]

Algorithm 5.3. On an input of four unions of intervals with finite intersections Si, 77, Sa, 15
such that Sy NTy = Sy N Ty = (), this algorithm returns the unique pair (S,7T) of unions of
intervals with finite intersections such that SNT =0, SUT = S;US, UT, UT,, and S
consists of all elements x € (S1\Ts) U (S2\T1) such that = ¢ (S1\T2) N (S2\11).

1: procedure AMALGAM(S], T}, S2, Ts)

2 Sg — Sl\TQ

3: 54 < SQ\Tl

4: S < S3/ASy > By /A we mean the symmetric difference
5 T+ S5USUTIUT,

6 T+ T\S

7 return S, 7T
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Proof of Correctness. It is clear that the defined pair of sets is unique and it is simple to
verify that the given operations produce it. Although we have not shown explicitly how to do
it here, both intersections and unions are easy to implement on the standard form of unions
of intersections with finite intersection, using either a loop or recursion. Since the set of
unions of intervals with finite intersection is closed under finite unions and intersections, the
result of these operations is guaranteed to be a union of intervals with finite intersection. [J

Remark 18. While it is clear what this algorithm does, it might not be clear why we need
it. The idea is that S7, S5 will represent sets of elements = for which only one representation
x =u+v with u # v € U(1, X) has been found, and T}, T will represent sets of elements
for which multiple representations have been found. The new sets S, T are what is needed to
combine this information: S contains everything in S; and S5 except those elements that are
now confirmed to have multiple representations, which get moved to T" along with everything
else. An element is confirmed to have multiple representations if: 1) it is in either 77 or T5,
or 2) it is not in 77 or Ty but is in both S; and Ss.

Algorithm 5.4. Let one_rep_set and mult_rep_set be unions of intervals with finite inter-
section such that there exists u € (1, X)\U(1, X) so that

1. one_rep_set consists of all elements greater than u that can be written as the sum of
two distinct elements in U(1, X) N [1,u] in exactly one way, and

2. mult_rep_set consists of all elements greater than u that can be written as the sum
of two distinct elements in U(1, X) N [1,u] in more than one way.

On an input of two such sets one_rep_set,mult _rep_set, this algorithm returns the unique
interval [a, b] such that if we define U’ = (U(1, X) N [1,u])U]a, b], then U’ = U(1, X)N[1, b+1].

1: procedure NEXTINTERVAL(one rep_set,mult _rep_set)
2 [p, q] < smallest interval in one_rep_set

3 if p=¢q then

4: b+—p+X

5: b’ < min (one_rep_set N[p+ 1,00))

6 b’ <+ min (mult_rep_set N[p+1,00))

7 b < min (b, V', 0")

8 return [p,b — 1]

9 else

10: return [p, p]

Proof of Correctness. Let p be the smallest element in U(1, X) N [u,00). It must be the
sum of two unique elements u,v € U(1,X), and it is not hard to see that actually u,v €
U(1,X)N[1,u], hence p € one_rep_set—specifically, p is the starting point of the smallest
interval [p,q| in one_rep_set. If p # ¢, we are done: the next interval of U(1, X) is [p, p].
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This is because p 4+ 1 can already be written as the sum of two prior Ulam elements in two
different ways: on the one hand, there is the representation coming from one rep_set; on
the other hand, 1,p € U(1, X).

If p = ¢, then things are more complicated, and we need to find the largest b such that
[p,b—1] C U(1,X). Note that if u € U(1, X) then so is u + 1 unless there exist some other
v,w € U(1,X) such that u+1 = v+ w. This condition can occur in one of three ways: first,
if u4+1=p+ X; second, if u+ 1 € one _rep_set; third, if u+ 1 € mult_rep_set. Therefore,
b is the minimum of p + X, one_rep_set N [p+ 1,00), and mult_rep.setN[p+ 1,00). O

We are ready to give an algorithm for computing the coefficients of U(1, X).

Algorithm 5.5. On an input of a natural number k, this algorithm returns the first k& + 1
coefficients a;, b;, ¢;, d; of U(1, X).

1: procedure ULAMCOEFFICIENTS(k)

2 ulam set < {1} U [X,2X]

3 one rep_set < {}

4 mult_rep_set < {2X + 1}

5: largest_ulam < max (ulam set)

6 forl <i<kdo

7 last < last interval in ulam set

8 for interval € ulam set do

9: if interval = last then

10: (S,T) < SumWithltself(1last)

11: else

12: (S,T) < SumDistinct(interval, last)

13: S+ SN[largest_ulam + 2, 00)

14: T <+ TN [largest_ulam + 2, 00)

15: (one_rep_set,mult _rep_set) < Amalgam(one rep_set,mult rep_set, S, 7T)
16: I + Newlnterval(one_rep_set,mult_rep_set)

17: ulam set <— ulam_set U [

18: largest_ulam <— max (ulam set)

19: one_rep_set <— one_rep_set N [largest_ulam + 2, c0)
20: mult_rep_set < mult_rep_set N [largest_ulam + 2, 00)
21: return coefficients of ulam set

Remark 19. The basic idea behind this algorithm is that it keeps track of three unions of
intervals with finite intersections.

1. ulam set maintains the subset of U(1, X) computed thus far.
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2. one_rep_set maintains a subset of (1, X) such that every element of one_rep_set is
larger than every element of ulam set, and each element of one _rep_set can be written
as a sum of distinct elements in ulam set in exactly one way.

3. mult_rep_set maintains a subset of (1, X) such that every element of mult _rep_set
is larger than every element of ulam set, and each element of mult rep_set can be
written as a sum of distinct elements in ulam_set in more than one way.

Proof of Correctness. For | € N, let U, consist of the first [ + 1 intervals of U(1, X). We
show that at the end of each cycle of the outer for-loop indexed over i, ulam_set = U;;
largest_ulam = maxl;; one rep_set consists of all elements of U; ; + U;_ larger than
largest_ulam+1 that can be written as a sum of two distinct elements in U;_; in exactly one
way; and mult_rep_set consists of all elements of U;_; + U;_; larger than largest_ulam+ 1
that can be written as a sum of two distinct elements in U;_; in more than one way. We
prove this claim by induction on i.

The base case ¢ = 1 is obvious—this is just the initialization of ulam_set, largest_ulam,
one _rep_set, and mult_rep_set prior to the for-loop. For all subsequent ¢, note that to find
all elements ;1 + U, that need to be added to one_rep_set and mult_rep_set, it suffices
to consider the sums of the intervals in U;_, with the last interval of U;_;, since all other
sums have already been handled in prior steps. Thus, for each interval / of ulam set, we add
it to the last interval, producing a pair of sets S, T', where S consists of all elements that can
be written down as a sum in just one way, and 7T consists of all elements that can be written
down as a sum in multiple ways—this is established in the proofs of correctness of Algorithms
5.1 and 5.2. We remove anything smaller than largest ulam+2 from both of these sets. We
then use Algorithm 5.3 to merge S and 7" into one _rep_set and mult _rep_set, as described
in Comment 18. Thus, by the end of the inner for-loop, we have constructed the desired
sets one_rep_set and mult_rep_set. Algorithm 5.4 then uses these two sets to compute the
next interval I of U(1, X) such that U; = U;_y U I. We use this to then update ulam set,
largest_ulam, one rep_set, and mult_rep_set as needed. O

What relation does this algorithm have to Theorem 57 To explain, it is helpful to first
reformulate the result we wish to prove slightly. For each n € Z, let evalyx ., : Z[X]| — Z be
the evaluation homomorphism defined by X + n. Conjecture 3 can be stated as

evaly ., (U(1, X)) =U(1,n)

for all n > 4. Similarly, Theorem 5 states that there exists an algorithm Ay, such that on
an input of £ > N, it computes the coefficients a;, b;, ¢;,d; of U(1,X) and an N € N such
that for all n > N,

evalx_, (UL, X)N[1,exn+dip +1]) = U(1,n) N [1, cpn + di, + 1].

We can now show how this follows from Algorithm 5.5.
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Proof of Theorem 5. Modify Algorithm 5.5 as follows: each time a comparison p(X) < q(X),
p(X) < q(X), p(X) > q(X), p(X) > ¢(X), or p(X) = q(X) is made, compute the smallest
natural number M such that for all m > M, replacing X with m does not change the truth
value of the comparison. It is not hard to see that such an M must exist by considering
the behavior of these polynomials as M — oo. At the end of the computation, along with
the coefficients a;, b;, ¢;, d;, return the maximum N of all of the aforementioned M. Call this
new algorithm Ayjam.

Now, take any n > N and consider modifying Ay, by replacing every set S C Z[X]|
used with evaly_,,(S). It is easy enough to see that this will be an algorithm that computes
the coefficients of U(1,n). But since N is chosen such that all comparisons of elements yield
the same result as before, the output of this algorithm is the same as that of Ayjam,, which
proves that

evalx_, (UL, X)N[1,cxn+dip + 1)) = U(1,n) N [1, cxn + di, + 1].
Thus, Aulam has the desired properties. O

Unfortunately, the particular algorithm Ay, defined in the proof of this theorem is not
an efficient method of computing the coefficients a;, b;, ¢;, d; of U(1, X)—a naive implemen-
tation puts it in the ©(k3log,(k)) complexity class, due to the two nested for-loops and the
need to perform binary search for the set operations. However, the ideas of the construction
of the algorithm Ay, can be generalized—there are in fact families of algorithms with its
essential properties. The importance of this is that it might be possible to construct a more
efficient algorithm using, for example, ideas of Gibbs and Judson [5, 6]. Before we show
what this family of algorithms is, we need some definitions.

Definition 20. Let S be a computable ordered ring. We say that a formula is S-expressible
if it is

1. a variable z,
2. aconstant c€ SU{T, L},
3. an empty list [],

or if it can be constructed recursively from other S-expressible formulas according to the
following rules:

1. If &, & are S-expressible, then & = & is S-expressible.
2. If &, & are S-expressible, then & +&;, &1 — &3, &1 - &y, &1 /&, are S-expressible if defined.

3. If &,& are S-expressible, then & < &,& < &,& > &,& > & are S-expressible if
defined. (We call such formulas comparisons.)

4. If &, & are S-expressible, then =&, &1V Ey, E1NEy, E1 = & are S-expressible if defined.
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5. If &1, &, ..., &, are S-expressible, then [&1,&,, ..., E,] is S-expressible.

We say that an algorithm A has basic steps over S if it is composed of the following basic
steps:

1. Initializing x <— &£, where x is a variable and £ is S-expressible.

2. Retrieving the i-th index of a list (.

3. Checking an if-statement if(£), where £ is S-expressible, and branching accordingly.
4. Running a while-loop while(&), where £ is S-expressible.

5. Returning an S-expressible formula £.

For Z[X] and Q[X], specifically, we also need a way to extend the evaluation homomor-
phism evalx_,,, to expressible formulas.

Definition 21. Let £ be an Q[X]-expressible formula. We define evaly_,,(€) to be the
formula produced by replacing each instance of a constant ¢ in € with evalyx_,(c).

With these definitions, we can state the following result.

Theorem 22. Define Cyiam to be the set of all algorithms A with basic steps over Q[X]
such that on an input of k € N, A returns the first k coefficients of U(1, X) and a proof of
correctness. There ezists an algorithm P such that, on an input of an algorithm A € Cyiam,

it returns an algorithm P(A) which on an input of k € N returns an N € N such that for
alln > N,

evalx ., (UL, X)N[1,ecen+di + 1)) = U(1,n) N [1, cpn + di + 1].

Proof. The algorithm runs as follows: on an input of k¥ € N, run A(k), but each time a
comparison £ comes up in the computation, compute the smallest integer M such that for
all m > M, & = evalx ,,,(£). Then return the maximum N of all of these M—there will
only be finitely many comparisons for a given input k.

Why does N have the claimed properties? For each n > N, define an algorithm A,
produced by replacing each Q[X]-expressible formula £ in A with evalx_,,(€). Since the
truth value of comparisons is preserved and A has basic steps over Q[X], A,, produces the
same coefficients a;, b;, ¢;, d; as A, and verifies that if we define a subset

k
Z/{n = U [a,-n + b,-,cm + dl] s

=0

then
1. agn +by = con + dg = 1 and a1n + by = n,
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2. aipan+biy1 >cin+d; + 1 for all © € N, and

3. for every x € U, x is the smallest element of Z with the property that there exists

exactly one way such that x can be written as the sum of two distinct elements y, z € U,,.

In other words, U, = U(1,n)N[1,cxn+dy + 1] = evalx ., (U(1, X)N[1, X + dy. + 1]). Ergo,
we have the desired result. O
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