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Abstract

We determine the asymptotic behavior of loglem(a + s1,a? + sa,...,a" + sy,), for
a > 2 an integer and (sy)p>1 a periodic sequence in {—1,+1}. We also carry out the
same analysis for (s;),>1 a sequence of independent and uniformly distributed random

variables in {—1,+1}.

1 Introduction

Let (F,)n>1 be the sequence of Fibonacci numbers, defined recursively by F} = 1, Fy = 1,
and F, .o = F,41 + F,, for every integer n > 1. Matiyasevich and Guy [10] proved that

()
loglem(Fy, Fy, ..., F,) ~ ————=-n",

2
as n — 400, where lem denotes the least common multiple. This result was generalized
to Lucas sequences, Lehmer sequences, and other sequences with special divisibility proper-
ties [1-4,6,8,9,16]. In particular, for every integer a > 2 we have

3loga
2 "n (1)

loglem(a —1,a®> = 1,...,a" — 1) ~
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and Al

oga

2 “no, (2)
as n — -+oo. Precisely, (1) follows from [9, Lemma 3| applied to the Lucas sequence

(%)n>1’ while (2) follows from [6, Théoreme] applied to the companion Lucas sequence

(a" + 1)7121-

We generalize (1) and (2) by giving asymptotic formulas for least common multiples of
sequences of shifted powers (a"™ + s,,)n>1, Where (s,)n>1 18 a sequence of shifts in {—1,+1}.
This is somehow similar to a previous work of the author [14], in which least common
multiples of the sequence of shifted Fibonacci numbers (F,, + s,,),>1 were studied.

Our first result regards periodic sequences of shifts.

loglem(a +1,a* +1,...,a" +1) ~

Theorem 1. Let a > 2 be an integer and let s = (s,,)n>1 be a periodic sequence in {—1,+1}.
Then there exists an effectively computable rational number Cs > 0 such that

1
loglcm(a+31,a2+82,...,a"+3n)NCS-%'TLQ, (3)

as n — +o00.

By “effectively computable” we mean that there exists an algorithm that, given as input
the period of the periodic sequence s, returns as output the numerator and denominator
of the rational number Cy. Indeed, we implemented such algorithm and we computed the
constant Cy for periodic sequences with short period, see Table 1.

S Cs S Cs S Cs S Cs

_ 3 —+-—  27/8 | ——+-+  319/96 |+--+- 733/216
+ 4 -++-  125/36 | —=++-  487/144 | +--++  769/216
L, 4 —+++  38/9 | ——+++ T687/2160 | +—+--  487/144
4 3 PR 3 —+--- 101/32 | +=+-+ 7687/2160

——+  13/4 | +=—+  T7/2 | -+-—+  319/96 | +-++- 2123/576
-+= 105/32 | +-++ 7/2 | —+=+=  487/144 | +-+++ 2219/576
-++ 173/48 | ++-- 125/36 | —+-++ T7687/2160 | ++---  487/144
+== 105/32 | ++—+ 38/9 | —++--  733/216 | ++--+ T7687/2160
+=+  173/48 | +++=  27/8 | —++-+ 769/216 | ++-+- 2123/576

+

++=  47/12 | ——==+ 19/6 | —+++-  2123/576 | ++-++ 2219/576
-—=+  7/2 | —==+= 101/32 | =++++ 2219/576 | +++-- 2123/576
——+= 3 ---++ 319/96 | +----  101/32 | +++-+ 2219/576
-=++  7/2 | —=+-- 101/32 | +-——+  319/96 | ++++-  39/10

Table 1: Values of Cy for periodic sequences s of period at most 5.

Our second result is an asymptotic formula for random sequences of shifts (see [5,7,12,13]
for similar results on least common multiples of random sequences).
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Theorem 2. Let a > 2 be an integer and let (s,)n>1 be a sequence of independent and
uniformly distributed random variables in {—1,+1}. Then

1
loglem(a + s1,a” + s2,...,a" + s,) ~ 6Lis(3) - (;gQa n? (4)

with probability 1—o(1), asn — 400, where Lig(2) := Yo, 2¥ /k? is the dilogarithm function.

Remark 1. It is known that Lis(3) = (7 — 6(log2)?)/12 (see, e.g., [17]), but in (4) we
preferred to keep explicit the factor 6L12(%) in order to ease the comparison with (1), (2),
and (3). Numerically, we have 6 Li»(3) = 3.493443 ... so that the right-hand side of (4) is
a bit less than the arithmetic mean of the right-hand sides of (1) and (2).

We leave the following questions to the interested reader:

Question 1. Is there a simple characterization of the set £ of sequences s = (s,)n>1 in
{—1,+1} such that the limit

L(s) := lim loglem(a + s1,a® + 59, ..., a" + 5,)
n——+o0 (log CL/7T2> . n2

exists? (It follows from Lemma 3 below that L(s) does not depend on a.)
Question 2. What is the image L(E)?

Question 3. Does (an appropriate normalization of) the random variable on the left-hand
side of (4) converge to some known distribution?

2 Notation

We employ the Landau-Bachmann “Big Oh” and “little oh” notations O and o, as well as
the associated Vinogradov symbol <, with their usual meanings. For real random variables
X,, and Y,,, depending on n, we say that “X,, ~Y,, with probability 1 —o(1) as n — 400" if
for every € > 0 we have P[|X,, — Y,,| > £|Y,|] = 0.(1) as n — +o00. We let [m,n] and (m, n)
denote the least common multiple and the greatest common divisor, respectively, of the two
integers m and n. We reserve the letter p for prime numbers, and we let v,(n) denote the
p-adic valuation of the positive integer n, that is, the exponent of p in the prime factorization
of n. We write ¢(n) and 7(n) for the Euler function and the number of positive divisors,
respectively, of a natural number n.

3 Preliminaries

Hereafter, let a > 2 be a fixed integer. Define the nth cyclotomic polynomial by

27ik

o.(X) = ][] <X—e : ) (5)



for every integer n > 1. It is well known that ®,(X) € Z[X]. Moreover, from (5) we get

that
H CIDd and a" + H (I)d (6)

deD~ deDt(n

for every integer n > 1, where D ( ):={deN:d|n}and D" (n ) D~ (2n) \ D~ (n).
We need two results about the sequence of integers (Py(a))aen.

Lemma 1. We have (®,,(a), ®,(a)) | m, for all integers m >n > 1.

Proof. Let d := (®,,(a), ®,(a)). By (6) we have that d divides (a™ — 1,a" — 1) = a{™™ — 1.
Moreover, since (m,n) < m, by (6) again we have that

am™ —1 2 m__q m
- = (m,n) (m,n) . (m,n)\ )~ =
d| ®,(a) | ) 1 = l+a + (a™™) "+ -+ (™) = ) (mod d)
Consequently, d divides m/(m,n) and, a fortiori, d divides m. ]

Lemma 2. We have log ®,(a) = ¢(n)loga + O4(1), for every integer n > 1.
Proof. See [11, Lemma 2.1(iii)

J
For every sequence s = (sn)n>1 in {—1,+1}, let us define
)=

as(n

lem(a + 81,0 + 8g,...,a" + s,)

and

for all integers n > 1.
The next lemma will be fundamental in the proofs of Theorem 1 and Theorem 2.

Lemma 3. We have
n2
log {,s(n) = Z o(d)loga+ O, (1 gn)
deﬁs( )
for every integer n > 2.

Proof. For every integer m > 1, write m = m(S) - m(>) | where m(®)| respectively m), is a
positive integer having all the prime factors not exceeding 2n, respectively greater than 2n.

Suppose that p¥ || £,s(n), for some prime number p < 2n and some integer v > 1. Then
p¥ | a* + s, for some positive integer k < n, and consequently p* < a"*. Therefore,

logf log< H p><log( H a”“)

p¥ ||€a5(n vaEa,S(n)
p<2n p<2n
n2
< p < 2n}t- 1)1 <, ) 7
<#{p:p<2n}-(n+1)loga og (7)



since the number of primes not exceeding 2n is O(n/logn).

On the one hand, in light of Lemma 1, the integers CI>§>)(a), . .,@éz)(a) are pairwise
coprime. Hence, also using (6), we have

() (n) = . lclrn (aF + 5,)>) = . lem H <I>£l>)(a)

a,s

=1,..., n =1,... ndeD(%)(n)
= lem lem <I)((1>)(a) = lem <I)((1>)(a)] lem ®g4(a). (8)
k=1,..n dED(Sk)(n) de Ls(n) de Ls(n)

On the other hand, using (6) again, we have
lem ®4(a) = lem lem  ®4(a) | lem H D4(a)

de Ls(n) k=1,..n dED(sk)(n) k=1,..n de’D(Sk)(n)
= :lclm n(ak + s) = las(n). (9)
Therefore, putting together (7), (8), and (9), we get that
log £, 5(n) = log< @d(a)> + O(log ngs) (n))
de Ls(n)
n2
= log< <I>d(a)> + Oa< )
logn
de Ls(n)
n2
= o(d)loga+ Oy (F#Ls(n)) + Oa( ) :
logn
de Ls(n)

where we used Lemma 2. The claim follows since Ls(n) C [1,2n] and so #Ls(n) <2n. O

For all integers » > 0 and m > 1, and for every x > 1, let us define the arithmetic
progression
Arn(z) :={n<z:n=r (mod m)}.
We need an asymptotic formula for a sum of the Euler totient function over an arithmetic
progression.

Lemma 4. Let r,m be positive integers and let z € [0,1). Then we have

S (1 - sy = % - A =2)Lis(e) o Oy (2(l0g.2)?),

z
ne .Ar,m (33)

for every x > 2, where

1 1\ ! 1\!
= IL(5) T(-55)

plm
plr pir

while for z = 0 the factor involving Liy(z) is meant to be equal to 1, and the error term can
be improved to O, ., (zlogx).

Proof. See [14, Lemma 3.4, Lemma 3.5]. O



4 Proof of Theorem 1

For all integers r,m > 1, let us define the sets

Tom ={t€{l,....2m} : Jv>1st. tv=r (mod m)},
Tho={te{l,....2m}: 2 |t,Jv > 1s.t. 2fv and Lv =7 (mod m)}

and the associated values

0 m(t) = (min{v >1:tv=r (mod m)})f1 for each t € T,
0, (t) == Q(min{v >1:2fvand fv=r (mod m)})fl for each £ € 7?;1

The next lemma regards unions of D~ (k), respectively DF(k), with k € A, ,,(z).

Lemma 5. Let r,m > 1 be integers and let u € {—1,4+1}. Then we have

U Y0 = U Aen(080)2),

kEAr,m(fE) teﬁ(%
for every x > 1.

Proof. For u = +1, the claim is [14, Lemma 3.3]. For u = —1, the claim is [14, Lemma 3.2],
taking into account that A, () = A om(2) U Appm om (). O

Proof of Theorem 1. Let s = (s,)n,>1 be a periodic sequence in {—1,+1}, and let m be the
length of its period. Moreover, let R% := {r € {1,...,m} : s, = u} for u € {—1,+1}.
By periodicity of s and by Lemma 5, it follows that

o= J U U 2“0

we{~141} ;e () k€ Apm(n)

= U U U Aawnm

we{=141} p e (W 4 e )

- U At,2m<9 t)n
teTs
where .
= U U7=Ur
ue{—l,—l—l}renéu) r=1
and

Os(t) :== maX{foQL( ):te ’T for some u € {—1,+1}, r € R\ }



Hence, from Lemma 3 and Lemma 4 (with z = 0), we get that

n2
log las(n) =) > pld)loga+ 0, (log n)

teTs de Ay om(bs(t)n)
1 2
()
7'(‘ (0)

logn
where
Co =3 crombs(t)
teTs
is a positive rational number effectively computable in terms of sq,..., s,,. O

Example 1. Let s be the periodic sequence with period —1,+1, 41, +1 of length m = 4.
We have

Tl,‘4 ={1,3,5,7}, Oa(1) =1, 07,3)=1% 05,05)=1, 05,(7) =3,
= {4}, 05 4(4) = 2,

34 - {2 6} 9;;4(2) - §, 9;;4(6) =2,

4,4 - {8}7 914@) =2,

so that T = {1,2,3,4,5,6,7,8} and

Moreover, ¢, g = % if r is odd, and ¢, g = 1—12 if r is even. Therefore, we have
g 1 92, 1 /22 [ 1 (12, 1 92,1 42, 1 o2 1 (12, 1 o2\ _ 38
Cs—3'<6'1+ﬁ'(§)+a'(§)+ﬁ'2+6'1+ﬁ'2 +6'(§)+ﬁ'2)—3-

5 Proof of Theorem 2

Let s = (sn)n>1 be a sequence of independent and uniformly distributed random variables
in {—1,+1}. Moreover, define

L(n,d) = 1, ifd e Lg(n);
S 0, otherwise,

for all integers n,d > 1. The next lemma gives two expected values involving Is(n, d).

Lemma 6. We have
E[[S(n, d)} — 1 _ 9 [na)/d o)



and
E[]S(n7 dl)ls(n, dQ)} — 1 — 9~ n(2d1)/di] _ 9—[n(2,d2)/d2]

- ln@dn)/d |~ n(2d) o)+ o ol de)) ) L U v2(di) = va(da);
0, otherwise,

for all integers d,dy,dy > 1.

Proof. On the one hand, by the definitions of I5(n,d) and Lg(n), we have

E[ls(n,d)] =P[d € Ls(n)] =1 — IF’[/\ (d ¢ D(sk)(k))] =1-P /\ (d ¢ D (k))

k<n k<n
d| 2k

=1-P| \ ([@|kAsi=+1)V(dtkAs=—1))| =1 -2 #Esmdl®
k<n
d| 2k

_ ]9 lnay/d]

which is (10).
On the other hand, by linearity of the expectation and by (10), we have

E[Is(n,di)Is(n, ds)] = E[Is(n,di) + Is(n,dy) — 1+ (1 = Is(n, d1)) (1 — Ls(n, do))]
=E[Ls(n,di)] + E[Ls(n,do)] — 1+ E[(1 = Ls(n,d1)) (1 — Ls(n, d»))]
=1 — 27 n@d)/d] _o=Ind2)/d] |\ Plq, & L (n) Ady ¢ Ls(n)]. (11)

Let P be the probability at the end of (11).

Suppose for a moment that [dy,ds] < 2n and that d; and ds have different 2-adic valua-
tions, say vo(dy) < va(dy), without loss of generality. Let h := [dy, ds]/2 and note that h is
an integer not exceeding n. Furthermore, d; € D~(h) and dy € DT (h). Hence, no matter
the value of s, at least one of dy,dy belongs to Lg(n), and consequently P = 0.

Now suppose that [d;, ds] > 2n or v5(dy) = v5(ds). In the second case, note that for every
integer k such that [dy,ds] | 2k we have that either d; | k and ds | k, or dy 1 k and ds 1 k.



Therefore,

P=P| A ([di|kAsp=41)V(dithAs=-1))

k<n
di |2k Nd2 12k

AN (el kAsy=41)V (dathAsp=—1))

k<n
di12k Nd2 | 2k

AN ([ EAdy [EAsg=+1)V (ditkAdythkAs,=—1))
d1\2’lz%gﬂ2k
— o~ #{k<n:di|2kVdy |2k}

— 9~ n(2,d1)/di]=[n(2,d2)/d2 | +|n(2,[d1,d2])/[d1,d2]]

and the proof is complete. m
The following lemma is a simple upper bound for a sum of greatest common divisors.

Lemma 7. We have

Z (di,dz) < n?,

[d1,d2] <n

for every integer n > 1.

Proof. Let a; :=d;/d for i = 1,2, where d := (d;, ds). Then we have

S odnd)=Y"a Y 1<Ya Y rm)

[d1,d2] <n d<n ajaz<n/d d<n m<n/d
((11 a2)*1
<<n210g< > =n(nlogn — log(n!)) < n?,
d<n

where we used the upper bound > _ 7(m) < rlogz (see, e.g., [15, Ch. 1.3, Theorem 3.2])
and the inequality n! > (n/e)™. O

Proof of Theorem 2. Let us define the random variable

X =" ¢(d)I(n,d).

d<2n



From the linearity of expectation, Lemma 6, and Lemma 4, it follows that

E(X] = 3 o(d)E[L(n,d)

d<2n

— Z p(d) (1 — 27 n2D/d)
d<2n

= > ed (-2 4 YT p(d) (127
de Ai2(n) de Az 2(2n)

3 :
) (c1,2 + 4ca2) Lig () n® + O(n(logn)?)

6 .
== Liy (1) n* + O(n(logn)?). (12)
Furthermore, from Lemma 6 and Lemma 7, we get that
VIX] = E[Xﬂ — E[X]?
= Y wld) (o) (B[Ln, di) (o, )] — E[Iy(n, dr)]E[Ly(n, d2)] )
dy,d2 <2n
< Z dyds 9—[n(2,d1)/d1] = |n(2,d2)/d2]+[n(2,[d1,d2])/[d1,d2]] (1 _ 2—["(2,[d1,d2])/[d1,d2U)
[dL d2] <2n
2, [dy,d
< Zd@%%%%«nz:%w<ﬁ (13)
[y, d] [d, d2] < 2n
where we also used the inequality 1 — 2% < k/2, which holds for every integer k > 0.
Therefore, by Chebyshev’s inequality, (12), and (13), it follows that
VIX]

1
L« =),

PlIX —E[X ceEX|| <
| [”>[ﬂ‘wm)€%

as n — +o00. Hence, again by (12), we have

X ~E[X] ~ % Lis (3)n?,

with probability 1 — o(1). Finally, thanks to Lemma 3, we have

2
log lys(n) = Xloga+0a< - > )
logn

and the asymptotic formula (4) follows. O
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