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Abstract
For given positive integers a,b,c, and d, we consider the generalized bi-periodic
Fibonacci sequence (F,),>0 defined by the recurrence relation F,, = aF,_1 + cF,_ for
n even and F,, = bF,,_1 + dF,,_o for n odd, with initial conditions Fy = 0, F; = 1. In
the present paper, we study the periodicity of (F,),>0 modulo a given integer m > 2
relatively prime to ¢ and d. We extend some well-known results on the period and the
rank of the classical Fibonacci sequence to the bi-periodic case.

1 Introduction

The Fibonacci sequence and its various generalizations have interested mathematicians for
many years. Edson and Yayenie [4] introduced the generalized Fibonacci sequence, also
known as the bi-periodic Fibonacci sequence, by considering the following piecewise linear
recurrence relation with two non-zero real parameters a and b:

aqp—1 + Gn_2, for n even;

(n>2). (1)

=0, =1, ¢ = =
eem et {bqn_1+qn_2, for 1 odd,

LCorresponding author.


mailto:hacenebelbachir@gmail.com
mailto:salhicelia2@gmail.com 
mailto:csalhi@usthb.dz 

Many sequences in the literature are special cases of this sequence. The case a = b = 1
corresponds to the classical Fibonacci sequence A000045, and the case a = b = 2 gives the
Pell sequence A000129, while for a = b = k for some positive integer k, we obtain the k-
Fibonacci sequence [5]. A further generalization has been defined in [10, 17] by preserving the
initial conditions and modifying the recurrence relation (1) in such a way that the resulting
sequence (2) depends on four real parameters a,b, ¢, and d. Let (F,),>o be the generalized
bi-periodic Fibonacci sequence defined as follows:

al,_1 + cF,_o, forn even;

(n=2). (2)
bF,_1+ dF,_s, for n odd,

F(]:O, Flzl, Fn_{

Notice that for ¢ = d = 1, (F},),>0 reduces to the sequence (1). For the case a = b and ¢ = d,
we have the (a, c)—Fibonacci sequence.

The periodicity of linear recurrence sequences reduced modulo an integer m has been
studied by several authors. The interest in this topic is the diversity of the fields of application
such that cryptography (the generation of pseudo-random numbers), coding theory and
electrical engineering. Wall [16] studied the periodicity of the Fibonacci sequence modulo
an arbitrary integer m and established many interesting results. Vinson [15] extended the
work of Wall and studied the rank of apparition of m in the Fibonacci sequence. Recently,
the periodicity of various generalizations of the Fibonacci sequence has been investigated in
several papers; see [1, 2, 3, 6, 7, 8, 9, 14].

In the present paper, we investigate the periodicity of the generalized bi-periodic Fi-
bonacci sequence (F},),>o modulo m > 2, where a,b, ¢, and d are given positive integers.
Assuming that m is chosen such that m is relatively prime to ¢ and d, we prove that (F},),>0
reduced modulo m is periodic, i.e., there exists a positive integer r such that

Foi. = F,, for all n > 0. (3)

We extend some well-known results on the period and the rank of the classical Fibonacci
sequences to the bi-periodic case.

Since we are dealing with the generalized bi-periodic Fibonacci sequences, reduced mod-
ulo m, the condition a # b (mod m) or ¢ # d (mod m) ensures that the considered sequences
are actually bi-periodic. For the case where a = b (mod m) and ¢ = d (mod m) (£}, mod m)
coincides with the (a, ¢)-Fibonacci sequence; see [7, 9.

Tasc1 and Kizihirmak [13] studied the period of the generalized bi-periodic Fibonacci
sequences F), for the case ¢ = d = 1. The authors defined the period of F;,, modulo m to be
the least positive integer r such that £, = 0 (mod m) and F,;; = 1 (mod m). However, unlike
the case where a = b, the integer r does not necessarily satisfy Property (3); see Example
2. Furthermore, we mention that [13, Theorem 4] is true only if we add the condition ab is
also a quadratic residue modulo p (see Example 9 for p = 11).


https://oeis.org/A000045
https://oeis.org/A000129

2 The periodicity of the generalized bi-periodic Fi-
bonacci sequences modulo m

Let a,b,c,d, and m be positive integers, and assume m is chosen such that ged(e,m) =
ged(d,m) = 1. In this section, we investigate the period of (F},),>o reduced modulo m.
Flacon and Plaza [6] determined the length of the period of the k-Fibonacci sequences
reduced modulo an integer m. Notice that fora = b=k and c = d =1, (F},),,>0 corresponds
to the k-Fibonacci sequences.

Following the proof of [6, Theorem 2|, we show in the next theorem that the sequence
(F,, mod m), is periodic.

Theorem 1. The sequence (F,)n>o is periodic modulo m.

Proof. Since there are only m? pairs of integers modulo m, at least one repetition of a pair
must occur within the following m? + 1 pairs of the sequence:

<F07F1)7 (F27 F3)7 vy (F2m27 F2m2+1)-

Let ¢ and j be integers such that 0 < i < j < m?. Let (Fy, Fbi11) = (Fyy, Fyj1) (mod m),
with r = 25 — 2¢. It follows by induction that

Fo.r =F, for all n > 2i.

Now, since ¢ and d are invertible modulo m, by backward induction we see that the sequence
F,, is periodic. Indeed, from the recurrence relation (2) we have

Foi 1 = Fyj 1, Foi o = Foj 9, F1 = Fyj 91 = Fry, and Fy = Foj_9i = F,. O

Let k(m) denote the period of the sequence (F,, mod m), i.e., the least positive integer
r, for which (3) is satisfied.

Example 2. We consider the generalized bi-periodic Fibonacci sequence generated by a = 2
and b = ¢ = d = 1 that we find in [11] as A048788. The first few terms of this sequence
reduced modulo p = 3 are

0,1,2,0,2,2,0,2,1,0,1,1....

Then we only have repetitions of these terms, so k(3) = 12.

Theorem 3. Let r be a positive integer. If a b (mod m) or ¢ # d (mod m), the following
assertions are equivalent:

(i) Fnir = F, (mod m) for alln > 0;
(”) (FT7 FT+17 FT+27 FT+3> = (F07 Flu F27 F3) (mOd m);

(iii) (F., Fri1) = (Fo, F1) (mod m), and the integer r is even.
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In particular, the period k(m) is an even number.

Proof. Let r be a positive integer such that (F,, F,y1, Fri9, Fri3) = (Fo, F1, Fy, F3) (mod m).
If r is an odd number, we have modulo m

a = F2 = Fr+2 = bFr—H + dFT = bF1 + ng = b,
and
bF2 + dF1 = F3 = Fr+3 = (IFT+2 -+ CFT+1 = CLFQ + CFl.
Contradiction. 0

So when a # b (mod m) or ¢ # d (mod m), the period k(m) is the smallest integer r
satisfying one of the three properties of Theorem 3. Since any positive integer r that satisfies
(3) is a multiple of the period k(m) by Theorem 3, we have

> k(m)|r, (4)

F, =0 (mod m)
F.11 =1 (mod m)

for any r € 2N.
The following theorem shows that we can reduce the computation of k(m) to that of
k(p®) for all prime power factor p® of m.

Theorem 4. Let m = p{'p5* - - - pS be the prime decomposition of m. Then

k(m) = lem(k(p}'), k(p3*), ..., k(p5))-

Proof. The proof is similar to the proof of [16, Theorem 2]. ]

Theorem 5. If m | a, then we have k(m) = 2ord,,(d), where ord,,(d) is the multiplicative
order of d modulo m.

Proof. Assume that a = 0 (mod m). Using Relation (2), and following a straightforward
induction we get

0, ifn=2Fk

F, mod m =
dé, if n=2k+ 1.

Since n = 2ord,,(d) is the least integer satisfying the congruences Fy, = 0 (mod m) and
Fyni1 =1 (mod m), it follows from (4) that k(m) = 2 ord,,(d). O



2.1 The generalized bi-periodic Fibonacci sequences over a finite

field

Sahin [10] provided the Binet formula for even and odd indices as follows:

Fo, = aa — 6 )

a—p3
an+1 _ 6n+1 o — ﬁn (5)
Fony1 = - )

2n+1 a—j ¢ a—f

where «, f = (AiZ‘/Z) are the roots of the quadratic equation f(z) = 22 — Az + B = 0 with

A=ab+c+d, B=cd, and A the discriminant of f(x).

Let F, denote the finite field of order ¢ = p® with e > 1, and let p be an odd prime. In
this subsection, we investigate the period of (F},),>0 over the finite field F, using as a main
tool the Binet formula (5) and Statement (4).

We assume that ged(c, p) = ged(d, p) = 1 to guarantee that (F),),>o is periodic over the
field Fpe. We begin by investigating the period modulo a prime p, then we generalize to
a power of p. We deal only with the cases where a # b (mod p) or ¢ # d (mod p). For
analogous results in the case a = b (mod p) and ¢ = d (mod p); see [7, 8, 9]. We establish
a divisibility relation for k(p) according to the nature of the discriminant A in Fy. When
A =0 (mod p), we obtain an equality statement for k(p) in terms of the order of the zero
of the polynomial f(z) in F;.

Notice that if p | a, then we get k(p) = 2ord,(d) using Theorem 5, where ord,(d) is
the order of d in Fy. So in the sequel, we may assume that ged(a,p) = 1. We also use the
Legendre symbol:

<q> B {1, for r a nonzero quadratic residue modulo p;
p

—1, for r a quadratic residue modulo p.

Theorem 6. Let p be an odd prime. If A is a nonzero quadratic residue modulo p, then
k(p) | 2(p — 1). Furthermore, if (%) = (g) =1, then k(p) | (p —1).

Proof. Suppose that A is a nonzero quadratic residue modulo p. Then we have «, 8 € F),
and by the Fermat little theorem we get

o' =1 (mod p) and B#~! =1 (mod p).
Now, using the Binet formula for even and odd indices (5), we obtain

ap—l _ ﬁp—l

Fypo1y =a P =0 (mod p)
and aP — P aP~t — pgr—t
Fop-1)+1 = " —c " =1 (mod p).



Thus, by (4), k(p) | 2(p — 1).

For the second part, suppose that (%) = <§> = 1. Then we have
T =BT =1 (mod p).
Therefore,
Fp_lzaa 2@:2 " —o (mod p)
and p+1 5p+1 p—1 ﬁﬂ
o 2 — 2 o 2 — 2
F, p—" —c p—" =1 (mod p)
Thus, by (4), we get k(p) | (p — 1). O

Remark 7. If ¢ = d, then we have a3 = ¢%. Using the properties of Legendre symbol, we get

(5)=0)

Moreover, since a € F, we have ab = o~ (a — ¢)?, where a~

Thus,
5)-(5)
p p)
Now, if A is a quadratic nonresidue modulo p, then the polynomial f(z) is irreducible in
F,. Therefore, we work in . = IF,[v/A], the splitting field of the polynomial f(z) over F,.
Since the Frobenius automorphism of IF: fixes [F),, it must permute the zeros of any irre-

ducible quadratic polynomial of F,[z]. Therefore, by applying the Frobenius automorphism
to «, a root of the equation f(x) = 0, we obtain the other root § = a”. Hence,

&p+1 — ﬁerl — Oéﬁ. (6)

L'is the inverse of a modulo p.

Theorem 8. Let p be an odd prime. If A is a quadratic nonresidue modulo p, then k(p) |
2ord,(cd)(p+1).

Proof. Suppose that A is a quadratic nonresidue modulo p. Then we have a?™! = P! = cd.
Using the Binet formula (5), we get

an )ordp(cd) _ (ﬁp—&-l >0rdp (cd)

Faoray(caypr1) = @ " =0 (mod p)
and
aapt1)erds(ed) _ G(gp1yordy(cd) (aP+1)ordp(ed) _ (gp+1)ordy(cd)
Fordy (cd)(pr1)+1 = a3 —c P
=1 (mod p).
Therefore, (4) implies that k(p) | 2ord,(cd)(p + 1). O
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Example 9. We take a = c=d =1 and b = 2. So F,, corresponds to A002530 in [11], and
we have A = 12.

Let p = 11; notice that A is a nonzero quadratic residue and ab is a quadratic nonresidue.
From Theorem 6, we have k(p) | 2(p — 1) and k(p) t (p — 1). So by giving the first few terms
up ton =5 (0,1,1,3,4,0) we get k(11) = 20.

We take p = 7. Since A is a quadratic nonresidue modulo p from Theorem 8, we obtain
k(p) | 16. So we only have to calculate 10 terms of this sequence modulo 7

0,1,1,3,4,4,1,6,0,6.
Thus, we have k(7) = 16.

Example 10. Take a = 3,b = d = 1, and ¢ = 4. For p = 11 both A and ab are nonzero
quadratic residues modulo p, and from Theorem 6 we have k(p)|(p — 1). Moreover, k(p) is
an even integer and Fy mod 11 = 3. So the only possible value is k(11) = 10.

In the following, we consider the case where A = 0 (mod p). We begin by giving the
Binet formula of F,, for even and odd indices as follows:

n

_ § n—i Qi—1,

F2n =a « /8 3
i=1

F2n+1 =a" + Zan—(i+1)6i(a . C).
i=1

Since A =0 (mod p), the equation f(x) = 0 has a repeated root a in F. So modulo p, we
get the following congruences:

Fy, = ana™ !
{ ! (7)

Fopis = (n+1)a" — cna™ .

We give in the next theorem an explicit equality statement for k(p) in terms of the order of
ain [F.
p

Theorem 11. Let p be an odd prime. If A =0 (mod p), then we have k(p) = 2p - ord,(«).
Proof. Assume that A =0 (mod p) and ged(a,p) = 1. By using (7) we obtain the following:

Fy,=0and Fp,yy =1<=n(a)" '=0and ()" =1
<= p|n and ord,(a) | n
<= lem(p, ord,(a))| n
<= p-ordy(a) | n.

Therefore, k(p) = 2p - ord,(«). O
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Theorem 4 shows that it is easy to compute k(m) once we know k(p®) for all prime power
factors p© of m. The corollary of the following theorem is crucial to the investigation of the
period modulo p°.

Theorem 12. Let p be a prime number and n be a positive integer. If a =1 (mod p), then
a?" =1 (mod p™).

Proof. Let P(n) be the proposition a?” = 1 (mod p"*'). We have

a=1 (modp)= Js€Zsuchasa=sp+1.

Forn=1,a’ = (sp+1)? = Xp: (ZZ) (sp)' =1+ sp* + zp; (ZZ) (sp)' =1 (mod p?).

i=0 -
Thus, P(1) is true. Assume that P(n) is true up to some n and consider P(n + 1)

p p
P PP — (gt )P — p n+lyi g 42 p nt1yi
a (™" = (sp™™' + 1) ; (Z.)(Sp )'=1+sp +; NICAnl
Since p™*2 | (sp™t1) for 2 < i < p, we obtain a?"" =1 (mod p"t?).
Thus, P(n) holds by induction. O

Corollary 13. Let p be an odd prime such that ged(a, p) = 1, and let e be a positive integer.
Then
a2 =727 =1 (mod p°).

Proof. If we assume p | A, then o = § (mod p). From Theorem 11, we get k(p) = 2p-ord,(a).
Thus,

E(p)

o = f2 =1 (mod p).

Now, assume that p{ A. Since p { a by the Binet formula (5), we have

k(p) k(p)
Fip) = i g C =0 (mod p) <— o = BkTp) (mod p)
a J—
and L) o L) L)
Ja ac 2 — 32 a2 — 32
= —c
k(p)+1 a—3 a—3
k(p)
=a 2
=1 (mod p)
Hence, by applying Theorem 12 to o ? and 15} "2 we obtain the desired result. O



Now that we have results helping in the calculation of k(p), we connect k(p) to k(p®) in
Theorem 14.

Theorem 14. Let p be an odd prime such that ged(a,p) = 1, and let e be a positive integer.
Then k(p°) | p° 'k (p).

Proof. Since ged(a,p) = 1 from Corollary 13, we have

e If we assume p{ A, then we have

ak(p)ge—l B ﬁumge—l
Frpype— = a p—" =0 (mod p°)
and k(p)p®~! k(p)p© ! k(p)p® 1 k(p)p® !
a2 — p) a2 — ﬂ 3
Fk(p)peA_,_l = o — 5 —C o — ﬂ
=1 (mod p°).

e If we assume p | A, then using (7) we obtain

k(p)p671 k(p)p671 1

Fk(p)p“l: a 5 a2
and . o
p)pe~ o1 D)o L
Fk(p)p8*1+1 = (ﬁ— + l)ak(p)g - cﬁ—a%—l
2 2
k(P®) e—

=77 (mod p°).

«
Now, since we have k(p) = 2p - ord , (), the following congruences holds

Fipype— = 0 (mod p°);
Fipype-141 = 1 (mod p°).

Therefore, by (4), k(p®) | p*k(p). O

3 The rank of the generalized bi-periodic Fibonacci
sequences modulo m

The rank of (F},),>0 modulo m is the least positive integer r such that F, = 0 (mod m). Let
d(m) denote the rank of (F,, mod m). It is obvious that if m | a, we have d(m) = 2.
In the rest, we assume that ¢ = d and ged(a, m) = 1.
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Lemma 15. ([12]) Let ((n) be the parity function, and assume that ¢ = d. The sequences
(Fh)n>0 satisfies the following identities:

(i) (bfa) S E, Py + (/)0 0CF,Fy = Fyen (g2 1,n 2 0),
(ii) (b)a) It E F oy + (b)a) ) F, ( F, = (—c)IF,_, (9>0,n>0).

Wall [16, Theorem 3] proved that the indices of the Fibonacci sequence terms that are zero
modulo m form an arithmetic progression. In the following theorem we give an analogous
result for the bi-periodic case.

Theorem 16. The terms for which F, = 0 (mod m) have subscripts that form a simple
arithmetic progression, i.e., n = xl; for v = 0,1,2,.... Moreover, | = d(m) gives all n with
F, =0 (mod m).

Proof. Assume that ged(a,m) =1, F; =0 (mod m), and F; = 0 (mod m). By setting g =1
and n = j in the identities (i) and (ii) of Lemma 15, we obtain

F,; =0 (mod m). (8)
And with (i > j)

F,_; =0 (mod m). (9)

Let
S={keZ| F,=0 (mod m)}.

Since Fym) = 0 (mod m) the set S is not empty. Let d be the smallest integer in S. By
using induction and congruence (8), we get Fjy = 0 (mod m) for [ € Z*. Now let a € S, and
suppose that d | . Then there are two nonnegative integers ¢ and + such that a = df + v
with 0 <y < d. From (9), we have F,_gq = F;, =0 (mod m). This is a contradiction, since
d is the smallest integer in S. Thus, « is a multiple of d. m

From Theorem 16, we have
F,=0 (modm)<=d(m) |n. (10)

In particular, since Fj(n) = Fy = (mod m) then d(m) | k(m).
Let ¢ =1 and a,b € Fy. Table 1 gives the rank of (£, mod 2).

al|b|cldp)
0|11 2
1101 4
Table 1: p =2

We are now ready to state our theorem containing some fundamental results about the
rank of (F,, mod m).
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Theorem 17. Let m > 2, and p be an odd prime such that ged(a,p) = ged(c,p) = 1. Then
(a) If A is a nonzero quadratic residue modulo p, then d(p) | (p — 1).
(b) If A is a quadratic nonresidue modulo p, then d(p) | 2(p + 1).
(¢) If A =0 (mod p), then if p | b we have d(p) = 2p otherwise, d(p) = p.
(d) If n | m, then d(n) | d(m).
(e) Let m = p'p?---pir be the prime decomposition of m. Then
d(m) = lem(d(pi*), d(p3’), - ... d(py"))-
Proof. Let p be an odd prime, and let ged(a,p) = 1.

(a) Suppose that A is a nonzero quadratic residue modulo p. Then a, 3 € F; and ( ) =

a
p
<§> Hence, we have

= 0 (mod p).

Thus, by (10), d(p) | (p — 1).

(b) Suppose that A is a quadratic nonresidue modulo p. Then by (6), we have
aPtl — grtl
a—p

Thus, from (10), we get d(p) | 2 (p + 1).

Fyprny=a =0 (mod p).

(¢) Suppose that A =0 (mod p).
If we assume that p | b, then we have a = ¢. Using (7), we obtain
Fy, = an(c)"* and Fypyy = (0).

Then we have Fy,; # 0 (mod p) since ged(c,p) = 1, and d(p) must be even. Note
that we have Fy, =0 (mod p) if and only if p | n. Therefore, we obtain d(p) = 2p.

Now, if p { b then o« = —c¢, and we have
Fy, = an(—c)" ' =0 (mod m) <= p|n

and

Forii=02n+1)(—0)" =0 (mod m) <= p| (2n+1).
Since d(p) is the smallest positive integer n for which F,, = 0 (mod p), we obtain
d(p) = p-

11



(d) Since Fyum) = 0 (mod m) and n | m, then we have Fy,,y = 0 (mod n). Thus, by (10),

4

d(n) | d(m).

For the proof of (e), see [15, Lemma 2].
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