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Abstract

Let (A,) denote any odd, non-degenerate, non-null, fourth-order linear divisibility
sequence and let p be any prime such that p divides some term A, (n > 1) of (4,).
In this paper we derive a number of properties of (A4,). In particular, we exhibit
conditions which guarantee that if p | Ak, then w | k. Here w (= w(p)) is the least
positive integer m such that p | A,,.
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1 Introduction

Although we use the notation (7},) to denote the sequence
. 7T—n7' s 7T—27T—17T0aT1aT27' o 7Tn7' c

we will often be concerned in the sequel with terms of (7},) which have only positive sub-
scripts. Let p, ¢ € C and a, 8 be the zeros of 22 — pz + ¢ € C[z]. We define, for any
n € 4z,
a —["
a—p3"
When p, ¢ are integers, both w,(p, ¢) and v,(p, ¢) are integers for all n > 0 and when p, ¢ are
coprime integers are called the Lucas functions. Note that ug =0, u; =1, vo = 2, v; = p.
The Lucas sequences (u,,(p, q)), (vn(p,q)) both satisfy the second-order linear recurrence

Up = Un(p,q) = Up = Up(p,q) = " + B".

Tn+1 = an - anfl'
Also, m | n = um(p, q) | un(p, q).

Definition 1. A linear recurrence sequence of order | over the integers is a sequence (T,,),
where we have

Tovi = AT+ AT o + AT s+ ...+ AT,
and Ty, Ty, Ty, ..., T_1, Ay, As, Az, ..., A; are given fixed integers, with A; # 0.
Furthermore, if 7T}, | T,, whenever m | n, then (T},) is said to be a I*" order linear divisibility
sequence (LDS).

Thus, we see that the Lucas sequence (u,(p,q)) is a second-order LDS.
In his investigation of the problem of primality testing, Lehmer [4] introduced the func-
tions (u,(r,q)), (0n(r,q)), where r, q are coprime integers. These are defined by

a”(T’ Q) - un(\/Fa Q)

T, lf 2 | n,
vn(Vr,q), i 2| n;
on(ra) = valvri0) 24 n

T

<

Notice that for n positive or negative

U_n(1,q) = —q"Un(r,q), V_n(r,q) = q"0u(r,q).

The sequences (u,(r,q)), (U,(r,q)) are comprised of integers for all n > 0 and both satisfy
the fourth-order linear recurrence

This = (r—2q)T40 — q2Tn. (1)
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Here we have g =0, uy =1, us =1, u3 =7r —q, 099 =2, 01 = 1, g =1 — 2q, v3 = 1r — 3q.
Furthermore, (u,(r, q)), is a divisibility sequence; hence (u,(r,q)) is a fourth-order LDS. We
also know from results in [4] that us,(r, ¢) = U, (7, q)0,(r, ¢) and that 0, (7, q) | Ugn(r, ¢) when
k is odd.

Recently, by making use of the theory of generalized Vandermonde determinants, Barbero
[2] was able to give an elementary proof of an important result of Bézivin, Petho, and van
der Poorten [3] in the specific case where the characteristic polynomial F(x) (= 2! — Ajx'=! —
Apz!=2 — ... — A)) of (T},) has a non-zero discriminant, but his overall result is much more
general than this.

Definition 2. We say that the sequence (7),) is degenerate if «;/a; is a root of unity for
any two distinct roots o, «; of the characteristic polynomial F'(x).

Theorem 3. If (1)) is a non-degenerate LDS of order | whose characteristic polynomial has
distinct roots oy, ... ,ay, then, for all n > 0, we must have T, | r,, where

o= [J(ed = o)) /(e — o)
and the product is taken over all i and j such that 1 <1 < j <.

Theorem 3 was used by Abrate et al. [1] to prove the following result.

Theorem 4. If (T,,) is a non-degenerate LDS of order 4, then its characteristic polynomial

must be the form
gt — P2 + (R +2Q)2* — PQx + Q%

for some integers P, ) and R.

The above polynomial is the characteristic polynomial for the Lehmer functions for P = 0,
Q =dq, R=—r.

Definition 5. If (7,,) is a linear recurrence sequence, we say that an integer m (m > 1) is
a null divisor of (T),) if, for some minimal A > 0, we have m | T,, for all n > h.

Definition 6. If (7},) has a null divisor, it is said to be a null sequence.

In what follows we shall be concerned only with non-null sequences. For example, the
condition ged(p,q) = 1 ensures that both (u,(p,q)) and (v,(p,q)) are non-null sequences.
Similarly, the condition that ged(r, ¢) = 1 ensures that both (u,(r, q)) and (v, (r, q)) are non-
null sequences. Also, our attention will be confined to fourth-order sequences (7},) which are
both non-degenerate and non-null. Furthermore, as was done in Williams and Guy [12], we
will only consider the case of [ = 4 and (7,) a divisibility sequence. By Theorem 4, we need
only consider

F(z) = 2" — Pua® + (P +2Q)2* — P,Qx — Q2 (2)



where P, P, and () are fixed integers, i.e.,
Trsa = PiThis — (P +2Q) T2 + PIQT 41 — QT (3)
Note that if D (3 0) is the discriminant of F'(x), then
D = EA*Q)?, (4)
where
A =P —4P,, E=(P,+4Q)* —4QP}. (5)

See, for example, Williams and Guy [10]. Let p;, p2 be the roots of the quadratic polynomial
22 — Pz + P, = 0. Since

F(z) = fi(z) fa(z),
where fi(z) = 2% — p;r + Q, we may assume that if ay, 1, ao, 82 denote the four distinct
roots of F(z), then

a1 = af = Q. (6)

Definition 7. We say that if (7),) satisfies (3), then (7},) is even when T_,, = T,,/Q™ and
(T,,) is odd when T_,, = —T,,/Q™ for all n.

Certainly, if (7},) is odd, we must have Ty = —Ty/Q° = Ty = 0 and QT_; = —T;. We now
show that these two conditions are necessary and sufficient for (7},) to be odd.

Theorem 8. If Ty = 0, then (T},) is odd if and only if QT = =T .

Proof. 1f (T,,) is odd, then QT_; = —T; from the definition. Suppose that QT; = —T;. By
(3) we have

Ty = PTy — (P +2Q)Th + PLQT - — Q°T,
- PlTl - O - P1T1 - QQT,Q = —QZT,Q.

Also,
T3 = Py — (P +2Q)Ty + PQTy — Q°T-y = P'Ty — (P + Q)Th

and since

Ty =PTy— (P +2Q)T-1 + PIQT > — Q°T_3,
we see that

—Q*T_3 = QT — (P, +2Q)T1 + PiTy

= PTy — (P, +2Q)Ty — Q°T_, = Ts.

Thus, T; = —Q'T_; (i = 0,1,2,3). If we assume that for some m > 0 we have T),,,; =
—Q™T_ sy (1 = 0,1,2,3) (this is certainly true for m = 0), we can see that T, =
—Q™T_py, Trng14s = —Qm™ T (1145 (0 =0,1,2). We can now use (3) to compute

Toi14s = —Q" 2 (PLQT_(m3) — (P2 +2Q)T_(ry2) + PIT_(mr1) — Torm).
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Also, by (3), we have
T = PiT (my1) — (P2 + 2Q)T_(n12) + PIQT_(mss) — Q°T (s
Putting this value of T_,,, into the previous result, we get
Tosr43 = Tonga = =Q" T (gay = = Q" T (149,

Thus, we find by induction that 7,, = —Q"T_,, for all n > 0. [

If Th =P =0and T} = QT_1, we can show by using the above reasoning that
Q"T_, = (—1)"'T,.

Thus, in this case we see that 7T,, is neither even nor odd.
We also have the following simple result, which extends an observation in [11, §1].

Proposition 9. Suppose (T,) satisfies (3). Let n € {1,—1} and suppose T} = Ty
(j=-1,0,1,2). If Pf =nP, and

Ty = PiTys— (P +2Q)T 0 + PrQT,,, — QT
then T = n" =T, for alln > 1.

Proof. Follows easily by induction on n. O

Suppose that P, = 0. If (7},) satisfies (3), we have
Tppa = —(Po+2Q)Thso — Q°T. (7)
If (7},) is to be a non-degenerate LDS, we must have
1+QT;=0 or 1-Q1T,=0

by results in [12, §3]. In the case of QT_; = —1, then

T — T2ﬁn<_P27Q)7 if 2 ’ n;
" (=P, Q),  if21m;
if Q71 =1, then
T — TQQn(_P%Q)a if 2 ’ n;
" 0n(—P,Q),  if21n.

Note that in either event (7,,) is a divisibility sequence because (u,(— P, Q)) is a divisibility
sequence, Uy, (—Ps, Q) | Upr(— P2, Q) when k is odd and g, (— P, Q) = U, (— P, Q)0,(— P2, Q).



Now if we define u} = u,(— P, —4Q, —Q), we see that since —P, —4Q +2Q = — P, — 20,
then (u}) must satisfy (7). Also, uj = 0 = ug(—FP»,Q), uj =1 = 0o(—P,Q), uy =1 =

n

to(—Py, Q), uj = —Po — 3Q = v3(— P, Q). It follows that if Q71 = 1, then

Touy, if 2| n;
T, = .
u,, if24n

n’

and therefore (7},) is an odd divisibility sequence when we replace ) by —@).
As an example of this consider Q = —1, P, = —1. We have T, = 0, T} = 1, T; = 1,
T3 - 4,
Toia =312 — T, (see Sloane [7, A005013 ])

and T,, = T_,. Furthermore,
F,, if2|n;
T, = 8
{Ln, if 2+ n, (®)

where F,, and L,, denote the n'" Fibonacci and Lucas numbers, respectively. Also, T}, =
Un(5,1).

Let A = SU? and £ = GV?, where S, G, U, V are integers and S and G are both non-
zero and square-free. Let (73,) be any non-null linear divisibility sequence with characteristic
polynomial F(z) given by (2) with D # 0 and P, # 0. In [12] the following results are
proved:

e There is one and only one even (7},) for any given F'(z);

e If S#1and G # 1, (T,) is either even or odd;

o If S#1and G # 1 and G # S, there can be no odd (T,,);

e If S=1and G # 1, then the only possible odd (7,) is a Lucas sequence (uy,).

We can now partition the possible cases for which (7;,) can be an odd divisibility sequence
as follows:

(i) S=G#1;
(i) S=1,G #1;
(i) S£1,G=1;
(iv) S=G =1.

It is not known whether any (7,) exist in cases (i) and (iii), but none are known and it seems
most unlikely in case (iii).

As the problem of determining all even LDSs of order 4 is solved, we will devote the
remainder of the paper to deriving some further properties of odd LDSs of order 4. Also, as
a result of our earlier discussion, we may assume that P; # 0. Let (7},) be any divisibility
sequence satisfying (3) and p be any fixed prime such that p | T;, for some n > 0.
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Definition 10. Let w; be the least positive integer such that p | T,,,. We define the increasing
sequence wi, wy,...,w; € Z by p | T, and w; { w; (1 <i < j). Each w; in this sequence is
called a rank of appearance' of p.

Definition 11. If p | 7,, implies that w; | n, then p has a single rank of appearance in
(T},). Such a sequence is said to be monoapparitic modulo p and the prime p is said to be
monoapparitic in (1),).

In [8] Ward proved that primes have only finitely many ranks of appearance in a general
LDS. In this paper we shall be concerned with the special case of an odd LDS of order 4.

With the exception of Section 2, we will reserve the notation (A,) to denote an odd,
non-null and non-degenerate LDS of order 4. By [12, Proposition 4.1] we may assume that
ged( Py, Py, Q) = 1. The purpose of this paper is to prove Theorem A below.

Theorem A. Let (A,) satisfy (3) and let p be any prime such that p | A, for some
n > 1; p can have at most two ranks of appearance in (A,). If pt Py, then p has only one
rank of appearance (is monoapparitic) in (A,) when p | QAE. It is also monoapparitic if
S=1,G#1;5#1,G=1; or S=G # 1. In the case of S = G = 1, there are sequences
(A,) for which p (pt Py) can have two distinct ranks of appearance.

We will prove Theorem A by showing that it holds for each of the cases (i)-(iv). In
Section 2 we derive a number of useful identity relations connecting (A,) to some special
sequences (X,,), (Y,.), (Uy,) and (W,,). We also prove a version of Theorem 3 in the particular
case of (A,). In the following section we provide a number of simple results which allow for
the determination of when a prime p is monoapparitic in (A,,) for certain special cases. We
also show that in general a prime can have at most two ranks of appearance in (A,,). The
remaining sections deal with the problem of when p can be monoapparitic in the cases that
remain.

2 0dd divisibility sequences of order 4

We have already seen that odd LDSs of order 4 exist; for example, (@,(r,q)) is such a
sequence. Furthermore, the sequences A215466 and A127595 in the On-line Encyclopedia
of Integer Sequences (OEIS) (see Sloane [7]) are examples of odd LDSs of order 4 which are
not Lehmer sequences. In what follows we will derive some results which must be true for
(A,) if (A,) is simply an odd linear recurrence sequence of order 4. In the first part of this
section we will develop some of the machinery needed throughout the paper. We then use
these results to prove the main result of the section: Theorem 13. This theorem is a more

!Lucas used the term “le rang d’apparition” and the French word “apparition” has been—and still is—
widely used among English writers. However, it is best to avoid the ghostly or miraculous connotation that
the English word “apparition” possesses and use “appearance” instead.
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specialized version of Theorem 3 and helps in discerning when (A4,) can and cannot be a
divisibility sequence.
We begin, as was done in [10] and [12], by defining the auxiliary sequences (W,,), (U,),
(X,,) and (Y;,) by
Un(pi, Q) = Wi + piU, = o + B (9)
and
ai — Bi'
o — B
here p; = a; + B; (i = 1,2). Also, p1, po are the distinct roots of 22— Pax+P,=0. We
point out here that X,, = Uy, Y, = Ui n, Wy, = Vo, U, = Vi, where the symbols U; ,,, V; ,
(1 = 0,1) are defined in [9, (10.1.5) and (10.1.6)] (with k& = 2). Notice each of (W,,), (U,),
(Xy), (Y,) satisfies (3). Also, the initial terms of these sequences are as follows:

W_, =0, Wy =2, Wy =0, Wy = —P, =20, W3 = — P Py;
1
U—l_é7 UOZOa U1:17 U2:P17 U3:P12_P2_3Q5
—1
X—1—5, Xo =0, X1 =1, Xy =0, Xz =—P—Q;
Y—1:07 %:OJ }/1207 }/2:]-7 Yé:-Pl
Further,

By Theorem 8, we see that both (X,,) and (Y;,) are odd. Indeed, we have

X ,=-X,/Q", Y_,=-Y,/Q".

Also,
W_, = n/Qn7 Un= Un/Qna

thus (W,,), (U,) are even.
In [12] it is noted that if (A4,) is a LDS of order 4, then

however, this condition is not sufficient for (A,) to be such a sequence. From Theorem 3 we
can derive the following result.

Proposition 12. For (A,) defined as above we must have
A, | QUHIYVEUZ,

where J = A3 — Py Ay + Py.



Proof. By Theorem 3, we know that A, must be a divisor of r, for all n > 0, where here

af —ag of =By oy =By a3 —pr oy =By B =By

r, = . . . . . . 12
ar—ay a1 =B ar—PFr =0 a—PF Bi— B ( )
Since
(p1 = p2)Up = of + B)' — ay — B3,
we find from (6), that
s oyt - (o = OB)(O8 = B) (B = (5 — o)
! oy s
Hence,
Q" (p1 — p2)?U7 = (off — a5)(B7 — B5)(al — A7) (By — of);
also, for n =1,
Q(Pl - /)2)2 = (041 - 042)(51 - 52)(042 - 51)(52 - 061)-
Thus,
Qn—1U2: O/f—Oég . ﬂ{l_ﬁg . Oég_ﬁ? ﬁg—@?
" ar—ay =B -0 Br—o
By (10), we have
af — i Y2 T B = (X, + ¢ Yo) (X, + pYs) = XZ - P XY, + PzYnz.
ar— B o — B
From these results and (11) we find that,
o= Q" (A, — AY,)? — Pi(A, — AY,)Y, + PBYAU?
= Q" (A2 — (242 + P) ALY, + JYH)UZ,
where J = A2 — P, Ay + P, and 7, satisfies (12). Thus, we find that
A, | QUHIYEUE (for all n > 0).
O

Later in this section we will improve this result showing that (A,,) is a divisibility sequence
if and only if
A, | JY,U, (for all n > 0).

We will next establish some identities involving the sequences (A,), (X,), (Yn), (Wa),
(U,). We begin with the well-known identity

af — B

o — Bi
9

2
(0 + B2 — (s — B’ ( ) _ dalpr = 4Q" (13)



and get
(W + piUn)* = (97 = 4Q) (X + piYn)? = 4Q™. (14)
Setting n = 1 in (13) yields (o; — 3;)? = (o + ;) — 4 8; = p? — 4Q. Since p? = Pyp; — P,

i
we get

P?—4Q=P1Pi—P2—4Qa
Pz’(/)?—‘lQ)Il)i(P1Pi—P2—4Q)=(P12—P2—4Q)Pi—P1P2,
pi(p; —AQ) = p}(Pip; — P, — 4Q) = Py(P} — P, — 4Q)p; — Po(P{ — P, — 4Q).

It follows from (14), that

W2 — PU? + (P, +4Q) X2 + 2P P, X,.)Y,, + Po(PE — P, — 4Q)Y? = 4Q",
oW, U, + PlU? — PLX? —2(P} — P, — 4Q)X,.Y,, — P/(P? — 2P, — 4Q)Y? = 0.

From (11), we find by replacing A, — A5Y,, for X,, that

oW, U, + PLU? — PLA?2 +2A,LY,, —IY? =0 (15)

and
W2 — PU? + (P, +4Q) A2 — 2A, Y, (Ay(Py +4Q) — PLP,) + KY? =4Q™.  (16)

Here
[ = PA; = 2(P — P, = 4Q) Ay + Pi(P} — 2P, — 4Q), (17)
K = (P +4Q)A; — 2P P Ay + P (P} — P, — 4Q) (18)

and
L= P Ay — P} + P, + 4Q. (19)

From

vt _ ﬁ?”m
(Xntm + pi¥nim) ( ) )

— (=) @reamy+ (S5 e

so we find that

2Xim = WX + Wi X, — Bo(Up Yo + U Ya),
2Yoim = U X + U X, + WY + WY + PL(ULY, + U Ya).

Multiplying the second of these by As and adding, we see since A, = X,, + A5Y,, that

24, 1m = WoAy + WA, + Ay(Un A + Ui An) — J(U Yo, + UnlYs). (20)
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By using
Q(Wn-i-m + piUn+m) = 2(a?+m + an—&-m)

er e e o7 (525) (=)

= (Wn + piUn)(Wm + piUm) + (sz - 4Q)(Xn + piYn)(Xm + PiYm)a

we get

QWi = WoW,, — PULU,, — (Py +4Q) X, X, — PLPU(X, Yo, + X0 Yo)
— Py (P} — P, — 4Q)Y, Y,

and

2Whim = UsWi + U W, + PL (U, Uy, + X0 X)) 4 (P2 — Py — 4Q)( X, Y + X0 Yo)
+ P (P2 — 2P, — 4Q)Y, Y.

Once again, using (11), we derive

where L = Ay P, — (P — P, —4Q). Note the following easily established connection between
I, J, K and L:

JL+ K = Ayl (22)
If we put m =n in (20) we get
Ay, = A, (W, + AU,) — JU,Y,,. (23)
Also, from [10] we have
Usp = 2U,W,, + P,U? (24)
= P A2 —2LA,Y, +IY?> (25)
Since b g an — B Qm — g
e (555) e (=)
we have

and we find

Xn+m - Wan - PQUmYn - Qanfma
Yn+m - Uan + WmYn + PlUmYn - QmYn—Tm
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It follows from the above and (11)

Apgm = An(Win + AsUp) = JUp Y, = Q" A, (26)
Yiim = UnAy + Yo (W + (PL = A2)Up) — Q™Yo (27)

Since (A,,) is odd, we have Q™A,_,, = —Q"A,,_, and
Apim = An(Wi + AUy — JURY, + Q" A (28)
Putting m = kn and n = n in (28), we get
Aperiyn = An(Win + AsUpp) — JUpn Yo + Q" Ati—1)n.- (29)
We are now able to prove the main result of this section.

Theorem 13. If (A,) is an odd recurrence sequence of order 4, then (A,) is a divisibility
sequence if and only if A, | JU,Y, for alln > 1.

Proof. 1f (A,) is a divisibility sequence, then A,, | Ay, which implies A,, | JU,Y, by (23).
Next, suppose that A,, | JU,Y,. Since it is well known (see [10]) that (U,,) is a divisibility
sequence, we know that U, | Uy, for any k£ > 0. Thus, by (29) we have

A(kJrl)n = QnA(k,l)n (mod An) (k 2 1).

Hence, if Ay, | Ag—1)n, then A, | Agq1)n. Since A, | A, and, by (23), A, | As,, we find by
induction that A, | A,,, for any m > 0. O

Corollary 14. If (A,) is an odd LDS of order 4, then Ay | P Ps.

Proof. Follows easily from the theorem and the simple fact that J = P, (mod As). ]

3 Monoapparitic primes in odd divisibility sequences
of order 4

We now let (A,,) denote an odd, non-null, and non-degerate LDS of order 4. The purpose
of much of this section is to identify certain monoapparitic primes in (A,,). If all primes are
monoapparitic in (4,), we say that (A,) is monoapparitic. We observe by attempting all
possible values for Py, P, (), A, modulo 2 that only in the case of 2 | P, 2t PQ, 2 | Ay is
it possible for 2 to not be monoapparitic in (A,). In this case we see that 2 | I, where I is
given by (17), w; = 2 and wy = 3.

We begin with the simple result below.

Proposition 15. If m is a positive integer and m | J, where J = A3 — Py Ay + Py, then
An = un(A2> Q) (mOd m)
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Proof. We have Ay = 0 = ug(Ag, Q), A1 = 1 = u1(As,Q), As = uz(A2,Q), Az = X3+ A3 =
PiAy — P, — Q= A2 — Q = uz(As, Q) (mod m). Also, since

Quk(AQa Q) = A2uk+1<A27 Q) - uk-‘r?(AQa Q)a

we get

QukJrl = A2uk+2 — Uk+3, Q2uk = QA2Uk+1 - Quk+2 = (Ag - Q)Uk+2 - A2uk+3-

Here we use uy to denote ug(Asz, Q). It follows that
PiQuii1 — Q%up, = (PrAy — A5 + Q)ugys — (P — Ag)uys. (30)

Now suppose for some k > 0, we have Ag; = upyi(A2,Q) (mod m) (i = 0,1,2,3); this is
certainly true for k = 0. By (3), we get

Apya = Prtgys — (Py 4 2Q)upgo + PrQuyyy — Q%uy,
= Pitgys — (P2 4 2Q) gy + (PrAy — A5 + Q)ursz — (Pr — As)ups
= Asuprs — (P2 +2Q — PyAs + A5 — Q)ugyo
= Aotpys — Qugio = Uy (mod m),
by (30) and J = A3 — PiAs + P, = 0 (mod m). The result now follows by induction. O
Corollary 16. Ifp| J, then p is monoapparitic in (A,).

Proof. 1f p | J, then by Proposition 15 we have A, = u,(A2, @) (mod p). We must have
p a monoapparitic prime in (A,) because (u,(Az,@Q)) has at most one rank of appearance
modulo p. O

We next turn to the problem of p | Q. We see that from (3) that each of (X,,), (Y,,) and
(U,) satisfies
Tn+2 = PlTnJrl — PQTn (mod p) (n > 2)

By the initial conditions for (X,,), (Y,) and (U,,) and mathematical induction, it is easy to
show that

Yo = tp1 (P, P)  (modp) (n=1),

Xn = —Pyuy_o(P, P2) (mod p) (n>2),

Up = un(P, Py) (modp) (n>0).

It follows that
An = Xn + A2Yn = A2un71 - P2un72 (mOd p) (Tl 2 2)7

2 | —Up_ou, = P}, we must
have p | Py if p | ged(uy, u,—1) or p | ged(up—1,u,—2). However, when p | Py, it is easy to
show that u, = P! (mod p); hence p | P;, which since ged(Py, P, Q) = 1, is impossible.
Thus, ged(up, up—1) = 1 and ged(Py, u,) = 1 for all n > 1, when p | Q. We can now prove
the following proposition.

where we now use u,, to denote u,(P;, P»). Observe that since u?
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Proposition 17. If p be a prime such that p | Q, then p must be monoapparitic in (A,).

Proof. By Theorem 13, we must have A, | JY, U, for all n > 1. If p | A,,, then p | J means
that p is monoapparitic in (4,). If pt JY,, then p | U, which means that p | u,(P;, P») and

Plun,l — PQUH,Q =0 (mod p)

Also, p | A, implies that
Agun_l — Pgun_g =0 (mod p)

Hence, p | (As — Py)u,—1. Since, p{ u,—1, we get p | Ay — Py, but in this case we get A,, =
un(Pr, Py) (mod p), which means that p is monoapparitic in (A4,). If p | Y, then p | u,_1,
which since p | A,, means that p | Pyu, 5. If p{ Py, then p | u,_o, which is impossible. If
p | Ps, then p | ged(Py, u,_1) and ged(u,_1,u,) # 1, which is also impossible. ]

We next define two sequences (G,,) and (H,,):
G, =ged(A,,Y,) and H, = ged(A,, Uy).

Note that since A, = X,, + A2Y,,, we have G,, = ged(X,,,Y,). By [9, Lemma 10.3.8], we
know that (G,) is a divisibility sequence, but not necessarily a LDS.

Proposition 18. For G,, and H,, defined as above, we have gcd(G,, Q) = 1. Also, ged(H,, Q)
1 when ged(Ay — P, Q) =1

Proof. The first result follows from [9, Lemma 10.3.9]. Next, suppose that p is any prime
such that p | @ and p | H,. Referring to the proof of Proposition 17, we find that we must
have p | Ay — Py, which means that ged(A4y — P, Q) # 1. ]

If p is any prime, let p = p(p) denote the least positive integer value of n (if it exists)
such that p | G,,.

Theorem 19. If p is any prime such that p | G, then p | n.
Proof. This proof can be found in [9, Theorem 10.3.13]. O
We will next obtain a somewhat similar result for (H,). By making use of the identity
T+ B = (o] £ B7) (0" + B) = QT (T + BT,
we can easily derive

Wm+n - WmWn - PZUmUn - QmWn—ma
Unin = WU, + WU, + PLUU,, — Q"U,_,. (31)

From (23) and (24), we see that
H, | Hs,.

14



By (31) and (29), we have

U(k+1)n = WUy + Wy U, + PLUR U, — QnU(k—l)’rw

Since H,, | H, and H,, | Hs,, it is easy to establish by induction on m that H,, | H,.,; thus,
(H,) is a divisibility sequence.

For any fixed prime p, let o = o(p), if it exists, be the least positive value of n such that
p| Hy. If p| @ and p | H,, then as we have seen earlier p | u,(P;, P») and A, = U, =
un(Py, Py) (mod p) (p| Q). Thus, if p | Hy, then o | n. We next show that if p is any odd
prime such that p{ @, then o | n whenever p | H,,.

Theorem 20. Let p be any odd prime such that pt Q. If p | H,, then o(p) | n.

Proof. We first note that by (15) we have H,, | IY,? for any n. Suppose p | H, and n = qo+7r
with 0 <7 < ¢. From (21) and (20) we have

2Un = UqJWr + WqO'U’I‘ + Pl(Uanr + AqUAr) - L(Aqoy;‘ + }/;]O'AT) + ]}/;]O'Yf‘

and
24, = Wi Ap + Ape Wi + Ay (U Ay + Ao Uy) — J(Ugo Y + Yo Uy ).
Since (H,,) is a divisibility sequence and p | H, (0 = o(p)) we must have p | Hy,, and p | 1Y,,.
Thus,
0=W,U, —LY,,A. (mod p),
0=Wy,A, —JY,,U. (mod p).
If pt1,then p| Y, p| WyU, and p | W, A,; consequently if p t W,,, we get p | H,. If

p | Wy, then by (16) we get p | 4Q9, which is impossible by selection of p. If p | I, then by
(22) and (16), we get

2 2 _ 12 2 _ 440
W, —LJY,, =W, + KY, =4Q% (mod p).

Since p 1 4Q%°, we must also have p | H,. In either case we find that we get a contradiction
to the definition of o when r > 0. Hence, o(p) | n. O

We next address the question of the existence of p(p) and o(p). We will only concern
ourselves with those primes p such that p divides some term A,, (n > 0) of (A,) and pt J.
By Theorem 13, we must have p | G,, or p | H,; thus, at least one of p(p) or o(p) must exist.
From (23) and (25), we can easily deduce that

hence, if p(p) exists, then p | Hy, and therefore o(p) must exist. Also, even if p(p) does not
exist, then o(p) must exist and p is monoapparitic in (A4,). Since ged(G,, Q) = 1, we see
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that if p | @, then p(p) cannot exist. Also, if p | @ and Ay £ P; (mod p), then p t H,, and
as a result o(p) cannot exist.

We will now examine several additional special cases. Throughout this discussion p will
denote a prime such that p t 20Q).

Case 1: p | Py.

In this case, it is easy to prove by using (3) and mathematical induction that for n > 0 we
have

X2n = 07 X2n+1 = ﬂn(_P% Q)a }/Qn = ﬂ2n<_P27 Q)a Bn—i—l =0 (IIlOd p)' (33)

Hence, G,, = ged(X,,, Y,) = tn(—F2, Q) (mod p). By results in [4] (See §4 below for details.)
we know that if p t P, then p | 4,(—P,, Q) if and only if 7 | n, where 7 is the rank of
appearance of p in (u,(—F»,Q)). Since p 1 ), 7 must exist and 7 | p — k, where k is the
value of the Legendre symbol ((P? +4QP,)/p). Hence, p(p) exists and p(p) = 7 when p { P.
Suppose p | Py; then p{ a,(—Fs, Q) for any odd n > 0 and p(p) does not exist. If 2 | n, then
p | (@, (=P, Q)) if and only if p | n; hence, p(p) = 7 = p in this case.

Proposition 21. Ifp | P, then p is monoapparitic in (A,) when pt As. If p| P, p | Ay
and 2 | T, then p is also monoapparitic in (Ay). If p | Pi, p| A and 21 7, it is possible for p
to have two ranks of appearance in (A,), namely 2 and 7. Also, if p| Py, p| Az and p | P,
then p is monoapparitic in (A,).

Proof. It p | Py, p | Ay and p | Ps, then p | J and therefore p is monoapparitic in (A,) by
Corollary 16. Furthermore, by (33) we have

A — an(_PQaQ)a 1f2+n7
" AQ’L_Ln(—PQ, Q), if 2 | n.

The result now easily follows from our observations in Case 1. O]
Case 2: p{ P, p| A.
In [10, §6] it is shown that
Up = nu,(P1/2,Q) (mod p).
Also, it is easy, on using the initial conditions for (X,,) and (Y},), to see that
X+ (Pu/2)Y = ua(P1/2,Q) (mod p) (34)
for n = 0, 1, 2, 3. On putting P, = P?/4 (mod p), we use (3) and mathematical induction

to verify that (34) is true for all n > 1. Thus, if p | G,, then p | H,. Hence, if p(p) exists,
then o(p) exists and o(p) | p(p) by Theorem 20.
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Case 3: pf PIA, p| E.

We first observe by [12, (2.5)] we have
AP} +4F = (P} — 2P, — 8Q)%; (35)

thus, since p | E and p 1 PiA, we must have (A/p) = 1. Let K be the splitting field of F(x)
in F,[z] and let oy, B, aq, f2 (@11 = azfs = Q) be the roots of F(z) = 0 in K. Since
E = (a1 — 81)* (g — 2)?, we have a; = B, or ay = 35 in K. We assume with no loss of
generality that oy = ;. If, as well, ay = S, then since (a; — 3;)% = p? —4Q (i = 1, 2), we
see that p? = p3, which since p f P, A is impossible. Thus a; = 3; and ay # (. Also, since
(A/p) = 1, we must have p; — py € F, C K and therefore p;, po € F,. Since oy = 3y, we
have p; = 2ayq. Thus in [,

ay — By

042—52'

0/11 B BIL n—1
= nua and  u,(ps, Q) =
ag — 51 1 (p2 Q)

By definition of (X,,) and (Y,,), we find that in [,

un(ﬂh Q) =

X, +pY,=na™ and X, + poY, = un(pa, Q).

Thus, if p | G, then naf™' = 0 and u,(ps, Q) = 0 in F,. Since p { Q, we see that p | n.
Also, by [10, Lemma 8.1] we know that if 7 is the rank of appearance of p in u,(p2, @), then
7| n, where 7 | p— X and A is the value of the Legendre symbol ((P# — 2P, —8Q)/p). Since
ay # [2, we cannot have A = 0; thus, ged(7,p) = 1 and p7 | n. Furthermore, if pr | n, then
Xy +pY, =X, +pY, inF,. Since p1 —p2 #0, Y, = X, =0and p| G,. It follows that in
this case, p(p) exists and p(p) = pr.

Finally, we deal with the case of p{ AEQ. If (A/p) = 1, there must exist some d such
that d> = A (mod p). In this case, put e = P2 — A — 16Q + 2P,d and 7 is the value of the
Legendre symbol (e/p). We define the function ®(p) by

p—, if (Afp) =1, (E/p) =1;
P(p) =< p* — 1, if (A/p) =1, (E/p) = —1;
p*—(E/p), if (A/p)=—1.

We now have the following result.

Theorem 22. If p is any odd prime such that p { AEQ, then both p = p(p) and o = o(p)
must exist and are divisors of ®(p).

Proof. By [9, Theorem 10.3.10] and results in [10, §7], we know that p | Go) and p | Us);
hence p | Hogy. It follows that both p and o exist for p and by Theorems 19 and 20, we
must have p(p) | ®(p) and o(p) | ®(p), respectively. O
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While it is the case that the Lucas sequences have a single rank of appearance, we have
seen that higher order divisibility sequences may have multiple ranks of appearance [8]. In
the theorem below we now show that (A,) can have at most two ranks of appearance for
any prime p.

Theorem 23. Any prime p can have at most two ranks of appearance in (A,).

Proof. By our previous results we may assume that p { 2QJ. If p | A,,, then by Theorem 13,
we must have p | Y, or p | U,. That is, p(p) | n or o(p) | n. It follows that there can be at
most two ranks of appearance of p in (A,,), namely p and o. m

We will next derive some simple conditions under which a prime p must be monoapparitic
in (A,). We have already seen that this will be the case if p | @ or p | J; thus we will assume
in what follows that p { 2Q.J. Let w = wi(p), where w; is defined in Definition 10 with
(1) = (Ay). Put p = p(p), 0 = o(p), when they exist. Since p | A, and p | A,, it is clear
that w < p and w < 0.

Proposition 24. For the symbols p, w, o and p defined above, we have w = p or w = 0.

Proof. By Theorems 23, 19 and 20, we must have p | w or o | w. Since p,o > w, we can only
have w =por w=o. O

Proposition 25. Under the conditions of Proposition 2/, p is monoapparitic in (A,) when
alporplo.

Proof. We show that if p | A,, then w | n. Suppose o | p. In this case 0 < p; hence, by
Proposition 24 and the definition of w we must have w = 0. If p | A,,, then we must have
o | nor p|n by Theorem 23, which means that ¢ | n and w | n. Similarly, if p | o, then
w=pandp|n. ]

Proposition 26. If pt P, and p | A, then p is monoapparitic in (A,).

Proof. In Case 2 we showed that if p satisfies the conditions of the proposition, then either
p(p) and o(p) both exist and o | p, or p(p) does not exist. In either case p must be
monoapparitic in (4,). O

By (32) we see that if p | G, we must have p | Hy, and therefore
ol 2p
by Theorem 20. It follows that if 21 o, then ¢ | p and p is monoapparitic in (A,).
Proposition 27. If p < o, then p is monoapparitic in (A,).

Proof. We may assume that 2 | 0. Since 0/2 | p, we get p = to/2 < 0. Thus, t =1, 2. If
t = 2, then p = 0 and we are done. If ¢ = 2, then p = /2. Since p | o, the result follows
from Proposition 25. O]
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Thus, if p < o or 21 0, we see that p is monoapparitic in (A,). In the following result
we present another condition for this to be the case.

Theorem 28. Ifp1 1, then (A,) has a single rank of appearance modulo p.

Proof. We may assume that p 1 2QJ. It suffices to show that if p | A,, then w | n. If p | A,
then p | U, or p | Y,, which means that p | H, or p | G,,. If p| H,, by (15) we see that p | G,,.
Thus, p | G, and we must have p | w. Since w < p, we have w = p. Also, since p | G,,, we
have p | n, which means that w | n. O

We have seen, then, that if p { I, p is a monoapparitic prime in (A,,). If I # 0, this means
that only a finite number of primes can have two ranks of appearance in (A4,). In the next
section we will deal with the case of I = 0 and the case of p | I.

4 Some results when I =0 or p |/

Put
g=P}—P,—4Q, h=P(P}—2P,—4Q) (36)

and note that
E = g2 — Pih. (37)

If I =0, we have from (17) that
PiAZ —2gAy +h=0. (38)
As mentioned in Section 1, we assume that Py # 0. By (37) the discriminant of
Piz? — 29z +h =0

is 4F. Thus, for Ay € 7Z, we see that E must be a perfect integral square, which means that
G=1.

In the case of p | I, we can convert (38) into a congruence modulo p and find that
(PiAs —g)* = E  (mod p). (39)
We are now able to complete our discussion of the special cases that arise when p | D in (4).
Proposition 29. If pt 2P, and p | E, then p is monoapparitic in (A,,).

Proof. Put
g= (P +4Q)/P; (mod p).

Since p | E, we have
¢ =4Q (mod p).
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by the second formula in (5). From (39), we see that
Ay =P —q (mod p);
thus,
J=A - P A+ P=q¢" —Piq+ P =4Q — (P +4Q) + P, =0 (mod p).
By Corollary 16, p must be monoapparitic in (A,). ]
By combining the results of Propositions 17, 26 and 29, we have the following result.

Theorem 30. If p is any prime such that p{ 2P, and p | AEQ, then p is monoapparitic in
(An).

We next deal with (A,) when p is an odd prime and Case (i) of Section 1 holds, i.e.,
G =S5 +#1. We put

d= P} 2P, —8Q, c= P (P}—3P,—4Q). (40)

By [12, Theorem 5.2] we know that if (A4,) is an odd LDS, then

dAy = c+ VAE; (41)
thus,
d* A} — 2cdAy + 2 — AE = 0. (42)

In what follows we will assume that p{ P;. Since p | I, by (38) we have
PiAS —2gA; +h =0 (mod p). (43)
It is easy to verify by referring to (5), (36) and (40) that
gd — Pic =2F (44)

and
AP h+ PE = ¢ (45)

From (42) and (43), we have
Pid*A3 — 2cdP Ay + Pi(c* — AE) =0 (mod p)

and
Pyd*A5 —2gd* Ay + d*h =0 (mod p).

On subtracting the second of these congruences from the first we get

2d(gd — Pic)Ay + Pi(¢* — AE) —d*h =0 (mod p). (46)
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Now by (45) we have
Pi(¢* — AE) — d*h = E(P} — PLA — 4h) = —4E(h — P, P,) = 4Ec;
it follows from this, (46) and (44) that
4dEAy —4Ec=0 (mod p). (47)
We are now able to derive the following simple result.

Theorem 31. If p is a prime such that p 1 2Py, then p is monoapparitic in (A,) when
S=G#1.

Proof. By Theorem 30, we see that the theorem holds when p | AE. Suppose p 1 AE and
pl| . lf p=2and p{ P, then we have already seen that p is monoapparitic in (A,). Thus,
we may assume here that p # 2. By (47), we get

dAs —c=0 (mod p)

and by (41) we must have p | AE, a contradiction. Thus p must be monoapparitic in
(4n)- O

In [11], it is shown that if G = 1, there must exist integers ry, 79, q1, g2 such that rq,
re > 0; ged(r1, q1) = ged(ra, g2) = 1;

P12 =nrry, Pa=aqro+@r—4qqp, Q= qqg. (48)

We find that A = P2 — 4P, = dydy, where d; = r; —4q; (i = 1,2), E = (172 — ¢or1)? and
g = T1r2 — T1q2 — T2q1. It is also shown in [11] that for the values of Py, P, @ given by (48),
we have

Q1 = 12, 51 = Mly, Qg = Vi, /32 = 12,

where p; +v; = /15, piv; = ¢; (i = 1,2). Since p; /vy = a1/ag and ps/vs = as/By, we
see that since (A,) is non-degenerate, we cannot have /vy or us/vs a root of unity; in
particular p; # vy and po # vs.

We next observe that

(af = BY) + (ay — By) = uypy — vivy + pivy — pyvy' = (uy — v7')(py + vy) (49)
(af = B7) — (ay — By) = (0 +v1") (g — v3). (50)
Put
Mn - un(\/ﬁa Ql)Un(\/T—% Q2)7 Nn - Un(\/r_la q1)un(\/T_2a QZ)
We have

(uy — )y +vy) = (p —v1) My, () +v1')(y — vy) = (2 — v2)Ny.
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Also, by (49) and (50) and the definition of (X,,), (Y;,), we get
(a1 = B1) Xy + (1 = B1)p1 Yo + (ag — B2) Xy + (a2 — Bo) p2Yy = (11 — 1) Mo,
(a1 = B1)Xn + (1 — Bi)p1Yn — (a2 — B2) Xy, — (@2 — 52) = (12 — 12) Ny

Since p; = a; + f; (i = 1,2), we see, by (49) and (50) with n = 2, that

(a1 — B1)p1 + (2 = Ba)pa = (i — vi) (13 + v3)

and
(a1 — B1)pr — (aa — Ba)po = (15 + v7) (3 — v3).
It follows that

Ve Xy +/ri(re — 2¢2)Y, = My, (51)
\/_X +\/_(7"1—2q1) n:N (52)

From [11], we also have

Un = un(v/71, q1)tn(V/72, @2)-

If we put

Ry, = (11, q1)0n(r2,q2);  Sn = Un(r2,q2)0n(r1, q1),
we get
and

Un _ {un(r1>QI)un(r27QQ)v lf2'f’l’L7 (53)

Plﬂn(rh QI)an(T% Q2), if 2 ’ n.

If I =0, then with a possible interchange of the parameters r1, o and ¢y, g2, we get

g:l:\/_ (\/Evch)
Ay = P, —\/@ 26]1\/7—?)2(\/_17(11)7-

Notice that

_ () e)
A= Q - 71(\/_17611) \/7”_1 ,
Ay = 0 = vo(y/1, ql)M\%%),

A =1 =l o) MO,
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thus, if we put
Un{/T2, 42
B, = (i) 2 N
we have A; = B; (i = —1,0,1,2). Since ay, (1, ag, (2 are the distinct roots of (2), we see
that the sequence (B,,) given by

lgzc%wg<w—ﬁ):w—m+@—@
M1+ 1 — oy — B+ oy —

must satisfy (3). Since the initial values of (B,) and (A,,) are equal, it follows that

@n(rla(h)ﬂn(’r%q?)v lf 2*”7
A, = By, = vn(y/17, ql)M —{

VT F@n(r17QI)ﬂn(r27QQ)v if 2 | n,
1

(54)

when [ = 0. Also, if pt PQFE, G =1 and p | I, we can use (39) and the above reasoning to
show that

Un (71, q1)Un(r2,q2) (mod p), if 24 n;
T2

F@n(ThQI)ﬂn(TLQQ) (mod p), if2|n.
1

Thus, by Theorem 31 we have disposed of Case (i) in Section 1. Since in Case (ii), (A4,)
is the Lucas sequence (u,), we see that p must also be monoapparitc in (A,). This leaves
only the two cases when G = 1. We deal with the first of these in the next section.

Ay

(55)

5 The case of G=1and S #1

Before proceeding any further, we will need to review some simple properties of the Lehmer
sequences (i, (r,q)) and (v,(r,q)). We have the simple identities

Ugp = Uply, (56)

and

{rvi —du? = 4q", if2¢n; (57)

v2 —rdu’ = 4q", if2|n.

where d = r — 4q and we use u,, and v, to represent u,(r,q) and v,(r,q), respectively. If
2 { n, it is easy to prove
n—1
Un(mr, mq) = m"= iy (r, q) (58)
and
Un(r — 4q,q) = Ou(r, q). (59)
Also, from results in [4] the sequence (i,(r,q)) is a fourth-order linear divisibility sequence
as is (a,ty,(r,q)), where (a,) is a special periodic sequence of integers such that a; = 1 and
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ay, | as,. Indeed, the sequence (a,) must be some (0,(r,q)), where ¢ = £1 and r = ¢, 2¢ or
3q.

Let 7 = 7(p) be the rank of appearance (apparition) of a prime p (p 1 2rq) in (u,(r,q)).
Note that p | @, < 7 | n ([4, Theorem 1.8]). We use 1) = 1(p) to denote the least positive
value of n, if it exists, such that p | v,. We have two simple results.

Theorem 32. If p { 2rq, then 1 exists if and only if 2 | 7; furthermore, if 2 | T, then
v =rT/2.

Proof. Suppose 2 | 7; by definition of 7 we see that p 1w, /» and by (56) p | ¥ /2. Thus, 1) exists
and ¢ < 7/2. Also, by (56), we have p | 4y, and therefore 7 | 2¢p = 7/2 | Y = ¢ = 7/2.
Next, assume that 1 exists; as above, we have 7 | 2¢. Also, by (57), we see that p { wy;
hence 719 = 2| 7. O

Theorem 33. If pt2rq and 7 is even, then p | v, = ¥ | n. and 2t n/v.

Proof. We have ¢ = 7/2 exists by Theorem 32. Suppose p | 0. Since p | Uz, we have 7 | 2n
and 7 { n. Hence, ¥ | n and since 2t { n, n/v is odd. O

It is shown in [12] that if G = 1 and S # 1, then (A,) is given by (54), where 71, r2, ¢
must be perfect integral squares. Put r; = s? (i = 1,2). We find that

Ay = va(s1, @) un(s2,2) /51 (60)
and if (A4,) is to be a divisibility sequence, we must have
Un(s1,q1) | 2u,(s2,q2) (for all n > 0). (61)

Let 7; be the rank of appearance of the prime p (pt¢;) in (u,(s;,¢;)) (i = 1,2) and put

B {7’1/2, if 2 | 7;

T2, 1f2f7'1

Note that for A, given by (60), we have p | A,.
We now have the main result of this section.

Theorem 34. Let A, be given by (60), subject to (61). If pt2Q and p| A,, then w | n.

Proof. 1f 2 t 7, then by Theorem 32 p t v,(s1,¢q1) for any n. Thus by (60) we must have
P | un(s2,q2) and 75 | n. Suppose 2 | 7. If p | v,(s1,¢1), we must have 71 /2 | n by Theorem
33. If p | un(s2,q2), then since, p | v, 2(s1,¢1), we must have p | vy, j2(s2,¢2) by (61). Thus,
since 1y must exist, we have 2 | 7o and 71/2 | 75/2. It follows that since 7 | n, we get
/2| n. O

It follows from Proposition 17 and Theorem 34 that if G = 1, S # 1 and p is an odd
prime, then (A,,) must be monoapparitic modulo p. We have also shown that if I = 0 and
S # 1, the primes which can divide the terms of (A,,) must all, with the possible exception
of p = 2, be monoapparitic.
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6 Thecaseof S=G=1

We will first investigate the problem of determining those primes p which can be monoap-
paritic in (A,) when all we know is just that G = 1. We may assume that p { 2P, and
p|I. If p|U, and p | A,, then by (53) and (55) we have

P | Un(ry, q1)Un(re,q2)  and  p | 0n(r1, q1)Un(r2, g2).

Let 7; (i = 1,2) be the rank of appearance (apparition) of p in u,(r;,q;). Since, by (57),
p 1 ged(un(ri, q1), vn(r1,q1)), we must have p | @,(r2, ¢2) and this holds if and only if 7 | n.
Thus, we must have o = o(p) = 7.
If p| A, and p | Yy, then p | X,,; also, by (51), (52) and (48), we must have, p | R,, and
p | S,. Hence,
Pl n(ry, q1)0n(re,q2)  and  p | Un(ra, g2)0n (11, q1).

If 7y | n, then p | @,(r1,q1) and p 1t 0,(r1,q1) by (57). Thus, 5 | n and p = p(p) = lem|[ry, o).
If 7 1 n, then p | 9,(r2,q2). We must have 2 | 7 and 7/2 | n. Also, p { @,(rs, g2) and
p | Un(r1,q1) and we must also have 2 | 77 and 71/2 | n. In this case we put ¢; = 7;/2 and
let 2% || v; (i = 1,2). Since n/1; (i = 1,2) must be odd, we must have \; = A\y. Thus, if
A1 # A9, we have p = lem[ry, o|. If A\ = Ao, then p = lem(t)y, 1] and o 1 p.

We now have the following result.

Proposition 35. Suppose G = 1, p is a prime such that p t 2P,Q and p | I. If 24 1 or
2t 1y, then p must be monoapparitic in (A,).

Proof. In this case ¢ = 7 and p = lem[r, 7»]. Thus, o | p and the result follows by
Proposition 25. O

Before proceeding any further we will need some additional results concerning Lehmer
sequences. It is easy to establish by induction that if p | r, then for n odd we have

@n(r7 q) = n(_Q)% (mOd p)v ﬂ’VL(T? Q) = (_Q)% (mOd p)
Thus, if p | r and 2 { n, we have p | 0,(r,q) < p | n. Also, if 2 | n and p | r, then
Un(r,q) = n/2(—q)"? (mod p). Thus, if p | r and 2 | n, then p | u,(r,q) < p | n/2. Also, if
2| nand p|r, then
un(r,q) = n/2(=¢)"?  (mod p).

Thus, if p | r and 2 | n, then p | u,(r, q) < p | n/2. It follows that (u,(r, ¢)) is monoapparitic
modulo p when p 1 2q.

It is well known ([4, §4]) that p | @,_., where € is the value of the Legendre symbol (rd/p).
Thus, if p | d, then p | @, and 7(p) = p. Since p is odd, ¢ = 1(p) does not exist in this case.
If ptd, then

p| Ve« (q/p) = —1.
Hence, if (¢/p) = —1, then 1 exists and ¢ | 2.
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A special case of Proposition 35 occurs when (q1/p) = (g2/p) = 1 and ((d1dy)/p) = —1.
For in this case, 71 | 252, 75 | 252, Also, €162 = ((r1r2d1dy)/p) = ((did2)/p) = —1. It follows
that if 2 | 7, and 2 | 7, we get 2 | 252 and 2 | 252, which means that p = 1 (mod 4) and
p = —1 (mod 4), an impossibility.

If G =1and S # 1, it is shown in [12] than any odd fourth-order LDS (A,,) must have

the form given in (54), i.e.,

An = 0n(Vr1, @) un(Vr2, @2) /1, (62)

but it is not always the case that this (A4,) will actually be a divisibility sequence. For
example, if 1 = ry = 7 and ¢o = 141002, we see that (A,) behaves like a divisibility
sequence until we arrive at the 28" term, where we discover that A4 is not a divisor of Asg.
Indeed, as mentioned in [12], it is unlikely that and (A,) exists when G =1 and S # 1, but
this has not yet been proved.

If in (54) we put r =7y, ¢ = q1, je = p5, vy = V5, then ry = vy(3/7,q)* = rv,4(r,q)? and
¢2 = ¢°, where s is any fixed odd positive integer. For these values of ry, re, ¢1, ¢2, (62)
becomes

Ap = (1, q)ns(r, q) /Us(r, q). (63)

(This A, is essentially the same function as that discovered by Koshkin [5] when f(z) =
(r+1)(2* — 1) and * = /3, where a + 8 = \/r and a8 = ¢q.) It can be shown that this
(A,) is a fourth-order odd LDS with characteristic polynomial given by (2) with P, P, Q
defined in (48); also, by using some identities that are satisfied by the Lehmer functions,
we have Py = rv,(r,q), Py = qUs_1(r,q)0s41(1,q), Q = ¢, A = (r — 4q)?us(r,q)*, £ =
(qr(r —4q)us_1(r,q)uss1(r, q))?, As = (r — 2q)vs(r, q) and I = 0. Notice that we have S =1
here.

In the particular case of s = 3, we have P, = r(r — 3q), P, = q(r — 2q)(r* — 4rq + 24¢°),
Q = ¢" and Ay = (r — 2q)(r — 3q), whereas for (U,) we would have Ay = P, = r(r — 3q). If
we put r =5 and g =1, we get P, =10, P, =21, Q =1,

U, = 0,1,10, 76,540, 3751, 25840, 177451, 1217160, 8344876, 57202750,
392089501, . . ., (Lan — Lon) /4,

and the odd sequence
0,1,6,38,252,1705, 11628, 79547, 544824, 3733234, 25585230, 175356611, . . . . (64)

These sequences are listed as A215465 and A215466, respectively in the OEIS. The sequence
(63) with different values for r and ¢ will also yield the odd LDSs: A238536 (r =1,¢ = —1),
A238537 (r =4,q = —1) and A238538 (r =9,q = 2).

The sequence (64) is an example of a LDS where 2 has the two ranks of appearance 2
and 3. Notice that v3(1,5) = 2. Indeed, if p | v5(r, q), then for (A,) given by (63) we have
p| Pi,p| Az, Po = ¢*(r —4q) (mod p) and Q = ¢**'. We can now use (58) and (59) to show
that

'&Qn—&-l(_PQ? Q) = (_1>nqns@2n+1(r, q) (mOd p)
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Thus, if p | 95(r, q), then ¢ (p) exists and by Proposition 21 there are two possible ranks of
appearance of p in (A,,): 2 and 1. Since 9 | s, we have 2 1 ¢ and therefore the two ranks are
distinct.

Now suppose p 1 v5(r, q) in (63). If p | us(r, q), then by (57), we have p | dy and therefore
Ty = T2(p) = p. Since 2 1 75, p must be monoapparitic in (A,) by Proposition 35. Next,
suppose that p 1 us(r,q) and put ¢t = ged(s, 7). It is easy to show that 7 = 71/t in this
case. Thus, if t =1 or 2 1 7y, we have 75 | 71 and consequently p is monoapparitic in (A4,).
If t > 1 and 2 | 71, then p has two distinct ranks of apparition in (A4,): w; = ¢ = 71/t and
wy = p=11/2.

If we next select (A,,) in (63) with s = 3 and set Ay = r(r — 2q), then it turns out that
this (A,,) is also an odd fourth-order LDS with characteristic polynomial (2) and, as before,
P =1r(r—3q), P, = q(r —2q)(r* — 4rq + 2¢%), Q = ¢*. Here, it can be shown that

Ay = T, )V 0)” = {( ), W (63

ro,(r,q)us(r,q), if | n.
If we put r =5, ¢ = 1, we get the sequence
0,1,15,128,945, 6655, 46080, 317057, 2176335, 14925184, 102320625, . . . , Fy,, — 2F5,,

which appears as A127595 in the OEIS. This sequence is not monoapparitic modulo 5 as 5
has ranks 2 and 5 in (A,). More generally, if p | 7, then by Proposition 21, (A,,) in (65) has
ranks of appearance w; = 2 and wy = p, but if p { r, then p is monoapparitic in (A4,) with
w=17/2 when 2 | 7 and w = T, otherwise.

If weput ry = t2, ¢y = q, 1o = (t?—2¢)%, g2 = ¢*> and Ay = 3, we find that A = t?(? —4q)?
and

A, = un(t, q)*. (66)

The corresponding sequence (A,,) is clearly odd and a fourth-order LDS. For t =1, ¢ = —1,
we get A056570 in the OEIS. Also, any prime p is clearly monoapparitic in (A,,). We should
mention here that versions of (63), (65) and (66) were discovered, using a different approach,
by Oosterhout [6].

We have seen, then, that there are infinitely many odd fourth-order LDSs when G =
S = 1; are there any others apart from those mentioned here? Possibly, the answer to this
question is yes, but no non-trivial examples are known to the authors, none were found
during an extensive computer search and none appear in the OEIS.

7 Conclusion

Although we have completely solved the problem of when (A,) can have either one or two
ranks of appearance (modulo p), there are still three problems that remain outstanding:

1) Show that no (A4,) exists when S # 1, G = 1;
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2) Show that no (A,,) exists when S = G # 1;

3) Find all possibilities of (A4,) when S =G = 1.
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