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Abstract

Let a and b be positive integers and f an arithmetic function. In this article, we
investigate whether or not a certain condition on the value of f implies a = b. For
example, if f is the sum of divisors function and f(an) = f(bn) for all positive integers
n, then a = b.

1 Introduction

Let ¢ be the Euler function, which counts the number of positive integers k& < n with
(k,n) = 1. For each nonnegative integer s and a positive integer n, let oy(n) = >_,, d*,
where d runs over the positive divisors of n, o(n) = o1(n), and 7(n) = o¢(n). Problems on
the ranges of arithmetic functions have been a popular area of research. For example, it is
easy to see that if n is a prime, then p(n) = n—1; Lehmer asked whether ¢(n) | n—1 implies
that n is a prime, but this question is still open. In addition, Carmichael’s longstanding open
problem on the range of ¢ states that if p(z) = n, then there exists y € N distinct from
x such that ¢(y) = n too. Moreover, whether or not there are infinitely many n € N with
o(n) = 2n has been an open question for a very long time.

Many mathematicians have worked on these problems and made some progress. For
example, Pomerance [7] obtained a result concerning the maximal order of A(n), where
A(n) is the number of solutions to ¢(z) = n. Ford [1] gave a comprehensive study of
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the range of ¢ including A(n). In particular, Ford [2] solved Sierpinski’s conjecture, and
partially solved Carmichael’s problem stated above. That is, Ford showed that for each
integer k > 2, there exists a positive integer n for which the equation ¢(z) = n has exactly k
solutions. Furthermore, Ford, Luca, and Pomerance [3] completely answered Erdés’ question
on the range of ¢ and o by showing that ¢(z) = o(y) has infinitely many solutions in
x,y € N. Ford and Pollack [4] also gave a result complementary to that of Ford, Luca,
and Pomerance [3]. For more information on the range of ¢ and o, we refer the reader to
the sequences A000010, A007617, and A000396 in OEILS [10]. Finally, in a recent Thailand
Online Mathematical Olympiad TOMO 2021, an interesting arithmetic problem [9] was to
show that if a, b € N and 7(7(an)) = 7(7(bn)) for all n € N, then a = b. This naturally
suggests various generalizations, where 7 may be replaced by o, or by other arithmetic
functions.

Definition 1. We call a function f : N — C a quasi-injective function if for all a, b € N, the
condition f(an) = f(bn) for all n € N implies a = b. In addition, if f: N — N and ¢ € N,
then we say that f is quasi-injective of order £ if f, &, f® .. f© are quasi-injective, that
is, for any a, b, k € N with 1 < k </,

if f®(an) = f®(bn) for all n € N, then a = b. (1)

In the above definition and throughout this article, if & € N, then f® is the k-fold
composition of f. In addition, N is the set of positive integers but we may need to replace
N by the set Ny of nonnegative integers. Therefore, the problem in TOMO 2021 mentioned
above asks to show that (1) holds when k = 2 and f = 7. In fact, (1) also holds when k =1
and f = 7. So T is quasi-injective of order 2. In general, if f is quasi-injective of order /,
then it is also quasi-injective of order m < /. For the concept of quasi-injectivity in algebra,
see, for example, the articles by Yavari [11] and Yavari and Ebrahimi [12].

In this article, we study quasi-injectivity of f when f = o, and other popular arithmetic
functions such as the Euler totient function, the Jordan totient function, functions counting
prime divisors, the Mobius function, and the Alladi-Erdos function. We also give some open
problems at the end of this paper.

2 Preliminaries and lemmas

In this section, we recall some basic terminologies and give some useful results for the reader’s
convenience. From this point on, p is always a prime, s and n are positive integers, pu is
the Mobius function, ¢ is the Euler totient function, w(n) is the number of distinct prime
factors of n, Q(n) is the number of prime divisors of n counted with multiplicity, and J,
is the Jordan totient function. So Js(n) is the number of s-tuples (a1, as, ..., as) such that
1<a;<nforalli=1,2, ..., sand (a,as,...,as,n) = 1. Therefore ¢ = J;. Furthermore,
it is well known that

o) =n ] (1 - %) and Jy(n) =n* [ (1 _]%) |
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An arithmetic function f is called multiplicative if f is not the zero function and f(mn) =
f(m)f(n) for all m, n € N with (m,n) = 1; and f is called additive if f(mn) = f(m)+ f(n)
for all m, n € N with (m,n) = 1. In addition, p(1) = 1, p(n) = (=1)“™ if n is squarefree,
and p(n) = 0 if n is not squarefree. It is well known that the functions 7, oy, u, and J; are

multiplicative, while w and €2 are additive. Furthermore,
(c+1)s _ 1
if ¢ € N, then o4(p°) = p—l

P —

For more details about this, see for instance, the books by Hardy and Wright [5] and Mc-
Carthy [6].

Recall that the p-adic valuation of n, denoted by w,(n), is the exponent of p in the
prime factorization of n. A useful formula for v,(z™ — y"), sometimes called the “Lifting
the Exponent Lemma”, is well known and popular among students taking mathematical
Olympiad exams. For the proof, see, for example, [8, pp. 14-15].

Lemma 2 (“Lifting the Exponent Lemma”). Let x, y € Z, n € N, and let p be a prime
such that ptx and pty. Then the following statements hold:

(i) Ifp is odd and p | x —y, then v,(z" — y") = vy(x — y) + vy(n).
(ii) If p is odd, n is odd, and p | x +y, then v,(2" + y") = v,(x + y) + v,(n).
When p =2 (so x and y are odd integers), we have
(iii) if n is odd, then vo(z™ — y"™) = vo(x — y) and vo(x™ + y™) = vo(x + ¥y);
(iv) if n is even, then vy(z"™ — y™) = vo(2? — y?) + va(n) — 1.
The conditions (A), (B), (C) in the following lemma are used throughout this article.

Lemma 3. Let a, b € N and let f : N — N be a multiplicative function satisfying the
following conditions:

(A) f(p*) > f(p") for all primes p and nonnegative integers k > r;

(B) for any prime p and nonnegative integers x, y, c1, ¢2, if ¢1 # ¢ and f(p*+2) f(pvte) =
) f(p*rer), then x = y;

(C) for each prime p dividing ab, there are ¢1, co € NU{0} such that ¢; # co and f(ap®) =
f(bp°) forc e {c1,ea}.

Then a = b.



Proof. Since f: N — N, f(n) > 1 for all n. If a = 1 but b > 2, then there are a prime p and
k € N such that b = p*by, p 1 by, and so by the condition (C), there exists ¢ € N such that

%) = flap®) = f(bp) = f(p b)) = F(p ™) F(01) > () > f(p°),

which is a contradiction. So if @ = 1, then b = 1 = a. Similarly, if b =1, then a =1 =b. So
assume throughout that a, b > 2. Let

a=pi'py®...py" and b= p?lpgz .. .pZ’“,

where py, po, ..., pr are distinct primes and aq, ao, ..., ag, by, ba, ..., by are nonnegative
integers with a3 + b3 # 0 for any j = 1, 2, ..., k. To show that a = b, it suffices to show
that a; = b; for all j. Solet j € {1,2,...,k} and p = p;. Then p | ab. By the condition (C),
there are ¢1, co € NU {0} such that ¢; # co, f(ap™) = f(bp®), and f(ap®) = f(bp®?). Then

Fe Y I Fer) = 1w 11 £ @) (2)

1<i<k 1<i<k
i#] i#£]
) ) b )
f(p?ﬂr@) H f(p;lz) — f(pjg+02> H f (pi?z) (3)
1<i<k 1<i<k
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Dividing (3) by (2) gives
f™)  fer)
FOFTY et

By (4) and the condition (B), we obtain a; = b;, as required. O

The next lemma is used in the calculation of the p-adic valuation of o4(n).

Lemma 4. Assume that p and q are primes, ¢ = 1 (mod p), and ¢ € NU{0}. Then the
following statements hold.

(1) If p is odd, then v,(0s(q°)) = vy(c+ 1).

(ii) If p=2 and s is even, then v,(os(¢°)) = vy(c+ 1).
(iii) If p =2, s is odd, and c is odd, then v,(05(¢°)) = vy(c+ 1) +v,(¢+ 1) — 1.
(iv) If p=2, s is odd, and c is even, then v,(os(¢¢)) = 0.

Proof. Since p1q, pt1, and p | ¢ — 1, we obtain by Lemma 2 that if p is odd, then

vp(0s(q°)) = Up(q(cﬂ)s —1) —vp(¢" — 1)
= (vp(q = 1) +v((c+1)s)) — (vp(q — 1) +v,(s)) = vp(c + 1).



Similarly, if p = 2 and s is even, then
up(05(4°)) = (v2(q® = 1) +v2((c +1)s) = 1) = (va(¢” = 1) + va(s) — 1) = va(c + 1);
if p =2, sis odd, and c is odd, then

up(05(q°)) = v2(q® — 1) +v2((c+ 1)s) — 1 —v2(q — 1)
=wvg(c+1)+uvag+1)—1;

and if p = 2, s is odd, and c¢ is even, then v,(0s(¢°)) = 0. This completes the proof. O

3 Main results

Theorem 5. Let a, b, s € N. Then the functions 7 and o, satisfy the conditions (A) and
(B) in Lemma 3.

Proof. If k > r, then every divisor of p" is also a divisor of p* while p* is not a divisor of p".
From this, it is easy to see that 7 and o, satisfy the condition (A). Let p be a prime, x, y,
c1, co € NU{0}, and ¢; # ¢o. Suppose that

TP () = ()T (™).

Then (z+co+1)(y+c1+1) = (y+co+1)(z+c1+1). Dividing both sides by (y+c1+1)(z+c1+1),
subtracting both sides by 1, and then dividing both sides by co—c; leads to z = y, as required.
Next, suppose that

os(p" )0 (PP = o (pT) o (p"T). (5)

Let vy =x+4+c1+ 1, ze=x+c+ 1,317 =y+c1+1,and yo =y + ¢ + 1. Then (5) implies

that
p:pgs o 1 B prS _ 1

p:cls_]_ _pyls_l’

(6)

Observing that ys —y; = ¢ — ¢; = x5 — 1 and subtracting both sides of (6) by 1, we obtain

pxls(p(@—cl)s o 1) pym(p(czfm)s o 1)
PrLS — 1 o pyLs — 1 ’

(7)

Dividing both sides of (7) by p(©2=¢1)* — 1, and then subtracting both sides by 1 leads to
p*1® = p¥1°. Therefore 1 = y;, which implies x = y, as required. This shows that 7 and oy
satisfy the condition (B). O

Corollary 6. Let a, b € N and f = 7 or f = o,. Suppose that for each prime p | ab, we
can find distinct nonnegative integers ¢y, ¢y such that f(ap®) = f(bp) for ¢ € {c1,c2}. Then
a = b. In particular, if f(an) = f(bn) for alln € N, then a = b. In other words, T and o
are quasi-injective.



Proof. By Theorem 5, f satisfies the conditions (A) and (B), and the above supposition is,
in fact, the condition (C). Therefore a = b, as required. O

Modifying the proof of Theorem 5, we see that 7 is in fact quasi-injective of order ¢ for
any ¢ € N, as shown in the next theorem.

Theorem 7. If m, a, b are positive integers and 7™ (an) = 7™ (bn) for all n € N, then
a=b.

Proof. We prove by induction on m. If m = 1, the result follows from Corollary 6. So let
m > 2 and assume that the result holds for m — 1. Let a, b € N and

7™ (an) = 7™ (bn) for all n € N. (8)

Let k € N and d € NU {0}. Choosing a prime p { abk and substituting n = p?k in (8), we
obtain

(4 1) (ak) = 7D (r(an)) = 7D (r(b0) = 7D ((d+ Ve (OE). (9)

Since (9) holds for all d € NU{0}, we obtain by the induction hypothesis that 7(ak) = 7(bk).
Since k is arbitrary, we obtain by Corollary 6 that a = b. O]

We now know that if 7™ (an) = 70 (bn) for all n, then a = b; and if 0,(an) = o,(bn) for
all n, then a = b. We would like to extend the result for o, to o™ for any m but it seems
much more complicated than that of 7™ so we do it only for o?. We conjecture that the
result holds for m > 3 as well but we currently do not have a proof.

Theorem 8. For each positive integer x > 2 and for each prime p dividing x, there are
positive integers m, n, c1, ¢y, A, B such that co > ¢1, (ABmn,x) = 1, o4(m) = p®* A, and
os(n) =p“B.

Proof. Let x = p{'py? ... p.*, where p1, pa, ..., py are distinct primes and ay, as, ..., aj are
positive integers. Let p be a prime dividing x, say p = p; for some j € {1,2,...,k}. Let
M
M = H pi and M; = —.

1<i<k p

By Dirichlet’s theorem for primes in arithmetic progressions, there exists a prime ¢ = 1
(mod M). To find the integers m, n, ¢, ca, A, B as above, we divide the calculation into
two cases:

Case 1: p; is odd for all ¢ # j. By the Chinese remainder theorem, there exists a positive
integer w such that

w=-1 (modp) and w=0 (mod M,). (10)



Let L be a positive integer larger than v,(w+1)+v,(¢+1). Applying the Chinese remainder
theorem again to obtain y € N such that

y=-1 (modp”) and y=0 (mod M;). (11)
Let m = ¢ and n = ¢Y. By Lemma 4, we obtain
Upi(gs(m)) = Upi(08<qw)) = Upi(w +1) =0 for all i # j.

In addition, if p is odd or if p = 2 and s is even, then v,(os(m)) = v,(05(¢*)) = vy(w+1) > 0;
if p =2 and s is odd, then w is odd, ¢ is odd, v,(¢+ 1) > 1, and

vp(os(m)) = vp(05(q")) = vp(w +1) +vp(g +1) =1 > 0.

This shows that v,(os(m)) > 0 and vy, (05(m)) = 0 for all i # j. Let ¢; = vy(o5(m)). Then

)=0
c1 € Nand o4(m) = p* A, where A € N and (A, z) = 1. Similarly, we obtain v,,(0s(n)) =0
for all i # j and

vp(os(n)) > vp(y+1) > L > vy(w+ 1)+ vp(g + 1) > v,(0s(m)).

Let ¢co = v,(05(n)). Then co € N, ¢3 > ¢, and o4(n) = p®B, where B € N and (B,z) = 1.
Since (m,x) = (n,z) = (A,x) = (B, x) = 1, we obtain (mnAB,z) = 1.

Case 2: p; = 2 for some i # j. Without loss of generality, assume that p; = 2. We still
choose w, L, y, m = ¢* and n = ¢¥ as in Case 1 and apply Lemma 4 to calculate the p-adic
valuation of o4(m) and o4(n). If i # 1, then p; is odd and so

vp,(05(m)) = vy, (w +1) = 0,0p,(05(n)) = vy, (y +1) = 0.
In addition, p is odd, and so
vp(os(m)) = vp(w +1) > 0,v,(05(n)) = vp(y +1) = L > vy(0s(m)).

Since p; = 2 and w, y = 0 (mod M;), w and y are even. If s is even, then v, (os(m)) =
vo(w+1) =0 =19y + 1) = v, (0s(n)). If s is odd, then v,, (05(m)) and v,, (c5(n)) are also
zero. This shows that v,(0s(n)) > v,(os(m)) > 0 and vy, (05(m)) = v,,(05(n)) = 0 for all
1 # j. Therefore we can choose ¢, ¢3, A, B as in the previous case. This completes the
proof. O

Theorem 9. Let a and b be positive integers and
os(os(an)) = o4(os(bn)) for all n € N. (12)

Then a = b.



Proof. Let p be a prime dividing ab and d € NU {0}. Let ny be a positive integer such that
(n1,ab) = 1. Substituting n = p?n, in (12), we obtain

US(US(C‘pd)US(nl)) = US(US(bpd)US(nl))7 (13)

which holds for any n; € N with (n;,ab) = 1. Next, let a; = o,(ap?), by = o4(bp?), x = aba, b,
and let ¢ be a prime dividing a;b;. Then ¢ | x. By Theorem 8, there are positive integers m,
n, c1, ¢, A, B such that ¢o > ¢q, (ABmn,x) = 1, o,(m) = ¢®* A, and o4(n) = ¢**B. Since
(13) holds for any ny € N with (ny,ab) = 1 and (m,ab) = (n,ab) = 1, we can substitute
ny =m and ny = n in (13) to obtain

os(a1qA) = 05(b1g™ A)  and  o4(a1¢®B) = 05(b1g™B). (14)
Since (AB,x) = 1, we see that (A, gqa;b1) = (B, qa1b;) = 1. Therefore (14) reduces to
0s(a1¢)o5(A) = 05(b1g™)os(A) and  o4(a14?)os(B) = 05(b1g™)os(B),

which imply

0s(a1¢™) = 04(b1g®) and o4(a1q®) = os(b1¢™). (15)
This shows that for any prime ¢ | a;by, we can find distinct ¢;, co € N such that (15) holds.
By Corollary 6, we obtain a; = b;. Therefore

as(ap”) = o, (bp?). (16)
Since (16) holds for each prime p | ab and each d € NU {0}, we apply Corollary 6 again to
obtain a = b. This completes the proof. m

Before proceeding to the case of J, we give an example to show that w, €2, and u are not
quasi-injective.

Example 10. Let k£ > 2, py, po, ..., pr distinct primes, ¢ = p1ps ... pg, @ = p1c, and b = payc.
Then w(a) = w(b), Q(a) = Q(b), and p(a) = w(b). Since €2 is completely additive, that is,
Q(mn) = Q(m) + Q(n) for all m, n € N, we see that Q(an) = Q(bn) for all n € N but a # b.
Therefore 2 is not quasi-injective. Similarly, it is not difficult to see that w(an) = w(bn) and
p(an) = p(bn) for all n € N but a # b, and so w and p are not quasi-injective.

We can generalize the idea in Example 10 as follows.
Theorem 11. Let f : N — C be completely additive. Then f is quasi-injective if and only
if fis injective.

Proof. Suppose f is quasi-injective, a, b € N, and f(a) = f(b). Then for each n € N, we
have

flan) = f(a) + f(n) = f(b) + f(n) = f(bn). (17)
Since (17) holds for all n € N and f is quasi-injective, we obtain a = b, as required. The
converse is obvious. 0



Example 12. Let A be the Alladi-Erdos function defined by A(n) = >~ ., ap. It is easy
to verify that A is completely additive, that is, A(mn) = A(m) + A(n) for all m, n € N. In
addition, A(2%) =6 = A(3?%), so A is not injective. By Theorem 11, A is not quasi-injective.

A variation of Alladi-Erdds function can defined by Ag(n) = >_,, p. Then Ay(6) =
2+3 =5 = Ap(12), and it is not difficult to see that Ag(6n) = Ay(12n) for all n € N.
Therefore Ay is not quasi-injective.

Theorem 13. Suppose that f : N — C s strongly additive, that is, f is additive and
f(p*) = f(p) for all primes p and positive integers k. If there are distinct positive integers
a, b > 2 such that f(a) = f(b) and a, b have the same prime factors, then f is not quasi-
mjective.

Proof. Since a and b have the same prime factors, we write

ag

a=7pi'py®...p" and b :pglpg"’ .. .pZ’“,

where pq, po, ..., pi are distinct primes and aq, as, ..., ag, b1, bo, ..., by are positive integers.
We show that f(an) = f(bn) for all n € N. For each n > 2, we write n = p/*p3?...p,*m,
where m € N, (m,ab) = 1, and ny, ng, ..., ng are nonnegative integers, and so

flan) = f(pi ™ py ™™ . m) = f(a) f(m) = f(0) f(m) = f(bn).
Therefore f(an) = f(bn) for all n € N but a # b. This completes the proof. O

Theorem 14. Let a, b, ¢, k, m, s be positive integers. Then the following statements hold.
(i
(ii) Ifa|candb]|c, then b*Js(ac) = a®Js(bc).

Ifa | b, then Js(ab) = a®Js(b).

(iii) Ifa|b, then J™ (a) | I (b).

If k> m+1, then Js(m)(akb) =" Jm (a*1b).

(v

(vi

)
)
)

(iv) Jo(akb) = a®=Vs ], (ab).
)
) Ifk>m+1, then a*™ | J&™ (a¥).
)

(Vi) Ifk>m+1 andc>m+1, then a*™ | J™ (a*6°) and b*" | J™ (a*b°).

Proof. For (i) and (iii), assume that a | b. Then p | ab if and only if p | b. Therefore

Jo(ab) = (ab)" [ | <1 - i) =a'b’ || (1 — i) = a®J,(b),

plab P plb P



which proves (i). If a = 1, then (iii) is obvious. So assume that a > 2. Let a = p{'p5? ... p*
and b = p?lng .. .pZ’“bO, where p1, po, ..., pp are distinct primes, a;, b;, bp € N, b; > a; for all
i=1,2, ...,k and (by,p1p2...pr) = 1. Then

Ji(a) = H (p ) H (i = 1),

:1 i:l
Js(b) = H (pﬁb"_l)s> H (pi — 1) Js(bo).

From this, it is easy to see that Jg(a) | Js(b). So (iii) is proved for m = 1. If m > 2, we can
apply the result when m = 1 repeatedly and obtain the chain of implication as follows:

a|b=Jia) | Jub) = TP (a) | JOO) = - = T | I(D).

Therefore (iii) is proved for every m > 1. For (ii), if a | ¢ and b | ¢, then we obtain by (i)
that
b®Js(ac) = b%a’Js(c) = a’b’Jy(c) = a’Js(be).

Next, we prove (iv) by induction on k. If £ = 1, then (iv) is obvious. So let k& > 1 and
assume that (iv) holds for k. Since a | a*b, we obtain by (i) that

Jo(a*10) = J,(a(a™b)) = a® T (a*b) = a™* J,(ab),

where the last equality is obtained from the induction hypothesis. Next, we prove (v) by
induction on m. If m =1 and k > 2, then we obtain by (i) that J"™ (a*b) = J(a - a*~1b) =
a®Jy(a*=1b). So let m > 1 and assume that the result holds for m. Suppose k > m + 2. By
the induction hypothesis, we obtain

Js(erl)(akb) _ JS(JS(m)(akb)) _ Js(&sm Js(m)(akflb))' (18)

Since k — 1 > m + 1, we apply the induction hypothesis again to conclude that a*" |
J{™ (aF=1p). Then (i) implies that the right-hand side of (18) is equal to a*™ " J&™ ™ (a*=1b).
Therefore (18) becomes

JS(erl)(akb) _ asm+1J§m+1) (ak*lb)7

which proves (v). Then (vi) is a special case of (v) when b = 1. For (vii), if K > m + 1 and
¢ > m+ 1, then we use (vi) and (iii) to obtain

@ [ JM(ab) | (@) and b ) | T ().
Here = | y | z means that x | y and y | z. Hence the proof is complete. ]

Theorem 15. Let a, b, m, s € N and J&(m)(an) = ng)(bn) for alln € N. Then a ="5b. In
other words, Js is quasi-injective of any order.

10



Proof. Substituting n = a™b™ in the above condition, we have J\™ (a™+1pm) = J™ (pm+1gm).
By (v) of Theorem 14, we obtain
J(m) (am—l—lbm) _ asm Js(m) (ambm) and Js(m) (bm+1am> _ bsm Js(m) (bmam)

s

Therefore
a®" Js(m) (a™b™) = b Js(m) (O™a™),

which implies a = b. This completes the proof. O]

4 Conclusion and some open problems

We have proved that 7 and J; are quasi-injective of order m for any m € N while we only
show that o, is quasi-injective of order 2. We believe that it can be extended to any order.
In addition, Example 10 shows that i, w, and 2 are not quasi-injective. This leads us to the
following problems.

Question 16. If a, b, m, s € N, m > 3, and agm)(an) = agm)(bn) for all n € N, can we
conclude that a = b7

Question 17. For each m > 2, is there a function f : N — N such that f is quasi-injective of
order m — 1 but not of order m?

We may also consider the mix between 7, o, and J.
Question 18. Let a, b, k, m, s € N. Are the functions 7(™ o agk), ot o ) rm) o Jgk),
JE o 7 oM o g and I o o™ quasi-injective? That is, if f is one of the above
functions and f(an) = f(bn) for all n, can we show that a = b7 This may be easy when k
or m is less than 3. Can we say something when both k& and m are larger than 27
Question 19. Suppose f and g are quasi-injective. Is the composition f o g quasi-injective?
Can we categorize those functions f and g for which f o g must be quasi-injective? An
obvious sufficient condition for f o g to be quasi-injective is that g is both surjective and
completely multiplicative, but there may be a weaker condition.

For each n € N and b > 2, let Sy(n) be the sum of digits of n in base b, and let
S(n) = Sip(n) be the sum of the decimal digits of n.
Question 20. If a, ¢ € N and S(an) = S(cn) for all n € N; is it true that a = ¢? More
generally, if a, ¢, m € N and S (an) = S (cn) for all n € N, can we prove that a = ¢?
Can we replace S by S, for any b > 27
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