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Abstract

We give special values of Bell polynomials by using the power series solution of
the equation y*¥) = ¢®. In addition, we define complete and partial exponential au-
tonomous functions, exponential autonomous polynomials, autonomous polynomials,
and (k, a)-autonomous coefficients. Finally, we demonstrate the relationship between
various numbers counting combinatorial objects and binomial coefficients, Stirling num-
bers of the second kind, and autonomous coefficients.

1 Introduction

It is a known fact that Bell polynomials are closely related to derivatives of the composition
of functions. For example, Faa di Bruno [5], Foissy [6], and Riordan [10] showed that Bell
polynomials are a very useful tool in mathematics to represent the n-th derivative of the
composition of functions. Also, Bernardini and Ricci [2], Yildiz et al. [12], Cayley [3], and
Wang [13] showed the relationship between Bell polynomials and differential equations. On
the other hand, Orozco [9] studied the convergence of the analytic solution of the autonomous
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differential equation y*) = f(y) by using the formula of Faa di Bruno. We can then look at
differential equations as a source for investigating special values of Bell polynomials.

In this paper, we focus on finding special values of Bell polynomials when the vector field
f(z) of the autonomous differential equation y*) = f(y) is the exponential function. We do
not consider the convergence of the solutions, but we will show that well-known numbers such
as reduced tangent numbers, Bernoulli numbers, Euler zigzag numbers, Blasius numbers,
among others, can be constructed using Bell polynomials. In general, a special class of
numbers, which have not yet been studied, are constructed using Bell polynomials. On the
other hand, a new family of numbers called (k,a)-autonomous coefficients is obtained for
each value of k. Four conjectures about these numbers are established.

This paper is divided as follows. We begin with a summary of results on complete
and partial Bell polynomials, which are used to demonstrate the main results presented
here. Next, we introduce the complete and partial exponential autonomous functions, the
recurrence relations of these are constructed using Bell polynomials, and some recurrence
relations of solutions of various initial value problems are given. In the fourth section,
the (k,a)-autonomous coefficients are introduced. From these numbers we can obtain the
triangular numbers, the 8-sequence numbers of [1,n] with 2 contiguous pairs, among others.

We finish this work by studying the cases k = 2, 3, 4 for the autonomous differential equation
(k) — pay
Yy = e,

2 Bell exponential polynomials

The following basic results can be found at Comtet [4, pp. 135-136], and Riordan [11, pp.
35-36, 49]. Exponential Bell polynomials are used to encode information on the ways in
which a set can be partitioned, hence they are a very useful tool in combinatorial analysis.
Bell polynomials are obtained from the derivatives of composite functions and are given by
the formula of Faa Di Bruno [5]. Bell [1], Gould [7], Mihoubi [8] and Qi et al. [15, 16],
provided important results on these polynomials. We start with the definition of partial Bell
polynomials.

Definition 1. The exponential partial Bell polynomials are the polynomials

Bi(x1, @y oo Tpepr1)
in the variables x1, zo, ... defined by the series expansion
exp UZZ‘]F = 1+ZmZu B (x1, 29, ... Tp_gpr). (1)
j=1 n=1 k=1

The following result gives the explicit way to calculate the partial Bell polynomials.

Theorem 2. The partial or incomplete exponential Bell polynomials are given by

_ n! T\ Tn_ ki1 .
Bn,k(xla--wxn—lﬁ-l)—z | (F) '”((n—k—l—l)!>

61!02! e Cp—k+1
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where the summation takes place over all integers cy, co, ..., Coh_pr1 > 0, such that

c1+20+ -+ n—k+1)ch_r1 =n,
ci+cyt o+ e = k.

The following are special cases of partial Bell polynomials and will be very useful for
proving results in this paper:

Bpi(z1, ..., %,) = Tp,
13 /n
Bn,Q('xl? v 7xn71) = 5 Z (k) TpTp—k,
k=1
2a .
gjtim\ T T2(a+1)—j
Bnnfa y oy g - - jBa‘fa IR T Ry
B (xl x +1) j:;rl CL! (j)xl )] (2 2((1—1—1)—])
1<a<n,
Bn n(xl) - ZE?, (2)
n n—2
Bn,n—l(xth) - 2 €Ty XTo, (3)
n
Bn,n—2<x1a €, IB) - (3> lﬂl’b_gxii + 3 (4) ?_4 %a (4)
n n n
By p—s(21, 22, 23, 24) = (4> zy 2, + 10 (5> 2y P wows + 15 (6) a0, (5)
n n
Bpn—a(21, T2, T3, 24, T5) = (5) l’?75$5 +5 (6)w’f6(3z2x4 + ng)
4—105<Z)aﬁ/7x§x3+-105(g)aﬁ/8x§ (6)

Some values of partial Bell polynomials are

B, (0L 11 ... (n—k)!) = [Z] (Unsigned Stirling number of the first kind),

— 1\ n!
B, (1l,....(n—k)!) = <Z B 1) % (Lah number),

B,k(1,1,...,1) = {Z} (Stirling number of the second kind),

n

Bmﬂ@wwn—k+wz<k

)k;"k (Idempotent number).

Then we can see the beautiful relationship that exists between Bell polynomials and numbers
like the above.



On the other hand, the partial Bell polynomials can be efficiently computed by means of
the recurrence relation

n—k+1
n—1
Bmk(ilj'l, e 7xn7k+1> = E (Z _ 1)xiBni,k1(xla e ,xn,i,;ﬁg). (7)
i=1

The definition of complete Bell polynomials is as follows.

Definition 3. The sum

3

By(z1,22,...,%,) = By g(x1, 29, ..., Tn—kt1)
k=1

is called the n-th complete exponential Bell polynomial with exponential generating function
given by to make u = 1 in Eq. (1)

exp(me ) ZB T1, T, ..., T )f;

and BO =1.

Some complete Bell polynomials are as follows:

By (7
(Ila X2 +ZL’2,

) =14

) =27
Bs(x1, 29, 3) = T + w179 + 23,

)

) =

By(z1, 9, x3, T4 :x +6x1x2+4x1$3+3x2+x4,

Bs(x1, 9, T3, T4, T3 x + 10x1$2 + 15x1x2 + 1022 123 + 10z9x3 + dx1204 + T5.

Theorem 4. The complete Bell polynomials B,, satisfy the identity

- n
Bn—i-l(xla s 7xn+1) = Z ( .)Bn—i('xb s 7xn—i)$i+1- (8

- 7
1=0

~—

From this it follows that Bs,1(0,z2,0,...,0,29,.1) = 0 for all n > 0.
Another useful identity that Bell polynomials fulfill is as follows

Bn(—x1, 29, —13, ..., (=1)"2,) = (=1)"By (21, 22, 73, .. ., 7). 9)



3 Exponential autonomous functions
We study the solution of the equation

y®) = e (10)
for a € C. Setting y = u/a we obtain the equivalent equation

u®) = qe. (11)

Then without loss of generality we focus on Eq. (11). Now by taking the derivative of
Eq. (11), we obtain another equation equivalent to Eq. (10), namely

k+1) k), !

u = ae'u' = uMu.

Let (21,29, ..., 7;) be the initial value problem y(0) = x1, 3'(0) = 29, ...,y*"Y(0) = 24. In
this section we give the general solution and solutions with initial values (x,0,0,...,0), (x1+
klnc,cwy, ..., " tay), and (21, —29, ..., 2op_1, —x9) of Eq. (11). We define the complete
and partial exponential autonomous functions and the exponential autonomous polynomials,
which are the coefficients of the power series solution of Eq. (11). Moreover, we find special

values of these functions by using Bell polynomials. We begin with the following definition.

Definition 5. Take a € C. Suppose x = (z1,...,2x). Let f,(x,a) denote the n-th complete
exponential autonomous function of order k, k > 1, recursively defined as

fo(x,a) = a1,

filx,a) =z,

fro1(x,a) = wy,
fr(x,a) = ae™,
fn+k(X7 a) = aewlBN<f1(X7 CL), ) fn(Xa a)), n=>1,

where B, (y1,...,y,) are the complete Bell polynomials. When z; = 0, we define the n-th
exponential autonomous polynomial as q,(xa,...,xr) = fu(0,z9,. .., zx), for n > 1.

When a = 1 in the above definition, we write f,(x) = f,(x,1). In this section we restrict
ourselves to exponential autonomous functions. Exponential autonomous polynomials are
discussed in the next section.

The following are complete exponential autonomous functions for £ = 1,2,3,4. They
will be very useful in the next section. When k =1, f,(z,a) = (n — 1)la™e™. When k = 2,



we have

fo(z,y,a) =
filw,y,a) =
foz,y,a) = ae”
fs(@,y, )—aye
fa(z,y,a) = ae”(ae” + y?),
f5(z,y,a) = ae” (daye® + y*),
fo(z,y,a) = ae” (4a®e® + 1lay®e” + y*).
When k = 3, we have
folz,y,2z,a) =z,
filz,y,2,a) =y,
folz,y,2,a) = z,
fs(z,y, z,a) = ae”,
fa(z,y, z,a) = aye®,
fs(z,y,2,a) = ae®(z + y?),
fo(z,y,2,a) = ae”(ae” + 3yz + y*),
fr(z,y,2,a) = ae®(5ye” + 32° + 6y*z + y*).

And finally, when k& = 4, we have

folz,y,2,w,a

filz,y,z,w,a) =y,
folz,y, z,w,a
fs(z,y, z,w,a
falx,y, z,w,a
fs(x,y, z,w,a) = aye”,

fo(x,y, z,w,a) = ae®(z + y?),
fr(z,y, 2z, w,a) = ae®(w + 3yz + y°),

fs(z,y, 2z, w,a) = ae”(ae” + 32* + dyw + 6y°z + y*).

( )=
( )
( )=
( )=
( ) =
( )
( )
( )

In the following result, we show that the exponential generating function of the complete
exponential autonomous functions is the solution of Eq. (11).

Theorem 6. Let € = (x1,...,x1). The series

w(t, x, a) ancca—

is the solution of the differential Fq. (11).



Proof. Taking the k’th derivative of the series Fj (¢, x, a) with respect to ¢, using the definition
of the autonomous functions f,(x,a), and Eq. (1), we get

oF Ek t,x,a)
t’n

= qe™! + Zaexan(flb{v CL), ) fn(X= a))ﬁ

— %71 (1 + ZBn<f1(Xa a>7 .- '7fn(X7a))i_n!>

_ aexleEk (t,x a)—a:1

— aeEk (t7x7a) .

Now we define the partial exponential autonomous functions.

Definition 7. Let g, ;(x,a) denote the partial ezponential autonomous functions by

gn,i(x7 CL) - Bn,i(fl(x, CI,), R fn—i+1(X7 CL))
with goo(x,a) =1, gno(x,a) =0, for n > 1, and ¢y ;(x,a) =0, for ¢ > 1. Then

fn+k<X7 CL) = ae”! Z gn,i(X7 a)'

i=1
In the following result we establish recurrence relations for the functions f,(x,a) and

gn.i(x,a). Many important results of this paper are proved using this theorem.

Theorem 8. The autonomous functions f,(x,a) and g, ;(x, a) fulfill the recurrence relations

n

fn+k+1($> a) = Z (7;) fn—i+k(mv a)fi+1(m7 a) (13)

i=0
and

gni(T,a) = ”—ifl (n - 1) fi(,a)gn—ji- (@, a). (14)

= vl

Proof. Setting y; = f;(x,a) in Eq. (7) and Eq. (8) and multiplying these by ae™, we obtain
the desired result. O

Now we study the behavior of the functions f,(x,a) evaluated at x = (z1,0,0,...,0).
From previous result we can construct the first important sequence arising from the differ-
ential equation (11).



Theorem 9. The functions f,(x,a) take the following values at x = (x1,0,...,0)

1. fkn+1(x170; R ,O,CL) = fkn+2<x1707 co ,O,Cl) = = fkn+k71(x170; e ,O,CL) = 0, n >
0;
2. frn(21,0,...,0,a) = AP (a)emt, n > 1,
where Agk)(a) =1 and
~ (kn+k—1
A =3 (T DA @abia), (15

=0
n>0,k>1.
P’/’OOf. Let x = (171,0, s 70) ClearlY7 fl(xu CL) = Oa fk-i—l(xa CL) = Bl(fl(X7 a)) = fl(xv a) = 0.
Now suppose it is true that fi;11(x,a) =0 for 2 <7 <n — 1. By Theorem 8 we have

flm+1(X, Cl) = fk(n 1)+k+1(X a)
k(n—1)

=2 ( ") fi ) ),

Since the product fi,—;(x,a)fir1(x,a) contains the functions fy;41(x,a), then for all n we
get that fg,41(x,a) = 0. The same conclusion holds for fy,+;(x,a), 7=2,...,k— 1.
Now we prove 2. We know that fiy(x,a) = ae®, for(x,a) = a*e**' and suppose that

fin(x,a) = AV (@)™, Then
fim+k;(X, a) = fkn71)+k+1(xv a)

kn—1
- Z (kn a 1)fkn 1— z+k(X a)fz+1(x (1,)



It is easy to show that A%l)(a) = (n — 1)la™ when k = 1. We use Eq. (15) to prove this
result. Suppose the result is true that AEI)(Q) = (i —1)la’ for i ranging between 1 and n + 1.
We have

A2 = 3= (1) Ao

n
n
— i\l z+1‘ i+1
' (2>(n i)la
=0

_ a2 N (Y (i
a ; (Z) (n — )l

=a"nl(n+1) =a"(n+1).
We can extend the above result to all £ > 1.

Proposition 10. For all k > 1 we have

AW () = a" AP (1).

n

Proof. Suppose by induction that Agk) (a) = aiAgk)(l) for all ¢ ranging between 1 and n + 1,
then use the same steps as in the previous proof. O

From the above proposition it follows that
Ex(t, (z,0,...,0),a) = Ex(at, (x,0,...,0),1).

Then without loss of generality it is sufficient to study the solution of Eq. (11) with initial
conditions y(0) = z, y'(0) = ¢/(0) = --- = y*~1(0) = 0, and a = 1 to generate the sequence
AP ().

The following corollary of Theorem 9 shows us that the numbers A%k)(a) can be con-
structed using Bell polynomials.

Corollary 11. The numbers A,(Ik)(a) satisfy the recurrence relation

k—1 k—1

A®(a) = B, (0,0, A (@), 0,..0,A® (@), n>1.
In the following theorem we calculate some special values of the functions g, ;(x, a).
Theorem 12. Let x = (x1,0,...,0). For all a € R we have
1. gni(x,a) =0, if k{n.

2. ga(x,a) = Al(k)(a)elzl.



" “1y 4k k
3. gma(x,a) =" 37 (,’:é_i)Ag )(a)Al(—)j<a)'
4- gn,n(xa Cl) - gn,n—l(xa a) - gn,n—Q(Xa a) = gn,n—?)(xa CL) = gn,n—4(xa CL) - 07 k> 1.

Proof. Suppose k{n and g¢,_;;—1(x,a) = 0 for all k such that k1 j. Using Theorem 8 and 9
we have that f;(x,a) = 0. This proves 1.
To prove 2 we have

Lk
g () =3 (”.“ - 1) (%, @)gin—so(x, )

=R A
lh—1
= (3 _ 1)t (.o
= Al(k)(a)el“.

On the other hand,

bl g
Gik2(X, a) Z ( > X, @) Gip—j1 (X, a)

Jlj

MN

(ji 1>ka X @)glk k7, 1(X G)

1

<.
Il

MN

k1 ) o
(J/{:_1>A§)( Je ]1A(k ( Je (1—3)

1

Ik—1
_ (k) (k)
jEZI (jk B 1) A7 (a) A (a).

<.
Il

Q)

Then this proves 3.
To prove 4 we use Egs. (2)—(6). O

We conclude this section with the following properties of the exponential autonomous
functions.

Theorem 13. For alln > 1, k> 1 and for all a,c € C is fulfilled
fulzy + klne, cry, ..., ey, a) = o2y, 2o, . . ., T3, ).

Proof. Lety = (z1+klnc,crg, ..., lay) and x = (21, 29, ..., 7). Suppose that the result

10



is true for ¢ < n. Then

far1(y,a) = fari-n+x(y, )
= ackemBnH—k(fl (v,a), .., fur1-x(y, a))
= ac’e™ By _i(cfi(x,a), ..., i k(x,a))
= actc" MR B (fi(x,a), . . ., fu(x, )
= Cn+1fn+1(xv CL).

]

The following is the corollary to Theorem 13 that allows us to calculate the solutions of
Eq. (11) when the initial values are (21 + klnc, czy, ..., " lay).

Corollary 14.
Ei(t, (z1 + klnc, cay, . .. ,ck_lxk), a) =klnc+ Eg(ct, (x1,29,...,2),a).

)

Proof. Lety = (z1+klnc,cry, ..., 1ay) and x = (21, 9, ..., 7). From the above theorem

and the definition of the function Ej(t,x,a) we have
Ey(t,y,a) =z + klnc+ g fnly “)fz_n!

=z, +klnc+ icnfn(xa G)%

=2+ klnc+ i fa(x,0) (ii?n

n=1

=klnc+ Eg(ct,x,a).

Finally, we compute f,(x,a) when x = (x1, =9, ..., Tog_1, —Tok).

Theorem 15. For all n > 0 and for all exponential autonomous functions of order 2k we
have

fol(xy, =20y .o o1, —ag),a) = (= 1)" fu((x1, T2,y . . ., Tog—1, Top), @).
Proof. Let y = (x1, =22, ..., Top_1, —Tox), and let x = (x1, 29, ..., Tox_1, Tox). Suppose the
result is true for all values less than or equal to n. Then
Jnp1(y,a) = f(n+172k)+2k(yv7 a)
= ae” Bur1-ak(f1(y, @), fo(y, @), far1-2i(y, a))
= ae” Byy1oak(—fi(x,0), fa(x,a),. o (1) o ai(x, a))
= (=1)"" " *ae™ B, 1 _on(fi(x,a), f2(%,0), . ., far1-ok(X,a))
— (—1)" Y fu(x,a).

11



Finally, we have the corollary to Theorem 15.
Corollary 16.
Eop(—t, (x1, =22, ..., Top—1, —Ta), @) = Eor(t, (21,22, ..., Top—1,Tox), ).

Proof. From the above theorem and the definition of the function Es(t,z,a), we have

EQlc 7Y7 an y,a )
=S )

00 m

= Z fn(xa a)ﬁ
n=0

- EQk(ta X, a)a

where y = (21, =9, ..., Top_1, —Tox) and x = (21, Ta, ..., Top_1, Tok). O

4 (k,a)-autonomous coefficients

When k£ = 1 we obtain the equation v’ = ae¥, which is the easiest to solve for all a € R.
Using the method of separation of variables, we obtain the solution

y(t) = —In(e™® — at)

with initial condition y(0) = z. On the other hand, by Theorem 6 the solution in power
series becomes
tn

Eyt,w,0) =2+ AP(a)

n=1

—x—i—z (n—1)la"e nat”

=2z — In(1 — ae™t).

12



Now we can use the results of the previous section to prove some results that are already
known. By the definition of complete exponential autonomous functions

n!&nJrlea(nJrl):c = ae® Z Bn,i(O!CL 1'@2 29: ., (n . i)!an7i+1€(n7i+l)x)
= ae’a"e"” Z B,(0L 1L ... (n—1)!)
— entl)z n+l Z anz(oh 1,..., (n _ l)') — pa(ntl)z n+1 Z |:n:|
1
i=1 i=1
from which we get a result relating factorials and unsigned Stirling number of the first kind:
" n
| =
=1
Furthermore g, ,(x,1) = m and by Eq. (14) we obtain the following finite-sum identity

PR AN

J=1

On the other hand, from Eq. (13) we obtain the trivial result

(n+ 1) = Zn: (7;) (n — i)l

i=0
n
= E nl.
i=0

The Stirling numbers of the first kind originally arose algebraically from the expansion of
the falling factorial
() =x(z—1)(z—2)---(x —n+1)

13



and in polynomial form is as follows

Analogously, we want to define and study the coefficients of the expansion of the autonomous
exponential polynomials ¢,(x,a) with x = (0,z,z,...,z). First we calculate the degree of

qn(x,a).
Proposition 17. Let x = (0,x,z,...,x). Then the degree gr of q.(X,a) is
grign(x,a)) =n—k, n>k

Proof. By definition

n—1
= Z a'gn.i(x,a) + a™x’.
i=1
As gr(gni(x,a)) <1, then gr(gnix(x,a)) = n. O
We now define the autonomous polynomials and autonomous coefficients.

Definition 18. For all n > k, let A%k)(x,a) = ¢,(0,z,...,2,a) denote the autonomous
polynomials of degree n — k.

Using Eq. (12) we note that

(%)
AL

o(@,a) = aBu(AP (2,0),..., AP (2, 0)) (16)
for all n > 1.
Definition 19. We define the (k,a)-autonomous coefficients, denoted by [m] (ha)r 8 the

(k)

coefficients of the autonomous polynomials A/, (7, a), i.e.,

k = n i
AW =3 1 o
1=0 (k,a)

Now we give some values of the (k, a)-autonomous coefficients.

14



Theorem 20. Some values of the coefficients [m] (ha) OT€

n] 0, if ktn;
=9 . ) (17)
|[0. (k,a) {(l /kAlej)k<1)7 zf/{:]n,
HQ — 0, ifi>1, (18)
ha)
|[n :a{ " },k>l+1,0§l<n. (19)
n — ] (k) n—I

Proof. Eq. (17) follows from Theorem 9. By definition, By; = 0 for ¢ > 1. Then Eq. (18) is
true. Finally, if £ > [+ 1,

Bn,n_l(Agk) (z,a),... 7Al(-k+)1 (x,a)) = Byp-i(z,...,2)

. n n—I
-4

and from this Eq. (19) follows. O

We now show the relationship between the (k, 1)-autonomous coefficients and the bino-
mial coefficients.

Theorem 21.

|ln+1ﬂ _( n )|l71~|—1—k:ﬂ
0 (k1) k—1 0 (k1)

Zn (n)ﬂn—hﬂ HfH—l—kﬂ ’
forl1<i<n-—k-+3
|[n—|—1ﬂ Zk 2 (n) Hn—hﬂ

(o )Hn—i—l—kﬂ +<n)l[n—k]|
k—1 1 (k1) k/)|i—1 (k1)

Zﬂn—hﬂ |lh—|—1—k:]]
I lenl 0 Dy

15



and forn —k+4<i<n+1
Hn + 1" nziﬂ (n) Hn — hﬂ
U (k,1) h=0 h i—1 (k1)
< n )Hn+1—kﬂ <n>ﬂn—kﬂ
k-1 T PRV FRY

" /n n—nh h+1—k
SN (el BN i S
h=k+1 GHlI=i (k,1) (k,1)

Proof. As
k & n k k
Ao =3 (1) AL e A% )
i=0
k—2 n n
k k
=0
") A® (21 SNAYE DNA® (2.1
+ L) (2, 1)z + Z i neivk (@ DAL (2, 1),
i=k+1
then

n+1 k—2 n—i .
, l : 1) 4 J
0 (k1) i=0 =0 (k,1)
n+1—k n—k
n n+1—k , n n—=k ,

OSP4 i W 931 L s

k-1 Z J (k1) k Z ] (k,1)
—i . itl—k .

n— zﬂ i Z |[z +1-— l{:ﬂ l)

. X x| .

=0 |]: j (k,l) 1=0 (k,l)
We multiply the two autonomous polynomials within the last sum to get

n+1 k—2 n—i .
By i\ T L

i=0 j=0

n+l—k n—k
)2 LGN
-1 = Il il A NSV

J:
n n+l1—k . .
n n—1 1+1—k h
SO (=)
k41 h=0 \j+l=h (k.1) (k,1)

16
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Then by rearranging the first and fourth sums we obtain

] (N 0 2( ] i W

i=0 =0 h=

O

n+1 n+1—1
> ()
i=n—k+4 \ h=0 (k1)
( )”*1 k|[n+1—kﬂ .
X
k—1) < (k1)
—k+1

3

O (1

R O 1 >] (N i P IS

Jjt+l=i

For a suitable value of ¢ the desired results are attained. ]

Finally, we show without proof the relationship between the (k,1)-autonomous coeffi-
cients and the Stirling numbers of the second kind.

Conjecture 22. Suppose that Agk)(l, )=---= A,(ck)(l, 1) = 1. Then

B,(AP (1, 1),..., AP 1) =Y {7}AE’“<1, 1), n>1.

- 2
i=1

Then,
AM (1, { }A““ (1,1), n>1 (20)
=1
and
n n k n n n j—k n
H :Z{j}+ 2 {J}ZH |
i=0 (k1) =1 j=k+1 i=0 (k,1)

Eq. (20) corresponds to the number of shifts left & — 1 places under Stirling transform.

5 Sequences related to Eq. (11)

We conclude this paper by showing sequences related to Eq. (11) for values of k = 2,3, 4.
Especially, we show that the numbers known as reduced tangent numbers, Bernoulli numbers,
Euler zigzag numbers, Eulerian numbers, Blasius numbers, triangular numbers, number of
shifts left 3 places under Stirling transform, and number of 8-sequences of [1,n| with 2
contiguous pairs can be constructed using Bell polynomials, Stirling numbers of the second
kind, binomial coefficient and autonomous coefficients.

17



5.1 Case k=2

The first case to be studied is
y"' = ae. (21)

Eq. (21) is equivalent to the equation y® = y"y’, whose solution is

= vayaan (Wava+ Layae,)

and therefore

1 1
y =In (8602 <§\/§\/c_1t + 5@@02)) +c3

where ¢1, ¢ and c3 are constants in C. Since we want y(0) = z, ¥/(0) = y and y”(0) = ae”,
then

1
In (sec2 <§\/§\/0162)) +c3=u,
1
\/5\/01 tan (5\/5\/0102> =1,
1
cp sec? (5\/5\/0102) = ae”.

Hence

Thus, the function

2ae® — y?t Y
Es(t,(x,y),a) = x + Insec? | Y——"— + arctan | ——o—
2(t, (2,y), a) ( 5 (m))
2
I (1+y—> (22)

2ae* — 1?

is the solution of Eq. (21) with initial values y(0) = z and y'(0) = y.
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The following is a list of particular solutions of Eq. (21) that can be obtained from
Eq. (22):

Vaer?t
Es(t, (x,0),a) =z +In (sec2 < , a>0, (23)
V2
I/Qt
Es(t,(x,0),—a) =z +In (sech2 a\jﬁ )) , a>0,
\/2a — y3*t
Es(t,(0,y),a) = Insec? VTV | arctan | ——2e—
2 2a — 12
2
)
_ln(1+2a_y2), a>0, (24)

\/ 2 2t
Es(t,(0,y), —a) = Insech® VEeryt + arctanh | ——2——
2 \/2a + y2

2
—In(1-— , a>0.
2a + y?
We now show the relationship between reduced tangent numbers (A002105 in [17]) and
Bell polynomials and binomial coefficients.

Theorem 23. Let
(T)n>1 = (1,1,4,34,496, .. .)

denote the sequence of reduced tangent numbers. Then
1. Ag)(a) = a"T,.
2. T,=DB,0,Ty,...,0,T,, 1), n > 2.
3. (=1)"T,, = B,(0,=T,...,0,(=1)""'T;,_1), n > 2.
4 Tovz = Xito (5ih) TainaTosn, 0 = 0.

Proof. Another way to write Eq. (23) is

\/_ Vae®/2t )
Es(t, (z,0),a) =z + 2/ tan(—)du.
2( ( ) ) . \/5

Then

Vaer/2p 2n—1

Bt oo =+ [ ST


https://oeis.org/A002105

By comparison, fa,(z,0,a) = a"T,e"*. Thus parts 1, 2, and 3 follow.
The recurrence relation 4 follows from Eq. (15). O

In general, Eq. (23) is the generating function of the sequence
(a"T,)p>1 = (a,a®, 4a®, 34a*,496a°, . . .).

On the other hand, it is known that T, = w, where the by, are the Bernoulli
numbers (A000367, A002445 in [17]). Then Theorem 23 provides a relation between Bell
polynomials and Bernoulli numbers, that is

2" (2 — 1)|ba| _
n

271—1 22n—2_1 bn,
B (0.6 0.30p, .. 0, 22T el

n—1

We now show the relationship between Euler zigzag numbers (A000111 in [17]) and Bell
polynomials, binomial coefficients, and Stirling numbers of the second kind.

Theorem 24. Let
(An)n>o = (1,1,1,2,5,16,61,272,...)

denote the sequence of Fuler zigzag numbers. Then
1. Apy1 = Bu(Ao, ..., A1), n > 1.
2. (=1)"Apy1 = Bo(=Ag, Ay, ..., (=1)" A, 1), n > 1.
8. Anpo =21 o (M An_is1Ai, n > 0.
4o Apo =310 {7 A, n> 1.
0. Aonyo =T, + Z?:l [[227; (2,1)°
6. Azss =30 [5ih] o)

Proof. From Eq. (24) we get

Bs(t,(0,1),1) = In (5602 (% n Z)) ~In(2)

= In(sec?(t) + sec(t) tan(t)).

20


https://oeis.org/A000367
https://oeis.org/A002445
https://oeis.org/A000111

Then

Es(t,(0,1),1) = /0 (sec(u) + tan(u))du

t o0 u”
= 1+ A,— | du
[ ()

oo t n
u
n=1 0 ’
0 tn+1

We apply Eq. (12) to obtain 1.
By Corollary 16, it follows that

Esy(t,(0,—1),1) = E(—t,(0,1),1) = In(sec*(t) — sec(t) tan(t)).

From Eq. (9) we get 2.
Formula 3 follows from Eq. (13).
From Eq. (20) we get 4.

( )Identities 5 and 6 follow because the Euler zigzag numbers are obtained when x = 1 in
AP (z,1). O

When k = 2, the exponential autonomous polynomials and the autonomous polynomials
match. Some autonomous polynomials of Eq. (21) are as follows:

¢ (y,a) =y,

QQ(y, a’) = a,

43(y, a) = ay,

ta(y, a) = ala +y?),

¢y, a) = alday + 1°),

¢6(y, a) = a(4a® + 1lay® +y*),

¢:(y, a) = a(34a*y + 26ay? —I— y°),

qs(y, a) = a(34a® + 180a*y* + 57ay™* + ¢°).

From the above we obtain the first (2, a)-autonomous coefficients
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(e
—_
[\]
w
.
Ut
D

a

0 a

a’ 0 a

0 4a? 0 a

4a3 0 11a? 0 a
0 | 34a 0 266> | 0 |a
3a* | 0 180a® | 0 |574® |0 | a

S U W~ O

Table 1: (2, a)-autonomous coefficients.

Theorem 25. Some values of (2, a)-autonomous coefficients are
2 2 1
R s -
1 U e " e

Proof. Eq. (25) follows from Theorem 9. ]

for all v.

Conjecture 26.

The sequence

2" —n—1=(0,0,1,4,11,26,57,120, 247, 502, 1013, 2036, 4083, 8178, 16369,
32752, 65519, 131054, 262125, 524268, 1048555, 2097130, . . .)

is known as the Eulerian numbers (A000295 in [17]).

5.2 Case k=3
When k = 3, we obtain the equation

y®) = qev. (26)

Solving Eq. (26) with initial conditions (0,0,z) and @ = —1, we get the solution of Blasius
equation
u® +u"u = 0.

The Blasius equation [14] describes the velocity profile of the fluid in the boundary layer
which forms when fluid flows along with a flat plate. Using Theorem 9 and Corollary 11, we
obtain the following result on Blasius numbers (A018893 in [17]).
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Theorem 27. Let
(bn)n21 =

denote the sequence of Blasius numbers. Then

(1,1,11,375,27.897,...)

1. b, = B,(0,0,by,...,0,0,b,_1), n > 2.
Sl (5152 bucigabict, 0 2 0.

On the other hand, the autonomous polynomials for Eq. (26) are

2. bn+2 -

(z,a) = a,
Af) (x,a) = az,
Aég)(ac,a) a(x + 2?),
Aég)(x,a) ala + 32% + %),
A$3)(x, a) = a(5ax + 32 + 62° + ),
Aég)(x, a) = a(1lax + 16az* + 152° 4+ 102" + 2°),
AP (2, a) = a(11a® + 84a2” + (42a + 15)2® + 452 + 152° + 29),
AW (2, a) = a(117az + 12902 + 384az® + (99a + 105)z* + 1050° + 212° + 27)

1o 1 2 3 4 5 | 6
n
0 a
1 0 a
2 0 a a
3 a® 0 3a a
4 0 5a? 3a 6a a
5 0 11a® | 16a? 15a 10a a
6 11a? 0 84a® | 42a* + 15a 45a 15a | a
7 0 117a3 | 12942 384a? 99a2 4+ 105a | 105a | 21a
Table 2: (3, a)-autonomous coefficients.

Theorem 28. Some values of (3, a)-autonomous coefficients are

H
= a’
"l (3,a)
L =0
=a .
n—1 (3,0) 2
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Proof. The results follow from Theorem 20 with [ = 0,1 and by keeping in mind that

{5 = () O

Conjecture 29.
n-— (3,a)

The numbers [[n 2]] are the triangular numbers

(3,1)
(0,0,3,15,45,105,210, 378, 630,990, 1485, . . .)
(A050534 in [17]).
Finally, by Egs. (9), (16), (20) we have the following theorem.
Theorem 30. Let
(en)nz1 = (AP (1,1))ps1 = (1,1,1,1,2,5,15,53,213,...)
denote the number of shifts 3 places left under exponentiation (A007548 in [17]). Then
1. epu3 = Byley,...,ey), n> 1.
2. (—1)”en+3 = Bn(—el, €9,..., (—1)”_1en), n Z 1.
3. €nyz = 0, {T;}ei, n>1.
4' d3n :bn—i_Z?Zl [[31’”]] 31 .

5. dapyy = S0 [PH] sy J =12

5.3 Case k=4

The equation to be studied is

y@W = aev. (27)
This equation is not commonly studied in the literature. Here we show the relation of this
equation with the number of shifts left 3 places under Stirling transform, and also the relation
with the numbers Aq(;l)(l). A list of exponential autonomous polynomials of Eq. (27) is as
follows:

(Y, z,w,a) =y,
@(y, 2,0, a

(Y, z,w,a) = w,
(Y, z,w,a) = ay,

a6y, z,w,a) = a(z +y?),
¢:(y, z,w,a) = a(w + 3yz + y°),
z,w,a) = ala + 32% + dyw + 6y°z + y*).

(y )
( ) =
( ) =
iy, z,w,a) = a,
( )
( )
( )
(y, )
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From Eq. (15) we calculate the first few numbers A%V (1),

01(0,0,0,1) = A1) =1

3
3

( ) DA® 4 (Z) AW AW = 35,

11 11
016(0,0,0,1) = AY(1) = (3 )Ag AW 4 (7)Ag4>A;4> + (11) AW AW = 6140.

¢s(0,0,0,1)

qlg(O 0 0 1

Following Theorem 9, Corollary 11 and Eq. (9) we have the following recurrence relations
for the numbers Ag)(l).

Theorem 31. Let (cy)ps1 = (AY(1))ns1 = (1,1,35,6140,...). Then
1. ¢, = B,(0,0,0,¢1,...,0,0,0,¢,,1), n > 2.
2. Cng2 =D iy (i?ig)cn it1Ciy1, n > 0.
3. (=1)"¢, = Bn(0,0,0,—cy,...,0,0,0, (—1)"cp_1).

The autonomous polynomials associated with Eq. (27) are

A§4)(x, a) = Agl)(x, a) = A§4)(x, a) = x,

AV (z,a) = a,

Aé4) (x,a) = az,

AP (z,a) = alz + 2%),

AW (2, a) = a(z + 32% + 2°),

AP (z,a) = a(a + T2* + 62° + 2%),

Aé4)(x,a) a(6ax + 102* + 252° + 102* + 2°),

Al (x,0) = a(16ax + 32a2? + 752" + 652 + 152° + 2°),

AW (2, a) = a(36ax + 136az” + (64a + 175)2° + 3152 + 1402° + 212° + z7).

We now derive recurrence relations of the numbers Agfl)(l, 1) using Eqgs. (9), (16), (20).

Theorem 32. Let
(dn)n>1 = (An4)(1, D)n>1 = (1,1,1,1,1,2,5,15,53,222, 1115, 6698, . . .)

denote the number of shifts left 3 places under Stirling transform (A336020 in [17]). Then
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1. dn+4 = Bn(dla---ydn); n Z 1.

n+4 Zz 1{ }dwn>1
dap = ¢ + Zzzl [[4?]] (4,1)

(_1)ndn+4 = Bn(—dl,dg, ce ,( )n 1d ) n > 1.

5. dapgy = e [H] wny J=12.3.

The following is a table of the first (4, a)-autonomous coefficients:

“lol 1 2 3 4 5 | 6
n
0 a
1 0 a
2 0 a a
3 0 a 3a a
4 a’>| 0 Ta 6a a
5 0 | 6a®> | 10a 25a 10a a
6 0 | 16a® | 32a? 75a 65a | 15a | a
7 0 | 36a® | 136a® | 64a + 175 | 315a | 140a | 21a

Table 3: (4, a)-autonomous coefficients.

Theorem 33. Some values of (4, a)-autonomous coefficients are

-
W
b

—= a’
(4,0)

(5)
o a s
(4.0) 2
{n + 2}
= Qa .
(4,a) n

Proof. Egs. (28), (29), (30) arise from Theorem 20 with [ = 0,1, 2.

Conjecture 34.

)
n_g (47a)

The sequence

52“(n— 1)(7;), n> 5.

|l " 3ﬂ = (10, 75, 315,980, 2520, 5670, 11550, 21780, 38610, 65065,
n —_—
(4,1)

105105, 163800, 247520, 364140, 523260, 736440, 1017450,
1382535, 1850695, 2443980, 3187800, 4111250, 5247450, . .
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counts the number of 8-sequences of [1,7n] with 2 contiguous pairs, (A027778 in [17]).
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