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Abstract

The Bell numbers count the number of different ways to partition a set of n elements,
while the graphical Bell numbers count the number of non-equivalent partitions of the
vertex set of a graph into stable sets. This relation between graph theory and integer
sequences has motivated us to study properties on the average number of colors in the
non-equivalent colorings of a graph to discover new nontrivial inequalities for the Bell
numbers. Examples are given to illustrate our approach.
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1 Introduction

The Bell numbers (B,,),>o count the number of different ways to partition a set that has
exactly n elements. Starting with By = B; = 1, the first few Bell numbers are 1, 1, 2, 5, 15,
52, 203 (sequence A141390 in the On-Line Encyclopedia of Integer Sequences). The integer

B,, can be defined to be the sum
n
Bn - >
>{i)

k=0

where {Z} is the Stirling number of the second kind, with parameters n and k (i.e., the
number of partitions of a set of n elements into & blocks). Dobinski’s formula [4] gives

1o k"
k=0

The 2-Bell numbers (7},),>¢ count the total number of blocks in all partitions of a set of
n + 1 elements. Starting with 75 = 1 and 77 = 3, the first few 2-Bell numbers are 1, 3, 10,
37, 151, 674 (sequence A005493). More formally, the integer 7T;, is defined by

n+1 n + 1
T,=> k L (= Bu2— B
k=0

Odlyzko and Richmond [12] have studied the average number A,, of blocks in a partition
of a set of n elements, which can be defined as

A concept very close to the Bell numbers is also defined in graph theory. More precisely,
a coloring of a graph G is an assignment of colors to its vertices such that adjacent vertices
have different colors. The chromatic number x(G) is the minimum number of colors in a
coloring of GG. Two colorings are equivalent if they induce the same partition of the vertex
set into color classes. For an integer k > 0, we define S(G, k) as the number of proper non-
equivalent colorings of a graph G that use exactly k colors. Since S(G, k) =0 for k < x(G)
or k > n, the total number B(G) of non-equivalent colorings of a graph G is defined to be

n

B(G):iS(G,k): > S8(G. k).
k=0

k=x(G)

In other words, B(G) is the number of partitions of the vertex set of G whose blocks are
stable sets (i.e., sets of pairwise non-adjacent vertices). This invariant has been studied by
several authors in the last few years [1, 6, 7, 9, 10, 11] under the name of (graphical) Bell
number of G.


https://oeis.org/A141390
https://oeis.org/A005493

Let T(G) be the total number of stable sets in the set of non-equivalent colorings of a
graph GG. More precisely, we define

T(G) = zn: kS(G, k).

k=x(G)

We are interested in computing the average number A(G) of colors in the non-equivalent

colorings of GG, that is,
T(G)
AG) = ——==.
Clearly, B(K,) = B,,T(K,) =T, 1 = Byy1 — B, and A(K,) = B"%;B", where K,, is
the empty graph with n vertices. As another example, consider the cycle C5 on 5 vertices.
As shown in Figure 1, there are five colorings of C5 with 3 colors, five with 4 colors, and one
with 5 colors, which gives B(C5) = 11, T(Cs) = 40 and A(G) = 12

11°

1 3 2 1 2
2 1 1 2 2 1 1 3 3 2

3 colors
1 1 4 4 3 1
3 1 1 3 1 2 3 2 2 1 4 3
—_— E— ——— N—
4 colors 5 colors

Figure 1: The non-equivalent colorings of Cs.

This close link between Bell numbers and graph colorings indicates that it is possible to
use graph theory to derive inequalities for the Bell numbers. This is the aim of this article.
The next section gives values of A(G) for some families of graphs and basic properties
involving A(G). In Section 3, we give several examples of inequalities for the Bell numbers
that can be deduced from relations involving A(G).

Let u and v be two vertices in a graph G. We let G, denote the graph obtained by
identifying (merging) the vertices u and v and, if v and v are adjacent vertices, by removing
the edge that links u and v. If parallel edges are created, we keep only one. Also, if u is
adjacent to v, we let G — uv denote the graph obtained from G by removing the edge that
links w with v, while if u is not adjacent to v, we let G + uv denote the graph obtained by
linking v with v. In what follows, we let K,,, P, and C), be the complete graph of order n,
the path of order n, and the cycle of order n, respectively. We denote the disjoint union of
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two graphs GG; and G5 by G1 U G5. We refer to Diestel [3] for basic notions of graph theory
that are not defined here.

2 Some values and properties of A(G)

The deletion-contraction rule (also often called the fundamental reduction theorem [5]) is a
well known method to compute B(G) [7, 11]. More precisely, let u and v be any pair of
distinct vertices of G. We have

S(G, k) = S(G —uv, k) — S(Guw, k) for every pair u, v of adjacent vertices in G, (1)
S(G, k) = S(G +uv, k) + S(Guw, k) for every pair u, v of non-adjacent vertices in G. (2)

It follows that
) =B(G —w) — B(Gluv)
T(G —uv) = T(Guw)

) =
) = B(G + uv) + B(Guw)
) =T(G+w)+ T(Guw

} for every pair u, v of adjacent vertices in G, (3)

B(G
TG
B(G
TG

) } for every pair u,v of non-adjacent vertices in G.  (4)

Let v be a vertex in a graph GG. We let G — v denote the graph obtained from G by
removing v and all its incident edges. A vertex of a graph G is dominating if it is adjacent
to all other vertices of GG, and it is simplicial if its neighbors are pairwise adjacent.

Proposition 1. If G has a dominating vertex v, then A(G) =1+ A(G —v).

Proof. Clearly, S(G,k) = S(G — v,k — 1) for all k, which implies

B(G) = Z S(G, k)

n n—1
= > S(G-vk-1)= Y S(G-uvk) =B(G-0)
k=x(G) k=x(G—v)

T(G) = Z kS(G, k)

= Z ES(G = v,k —1) = ni: (k+1)S(G — v, k) = T(G — v) + B(G — ).
k=x(G) k=x(G—v)
TG —v)+B(G—v) TG —v)
Hence A(G) = B(G — ) —1+—B(G_U)—1+A(G—v). O



Duncan [7] proved that if G is a tree, then S(G, k) = {";1} for k=1,...,n. This leads
to our second proposition.

Proposition 2. Let G be a tree of order n. Then B(G) = B,—1 and T(G) = B,.
Proof. Since S(G, k) {Z 1}, we immediately get

and

— -1 — —1
k=0 k=0

O
Proposition 3. Let T'U pK; be the graph obtained from a tree T' of order n > 1 by adding
P P
. . P p
p isolated verices. Then B(T UpK,) = E_O (i)BnHl and T (T U pK,) = E_O (i)BnH'

Proof. For p = 0, the result follows from Proposition 2. For larger values of p, we proceed
by induction. Let 7" be the tree obtained from 7" by adding a new vertex and linking it to
exactly one vertex in 7. Equations (4) give the following:

B(TUpK:) =B(T'U (p— 1)) + B(T'U (p — 1) K1)

B

e (6o

- Z <];) Bn+i—1-
1=0

The proof for T(T'UpK}) is similar. O
Proposition 4. Let C,, be a cycle of order n > 3. Then,

—
—

n—

B(Cn) = (—1)j+1Bn_j and T(Cn) = (—1)j+1Bn_j+1.

1

n—

<.
Il

<.
Il
A



Proof. Duncan [7] proved that B(C,,) = Z;”:—ll (—1)*!B,_;. It is therefore sufficient to prove
that T(Cp) = SH(~ 1P+ By,

If n =3, then T(C3) =3 = By — By. If n > 3, Equations (3) together with the fact
that P, is a tree give T(C,) = T(P,) — T(Cy—1) = B, — T(C,,—1), and the result follows by
induction. [

Proposition 5. Let C,, UpK; be the graph obtained from a cycle of order n > 3 by adding
p isolated verices. Then

n—1 P n—1 P
B(C,UpKy) =) (177 ) (7;) Buyioj and T(CoUpKi) = (=171 (7;) Botijii.
7j=1 =0 7=1 =0

Proof. For p = 0, the result follows from Proposition 4. For larger values of p, we proceed
by induction. If n = 3 then Equations (3) and Proposition 3 give

B(Cs UpK,) = B(Ps UpK,) — B(P, UpKy)

p
p p
(i>B3+i1 - E <Z.>BQ+1'1

1=0

(—1)* i (];) Biyij-

1 =0

- 11-

J

Hence, the result is valid for n = 3. So assume n > 3 and that the statement holds for
smaller values of n:

B(C,UpKy) = B(P, UpK;y) — B(C,—1 UpKy)

(f) Buyio1 — nf(—ly“ Xp: (i)BnHjl

7j=1 %

n—1
p ; p
(z) Bpnyio1+ g (_1)]“ (z) Biyi-j
j=2 i=0

- p
j p
S (7 B

1 =0

=

M=

=0

Il
-
I M*@
o

3
—_

<.
Il

The proof for T(C,, U pK}) is similar. O
Proposition 6. Let G be a graph with a simplicial vertez v. Then A(G) > A(G — v).
Proof. Let r be the number of neighbors of v in G. We have S(G, k) = (k—7r)S(G — v, k) +



S(G — v,k —1). Assuming that G is of order n, we have

B(G) = iS(G,k} — nZkS(G—v,k) —rnZS(G—v,k) —i—nZS(G—U,k)
= nZ(k —r+1)S(G —v,k)
and
T(@) = zn: kS(G, k) = zn:(kQ —kr)S(G — v k) + zn: kS(G — v,k — 1)
k=0 k=0 k=0
= ng_:(lf — kr)S(G — v, k) + S (k+1)S(G — v, k)
= Y (K> —k(r — 1)+ 1)S(G — v, k).
k=0
We therefore have
B(G—v)T(G)—T(G—v)B(G)
= Y S(G — v, k) zn:(k:lg—k’(r—l)—kl)S(G —u, k) — Y kS(G — v, k) nz_:(k:'—rnLl)S(G — v, k)

T
I
= O

(S(G =0, k) (K —k(r—1)+1—k(k—7+1))

I
3‘»
LI
3
L

S(G —v,k)S(G — v, k) K* =K (r—1)+1+k*—k(r—1)+1—k(K —r+1) =k (k—r+1))

~
I
o
X
Il
e
+
=

i
-
i
N
3
|

-

(S(G —v,k))* + S(G —v,k)S(G — v, k) (k- K)*+2) >0

o~
Il
=
£
Il
=
X
I
e
+
=

L _T(G) T(G-v) B(G-v)T(G)-T(G—-v)B(G)
which implies A(G)—A(G—v) = BG) BG-0) BG)B(G — 1) > 0. O

Proposition 7. Let G, H and F,...,F, be r + 2 graphs, and let ay,...,a,. be r positive
numbers such that

o B(G)=B(H)+3;_, a:iB(F))
o T(G)=T(H)+ > aiT (F)
o A(F)) < A(H) fori=1,...,r.



Then A(G) < A(H).

Proof. Since A(F;) < A(H), we have T (F;) < % fori=1,...,r. Hence

TG TH) 4 Y, aT(E)
A =BG ~ B + S, mB(ER)
T + S oM T(H) (BUH) + X, aiB(R)
BH) + S, aiB(F)  B(H) (BH) + S, mB(E,)
)
= B =AW O

3 Inequalities for the Bell numbers

In this section, we show how to derive inequalities for the Bell numbers, using properties
related to the average number A(G) of colors in non-equivalent colorings of G. We start by
analyzing paths. As already mentioned, P, UpK] is the graph obtained by adding p isolated
vertices to a path on n vertices.

Theorem 8. A(P, U (p+ 1)K;) < A(P,+1 UpKy) for alln > 1 and p > 0.
Proof. 1t follows from Equations (4) that
B(P, U (p+1)K1) = B(Ps1 UpKy) + B(P, UpKy)

and
TP, U(p+1)Ky) =T (P UpKy)+T(P, UpKy).

Also, we know from Proposition 6 that A(P, UpK;) < A(P,+1 UpK;). Hence, it follows
from Proposition 7 that A(P, U (p+ 1)K;) < A(P,1 UpK)). O

Proposition 3 immediately gives the following corollary.

Corollary 9. Ifn>1 and p > 0 then

7)) (£0m) - (7)) (E00)

Examples 10. For p = 0 and n > 1, Corollary 9 provides the following inequality:
(Bn + Bn+1)Bn < (Bn_l + Bn)Bn—H <~ BEL < Bn_an+1.

This inequality for the Bell numbers also follows from Proposition 6. Indeed, P, is obtained
from P, by removing a vertex of degree 1, which implies

Bn < Bn+1

A(P,) < A(Py1) = B B,

2
< Bn < Bn—an—&—l‘




Note that Engel [8] has shown that the sequence (B,),>0 is log-convex, which implies
B? < B,,_1B,+1 (with a non-strict inequality) for n > 1. Recently, Alzer [2] proved that the
sequence (B,,),>o is strictly log-convex by showing that

E

00 -1 . .
1 n—1 k n—1 »
B, 1Byi1 — B: = — Z / J) (k — 2])2

K T2 ik — )

<.
Il

for all n > 2. Since B? = 1 < 2 = By By, this also implies B2 < B,,_1 B, for all n > 1.

As a second example, assume p = 1 and n > 1. Corollary 9 provides the following in-
equality for the Bell numbers, which also follows from the strict log-convexity of the sequence

(Bp)nzo:

(Bn + Bn+1 + Bn+2)(Bn + Bn+1) < (anl + Bn + Bn+1)(Bn+1 + Bn+2)
< Bn(Bn + Bn+1) < Bn—l(Bn+1 + Bn+2).

For n > 3 and r > 0, we denote H,,, the graph obtained by linking one extremity of P,
to one vertex of C,, (see Figure 2). For r =0, H, is equal to C,,. Also, H,, U pK; is the
graph obtained from H, , by adding p isolated vertices. We now compare A(Hs,,_3 U pK;)
with A(P, 1 UpK;) to derive new inequalities involving the Bell numbers.

om—o——o

Vi V2 V3 Vn W

Figure 2: The graph H,, ,

Theorem 11. A(H;,_3UpK;) < A(P,+1 UpKy) for alln >4 and p > 0.

Proof. Note first that Equations (3) give B(Hs,,—3 UpK,) = B(P, UpK;) — B(P,-1 UpK;)
and T (Hs,—3 UpK,) =T (P, UpK,) — T (P,—1 UpK;). Hence

T (P UpKy)  T(Hsp-3UpK)

B(Ppi1 UpKy)  B(Hs,—3Upky)

_ T (Par1 UpKy)  T(BUpKy) — T(Po1 UpK)y)

~ B(P,;, UpK,) B(P,UpK,)—B(P,_, UpkK,)

T(Pui1 UpKy) (B(P,UpKy) — B(P,-1 UpKy)) — B(P,y1 UpKy) (T (P, UpKy) — T (P,—1 UpKy))

B(Poy1 UpK1)B(Hs, 3 U pK))

A(Pup1 UpEy) — A(Hz 3 UpK,) =

Let f(n,p) be the numerator of the above fraction. It follows from Proposition 3 that
—~ (p —~ (p —~ (p —~ (p
n, = ) Bnyi Bpyi—1 — Bpyi— - ) By Bnye — Bnye .
f(n,p) ;:o (2) +i+1 (;ZO <£>< +0-1 +¢ 2)) ;:o (2) + (;ZO (£)< +¢ +0 1))

9



It remains to prove that f(n,p) > 0 for all n > 4 and p > 0. Since B, = % DDy k, , we have

L knfl 1o°kn71

Hence
e*f(n,p)
Pl S it -2 PP o0 oo i Lnl—1
:;;;gcﬁ@jﬂ y (k_1>_;;;;(§)<z>jj! )
P P > x> i Lndl—2
2333 () ()5 -0
:zp:zp: l (zg (jw;]f]:!%_Q(k—l)(y—k) JW,Z M(j—l)(y—k))

)
(0) =0 = 1 = 72 - 1)

jn—?kn—2 p P ' p [ D D ' 4 D
= T U=k | =12 (Z.)fz (E)kf — =Dk (i)jlz @kf
G>k>1 J R i=0 =0 i=0 =0
jn—?k,n—Z . . » » 9 ' )
= U= R0+ PR+ 1P (k= 17" = (= D) .
j>k>1 IR
Let g(j,k) = (k—1)j5% — (j — 1)k*. We have proved that
jn 2kn 2 . .
=) — k)G + 1Pk +1)Pg(j, k).
i>k>1
Note that g(]: 1) =1 _ja 9(972) = (j - 2)27 and
9, k) =7’k = 5° =K + K = ( = k)(jk —j — k) = (j — k) (k(§ —1)+i(5 - 1)) :
Hence, g(j,k) > 0 for j > k > 3, and it remains to prove that
2 > n 2kn 2
Z Z (i = k)G + 1P (k+ 1)Pg(j, k) > 0.

=k+1

10



2 OO jn—2k,n—2
>y T(j — k)G +1)P(k+1)"g(4, k)
k=1 j=k+1 IR
_ S n—3J" ’ P P 3 S jn_Q D P 2
=Y 2 FU+1PG—2° =) =2+ 1P - 1)
—3 J -
J J
: 55" 2 3 g jh? 2 —Jj" 3 3 2
> 120 (Y 2 i G-2°=) i G-+ i PG+ 1P (27 -2)° = (1 - 1)?)
j=3 j=2 j=6
1 8 27 1 4 9 16
— 19P _2n733n72 _2n734n72 _2n735n72 o _2n72 o _3%72 Y gn—2 _5n72
<6 * 24 + 120 2 6 24 120 *
x©  n—2
J n— .
> —2X(+ 1) (2" -2 - (- 1))
—
j=
It is easy to check that
1 8 27 1 4 9 16
_2n—33n—2 + _2n—34n—2 _2n—35n—2 _ _2n—2 _ _371—2 Y oAgn—2 _ 5n—2 >0

6 24 120 2 6 24 120
for all n >4, and 2" 3(j —2)3 — (j —1)> > 0 for all n > 4 and j > 4. Hence f(n,p) > 0. O

As shown in the above proof, the above theorem is equivalent to the following inequalities
for the Bell numbers.

Corollary 12. Ifn >4 and p > 0 then

Ep: (p) Byita (f: (p) (Bnte-1 — Brie—2 ) > Z ( ) nti (Ep: (p) (Bnte — Bn+1z—1)) :

im0 \! =0 ¢ =0 ¢

Example 13. For p = 0 and n > 4 we get the following inequality for the Bell numbers:
B,1(By-1 — By_2) > B,(B, — Bn_1).

We now compare the average number of colors in colorings of €, UpK; with the average
number of colors in colorings of Hs,_3 U pKj.

Lemma 14. Ifn >3, r >0 and p > 0 then

2 n—3
( 2 )B(H3,2i+r U pky), if nus odd;
B(Hn,r UpK1> - Z:(i

n—4
( Z )B(H3,2i+r+1 UpKy) + B(Poy, UpKy), if nis even

11



and

( n—3

2 n—3
Z ( 2 )T(H3,2i+r UpK;), if n is odd;
: i
T(Hn,r UpK,) = =

2 n—4
Z ( j )T(H3,2i+r+1 UpKy) + T (P, UpKy), ifn is even.

\ =0

Proof. The result is clearly valid for n = 3. For n = 4, Equations (3) and (4) give

B(H,, UpK;) = B(Pyyr UpKy) — B(Hs, UpK;)
= (B(H3,41 UpKy) + B(Psyr UpKy)) — (B(Psyr UpKy) — B(Pyy UpKy))
= B(Hz,41 UpK1) + B(Payr U pKy).
Similarly, 7 (Hy,UpK1)=T (Hs,+1UpK;1)+T (Paoy,UpK;) which shows that the result is valid
for n = 4. For larger values of n, we proceed by induction. Hence, it is sufficient to prove
that B(H, ,UpKy) = B(Hsp—3+,UpK1)+B(H,—2,UpK;) and T (H,,, UpK1)=T (H3 34+, U
pKy)+T (H,—2, UpK;). Using Equations (3) and (4), we get
B(Hy,» UpKy) = B(Puyr UpKy) — B(Hp—1,, UpKy)
= (B(H3pn—34rUpK1)+B(Pyr—1UpK1)) — (B(Pryr—1UpKy ) —B(H,—2,UpK,))
= B(H3 31+ UpK1) + B(H, 2, UpK)).

The proof for T(H,,, UpK;) is similar. O
We are now ready to compare A(C,, U pK;) with A(Hj,—3 U pK7).

Theorem 15. A(C,, UpK;) < A(Hs,—3 UpK;) for alln >3 and p > 0.

Proof. Lemma 14 (with » = 0) gives the following:

( ns

B(Hs,-3UpKy) + ZB(HS,% UpK1), if n is odd;

2

B(Hs, 3 UpK;) + ZB(H&%H UpK;)+ B(P,UpK;), ifniseven
i=0

\

and
( 2z
T(Hszpu-3UpK:) + Z T (Hs2; UpKy), if n is odd;
T(C,UpK,) = g
T(Hsp-3UpKy) + Z T(Hs2i+1 UpKy) +T(P,UpKy), if nis even.
=0

\

12



We know from Proposition 6 that A(P, UpK;) < A(C5UpK;) = A(Hs0 U pK;). Since
H;,_3UpK; is obtained from Hs, UpK; (i < n—3) by repeatedly adding vertices of degree
1, we have A(P,UpK,) < A(H;3,UpK;) < A(Hs,-3UpK;) for i =0,...,n—>5. Proposition
7 therefore implies A(C,, UpK;) < A(Hj -3 U pKy). O

Equations (3) give B(Hj3,,—3UpK;) = B(P,UpK;)—B(P,_1UpK;) and T (Hs ,—3UpK;) =
T(P,UpK;) —T(P,_1UpK;). Hence, Propositions 3 and 5 immediately give the following
corollary.

Corollary 16. Ifn > 3 and p > 0 then

(nz_l(—l)jH Ep: (]Z) Bn+z’—j+1> (i (]Z) (Bnyio1— Bn+z‘—2)>

(B £ () (5 (0) e )

Example 17. For p = 0 and n > 3, the above corollary provides the following inequalities
for the Bell numbers:

[y

n—1 n—

(anl - Bn72) Z(_1>j+1Bn*j+1 < (Bn - anl) (_1)j+1Bn*j‘

Jj=1 1

<.
I

It is easy to check that this inequality is also valid for n = 2.

We now compare the average number of colors in colorings of paths with the average
number of colors in colorings of cycles.

Theorem 18. A(C, UpK;) > A(P, UpK) for alln >5 and p > 0.

Proof. We know from Theorems 11 and 15 that A(P,UpK;) > A(Hj,,—4UpK;) > A(C,—1UpK,),
which implies that
T(P, UpK,)B(C,,1UpK;)
Equations (3) show that B(C,, UpK,) = B(P, UpK;) — B(C,,—1 UpK;) and T (C,, UpK;) =
T(P,UpK;)—T(C,—1 UpKy). Hence:

T(OnUpK1> T(PnUpKl) —T(Cn_l UpKl)

Ky) = =
MO UPRY) = e G pRy) ~ BPyUpky) = B(Cot Upky)

T (P, Upk,) — TP KB(Cocaplt)

T (P, UpK,) (B(P, UpK:) — B(C,,-1 UpK1))  T(P,UpK))

B(P, UpK,) (B(B, UpK1) — B(Coy UpKy))  B(B,UpK)) (P UpKa)

T(C’n,1UpK1) <

O

13



Propositions 3 and 5 immediately give the following corollary.

Corollary 19. Ifn > 5 and p > 0 then

(ZZ; (i)) Bn+z‘—1> (nz_:l(—l)jH :0 (}Z) Bn+z‘—j+1>

() (For )

Example 20. For p = 0 and n > 5 the above corollary provides the following inequality for

the Bell numbers: ) .

Bn—l Z(_l)j—HBn—j-I—l > Bn Z(_l)j+an—j'

=1 i=1
Finally, we compare A(C,, U pK;) with A(C,,_o U (p+ 2)K7).

Lemma 21. Ifn >3 and p > 0 then

B(Cn U (p + 2)K1) = B(ng UpK1> + QB(Hn,l UpKl) + B<Hn,0 UpKl)
T(Cn U (p + 2)K1> = T(ng UpKl) + 2T(Hn71 UpKl) + T(Hn,O UpKl)

Proof. Equations (4) give

B(C U (p+ 2)Ky) = B(Hoy U (p+ 1) K1) + B(Cy U (p + 1) K1)
= (B(H,.2 UpKy) + B(H,1 UpK)) + (B(H, UpKy) + B(H,o U pky))
= B(HH’Q UpKl) + 2B(Hn,1 UpKl) + B(Hn’o UpK1>.

The proof is similar for 7(C,, U (p + 2)K;). O
Theorem 22. A(C,, UpK;) > A(C, oU (p+2)K;) for alln>5 and p > 0.

Proof. We divide the proof into two cases, according to the parity of n.

Case 1: n is odd. Lemma 14 (with r» = 0) shows that

B(On UpKl) = ZB(H&QZ’ UpKl) and T(Cn UpKl) = ZT(H&% UpKl)
i=0 1=0
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and Lemmas 21 and 14 give

B(Cn_2U(p+2)K;)
= B(H, 22 UpKy) +2B(H,—21 UPK1)+B( n—20 U pKj)

n—=>5 n—>5
R n_*5 n=>5 2. /nb
= ( ; )B<H321+2 UpKi) + ( i ) (H32i+1 UPK1)+Z( i )B(H3,2¢UPK1)
=0 i=0 i=0
n—3 n—>5 n—>5

M ‘

n—>o

n—>5 n—5 2 n,
= (Z._21>B(H3,2iUpK1 Z( z ) (Hs i1 UpK)y) +ZO( ) (Hs2i UpKy)

=0

~
Il
S

3
|

2 n—>5 n—>5
((Z E 1) + ( i )) B(Hg’zi UpK1> -+ B(H&n,g UpKl) —+ B(Hg}o UpKl)

i

Il
3 =

5

("

v ‘
ot

_l_
(\]
~

)B(HS 9i+1 U pKy)

@ |

n—>5

n—3 2

n=3 n=5
( j )B<H3,2i U pky) +22( i )B(H3,2i+1 UpKy)

=0

I
‘3
N

[en]

7=

n—4
= B(C,, UpK,) + Z%’B(H&i UpK;),
i1

n—3
( f ) — 1, ifis even;
2

n=>5
2(i21), if 7 is odd.
2

Similarly, 7(C,_oU (p+2) K1) = T(C,, UpKy) + 3" ai T (Hs; UpK,). Moreover, we know
from Theorems 11 and 18 that

where

; =

A(Hg,n,z; UpK1> < A(Pn UpKl) < A(Cn UpK1>

Also, given i € {1,...,n—5}, Hs,_4UpK; is obtained from Hj;UpK; by repeatedly adding
vertices of degree 1, and it follows from Proposition 6 that

A(H&Z’ UpKl) < A<H3’n_4 UpKl) < A(Cn UpKl)

Since all a; are strictly positive, we can conclude from Proposition 7 that A(C,_o U (p +
2)K1) < A(C, U (p+2)K7).

15



Case 2: n is even. The proof is similar to the previous case. More precisely, Lemma 14
shows that

n—4

B(C, UpK1) = B(Hsi41 UpKy) + B(P, UpkK))

=0

and

n—4

T(Cn UpKl) = ZT(H&QZ’_H UpKl) + T(PQ UpKl)
=0

and lemmas 21 and 14 give

B(Cnfz U (p + 2>K1) = B(Hn,272 UpKl) + 2B(Hn72’1 U pKl) -+ B(ango UpKl)

5 n—6 nT_G n—>6
— (Z i )B(H3,2i+3UpK1)+B(P4UpK1) —|—2 Z( i )B(Hggi_:,_QUpKl)—FB(PgUpKl)

=0

2. /n6
+ ( ( 2 )B(H&Qi—l—l UpKy) + B(P, UpKy)

=0
7 n=6 7 n=6 = n=6
2 )B(Hj32i41 UpKy) + 2 2 |B(Hzzi12 UpK 2 | B(Hzzi41 UpK
- (i—l) (Hz2i41 UpKy) + ;( @) (Hz2i42Up 1)"‘;( @) (H32i+1 UpKy)
n;ﬁ 5 5
= Z ((Z—Tl) -+ (7)) B(H3721'+1 UpKl) + B(Hg}nfg UpKl) + B(H‘g,,l UpKl)

n—>6
-+ 2 ( i )B(H372i+2 UpKl) -+ B(P4 UpKl) -+ 2B(P3 UpKl) + B(PQ UpKl)

n—=6
n—>6

n—4 2 /n=6
= ( i )B(HS,Zi—i—l UpKy) +220< j )B(H3,2i+2 U pk;)

1=

[e=]

‘|‘B P4 UpK1) +28(P3 UpKl) +B(P2 UpKl)
n—4

=2
n—4
<i 1> — 1, if7is odd;

n—>6
2(.2 ), if 7 is even.
i—2

where



Similarly,
n—4

T(Coa U (p+2)Ky1) = T(C, UpK1) + > ;T (Hs; UpKy) + T(Py UpK,) + 2T (P U pKy).
=2

As already mentioned, we know that
A(Hgﬁz UpKl) < A(H37n_4 UpKl) < A(Pn UpKl) < A(Cn UpKl)

fori=2,...,n—4. Also, P, UpK; is obtained from P;U pK; by repeatedly adding vertices
of degree 1, and it follows from Proposition 6 that

Since all «; are strictly positive, we conclude from Proposition 7 that A(C, U (p+2)K7) <
A(C, U (p+2)K,). O

Proposition 5 immediately gives the following corollary.

Corollary 23. Ifn > 5 and p > 0 then

<§<—1>J’+l Z ("7?) B) <§<_1y+1 Z () B)

7=1
n—3 p+2 p+2 n—1 - P D
< (zmwz( Z. )B) (Z(—w“ ()B)
j=1 i=0 j=1 i=0

Example 24. For p = 0 and n > 5, the above corollary provides the following inequalities
for the Bell numbers:

—_

n—3 n—
D (1P (Busjr +2B0y + Buoyin) 3 (1) By
Jj=1 1
n— n—1
(_1)j+1(Bn —j—2+2Bn_j1 + Bn- ])Z( 1)j+an—j+1

=1

w
<.
Il

<

(]

1

.
Il
.

n—1

-3
JTNNE S S RS SR by R
=1 j=0

Jj=1

n—4
< ( ]Bn j—1+ 2 Z J+1Bn,j,1 + Z(—l)jan1>
=0

R
™3
3 MAM
t\':

1

n

]

(—1) "' Bajn

Jj=2 j=1
n—1 n—1

= (By+ By +T(=1)") Y (=1)"' By < (Buct + Bua +3(=1)") Y (=17 B, 1.
j=1 j=1

It is easy to check that this inequality is also valid for n = 4.
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4 Conclusion

We have shown how the average number of colors in the non-equivalent colorings of a graph
G helps to derive inequalities for the Bell numbers. Among the inequalities, we have shown
that

e B2< B, B,;; foraln>1,

e B, (B, + Bui1) < By1(Bps1 + Bpyo) foralln>1,
o Bn(Bn — Bn—l) < Bn+1 (Bn—l — Bn_g) for all n > 4,
n—1 n—1
® (But = Bu2) Y (1" Byju1 < (By— Byo1) > (=1)7'B,_;  foralln>2,
j=1 j=1
n—1 n—1
[} BnZ(—]_)j—HBn_j < Bn—l (—]_>j+1Bn_j+1 for all n Z 5,
=1 j=1
n—1 n—1
o (Bu+Bua+T(=1)")> (=1 By_j < (Buoi+ Bua +3(=1)") D (=1 "' Bujn
=1 j=1
for all n > 4.

We have no doubt that other inequalities for the Bell numbers can be generated by comparing
the average numbers of colors in the non-equivalent colorings of other types of graphs.
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