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In this paper, we enumerate a generalization of so-called domino towers. Domino towers are
two-dimensional structures made out of n dominoes, i.e., rectangular blocks of width 2 and
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Abstract

We first enumerate a generalization of domino towers that was proposed by Brown,
which we call S-omino towers. We establish equations that the generating function
must satisfy, and then apply the Lagrange inversion formula to find a closed formula
for the number of towers. We also show a connection to generalized Dyck paths and
describe an explicit bijection. Finally, we consider the set of row-convex k-omino
towers, introduced by Brown, and calculate an exact generating function.

Introduction

height 1, with the following properties:

1.
2.

The dominoes on the bottom level are contiguous, i.e., the row is convex;

Every domino above the bottom row is (half) supported on at least one domino in the

row below it;
No domino lies directly on top of another domino, such as in a brickwork pattern.
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Figure 1: Small restricted domino towers for n € {1,2,3}.

See Figure 1 for the domino towers with n € {1,2,3}. The problem of counting domino
towers was first mentioned by Viennot [9, Cor. 4]. Surprisingly, the number of domino towers
made up of exactly n blocks is simply 3" !. Zeilberger showcased the result together with
a proof using ordinary generating functions and a bijective proof [10]. The problem also
appears as an example in the Handbook of Enumerative Combinatorics [1, p. 25].

In this paper, we drop the restriction that blocks cannot be placed directly on top of
another and call the structures unrestricted towers. Brown proved that there are 4"~! un-
restricted towers [4, Cor. 2.3]. We give an alternative proof of this fact in Corollary 8 using
symbolic methods and a construction called substitution. See Figures 2a and 2b for examples
of restricted and unrestricted domino towers.
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(a) A restricted domino tower with 8 (b) An unrestricted domino tower with
blocks. 10 blocks.

Figure 2: Examples of domino towers.

In 2016, Brown generalized the problem to unrestricted towers made up of rectangles of
width &, which they called k-omino towers [4]. They also introduced a variable b > 1 for the
number of blocks in the bottom row. The number of k-omino towers is (k::bl).

Brown also suggests that enumerating towers using rectangles of mixed widths could be
interesting for other applications [3, p. 17]. In this paper, we study this generalization by
allowing rectangles with any width in a fixed finite list S = (s1,..., $,,) of positive integers.
We call this set of towers S-omino towers. We additionally fix a list (ni,...,n,,), where n;
denotes the number of blocks of width s;, and b > 1 the number of blocks in the bottom
row. Furthermore, let n :=ny +---+ n,, > 1 be the total number of blocks as before. We
now state the first result of this paper. Note that for S = (k) we, of course, recover the same

formula as found by Brown.



Theorem 1. The number of S-omino towers with n blocks of which n; have width s;, and b
blocks in the bottom row, which has to be convex, equals

n 14> n;s;
Niyeeny N n—>a '

Summing over all b € [n] we get

n 145" sin, —
= coF1| 1,1 —m51 i — Dnis =1,
(o o) () ot 3

where o Fy is the Gaussian hypergeometric function.

Note that the heights of the blocks do not change the result, as we will explain in
the next section. In particular, setting S = (1,k) for k > 2 corresponds to stacking k-
ominoes horizontally or vertically. In this paper, we assume that S does not contain duplicate
entries for ease of notation. However, the methods would work and yield the same formula.
Duplicate entries could be interpreted as having multiple distinguishable versions of dominoes
with equal width.

At the end of the paper we turn our attention to convex k-omino towers, which are
defined as follows:

Definition 2. A tower is called column-convex or row-convez if all its columns or respectively
rows are convex. Further, a tower is called convez if it is both column- and row-convex.

In 2016, Brown calculated the generating function for convex towers and asked whether
row-convex towers can be enumerated as well [3, p. 17].

Definition 3. Let g(n) be the number of row-convex k-omino towers made up of n k-
ominoes. We also define fy(n) to be the number of row-convex k-omino towers made up of
n k-ominoes resting on a platform of width ¢k. In other words, the blocks on the bottom
row need to rest on this platform, but the platform does not count towards the number of

blocks.

By adapting a method that Privman and Svraki¢ used in 1988 to calculate so-called
fully directed compact lattice animals [7], we calculate the ordinary generating functions

G(2) =Y 0lo9(n)z™ and Fy(z) = > 0 fe(n)2".
Theorem 4. We have

G(z) =Y #'Fi(2),



where
Fg(Z) = ((1 + k’Z)TLg + (k’ZQ — 1)T27g + (k’ - 1)23T375>/((k’ — 1)225T273
+(1— 2k —1)(1+2)2 + k2T + (k—1)((2k — 1)z — 1)z3T1,3),
Ts,t(z) = A;B;, — Ath
X .
A =D
o) J 1
BZ(Z):Z(zz) <€+Z( 1—zm_1—|—(k—1)zm)>’(md

hi(z) = 20D (1= k)z;2);.-

The structure of the paper is as follows: In Section 2, we will introduce a few ideas and
notation, which we need in later sections. In Section 3, we prove Theorem 1 using ordinary
generating functions and the Lagrange inversion formula. In Section 4, we will turn the proof
into an explicit bijection and show the connection to generalized Dyck paths [8]. Finally, in
Section 5, we prove Theorem 4.

2 Representation of towers as sequences

We can think of domino towers as being built by dropping single dominoes one by one
straight down from an infinite height. However, there may be multiple ways of building the
same tower. However, there is a unique order as described in Lemma, 5.

Lemma 5. For any domino tower there is a unique order by, ...,b, of its dominoes with the
following properties:

i) The tower can be built by dropping the dominoes straight down from an infinite height
i the order by, ..., b,;

ii) For alli € [n — 1], the left border of b;y1 is strictly to the left of the right border of b;.

Proof. Consider the set of blocks B, which have no other blocks above them, i.e., could be
the last block according to condition i). Let &' be the left-most block in B and b* € B be
the block, which is dropped last. Suppose, for a contradiction, that " # b*. Then all blocks
after b’ must be strictly to the left of ¥’. In particular, b* is to the left of '. This contradicts
the definition of ', and therefore b’ is dropped last and we are done by induction on n. [

Hence, instead of enumerating towers, we can enumerate valid sequences of z-coordinates
of the left borders of blocks by,...,b,. We fix z; = 0 to keep this sequence unique. For
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example, (0,1,0,1,—2,—1,—3,—4) is the sequence for the tower in Figure 2a. We now
define the set W, and then prove that it contains exactly those sequences of z-coordinates
corresponding to domino towers with b blocks in the bottom row.

Definition 6. For b > 1 we define W, to be the set of sequences (xi,...,z,) with the
following properties:

i) We have z; = 0;

ii) For all i € [n — 1] we have ;41 < z; + 2;

iii) There exists a set D C [n] containing b numbers 1 = d; < dy < -+ < d; such that

2)
b)

)

for all j € [b— 1] we have z4;,, +2 = g4,
for all i ¢ D with i < d;;, we have z; > x4,

for all ¢« ¢ D with d, < ¢ we have z; + 2 > min,; z;.

Proposition 7. The set W, contains exactly the sequences corresponding to domino towers
with b blocks in the bottom row. In other words, Lemma 5 always produces a sequence in W,
and any sequence in YW, corresponds to a valid domino tower.

Proof. Given a tower with b blocks in the bottom row, let by, ...,b, be the order produced
by Lemma 5. Let (x1,...,,) be the z-coordinates of the blocks by,...,b, with z; = 0. We
now show that (xy,...,x,) € W, by checking all properties:

i) We have x; = 0 by definition.

ii) From property ii) in Lemma 5 follows z;41 < x; + 2.

iii) Let D be the set of indices of the blocks in the bottom row of the tower. As the
tower has b blocks in the bottom row, we have |D| = b. Order D = {dy,...,d,} as

dy <

a)

“‘<db-

It follows immediately from the properties in Lemma 5 that the rightmost block
in the bottom row is always dropped first. Hence we have d; = 1. Similarly, we
have that the bottom row must be dropped from right to left. Hence block by, ,
is dropped two units to the left of block bg,, because the bottom row is convex by

definition. Hence we have x4, , +2 = x4,. See Figure 3 for an illustration.

If a block b; is not in the bottom row, dropped before by4,,, and z; < zg4;, then
we cannot anymore drop by, , from an infinite height such that bg4,,, reaches the
bottom row.

If we have x; + 2 < min;.; z;, then block b; falls down to the bottom row. This
is not possible if ¢ > dj, as at this point the bottom row is complete.



For the other direction, fix a sequence (z1,...,x,) € W, and consider the structure built by
dropping blocks at positions z; to x,. We now show that the structure is a valid domino
tower, such that the set D from property iii) contains the indices of blocks which land in the
bottom row. Clearly, the first block lands in the bottom row. Properties iii. a) and iii. b)
guarantee that the block with index d;;; lands in the bottom row and keeps the row convex.
In Figure 3 all blocks with indices strictly between d; and d;;; are dropped to the right of
the vertical line. Finally, properties ii) and iii. ¢) guarantee that all other blocks land on top
of a previous block. O

Tdjqa

Figure 3: Illustration of property iii. a) in Definition 6.

Note that by thinking about sequences of x-coordinates instead of towers, it is now clear
that the heights of blocks do not change the number of towers. Only the z-coordinates and
order matter. Also note that a tower is restricted if and only if the corresponding sequence
does not have repeated consecutive entries. Using this insight we can now explain the relation
between restricted and unrestricted towers:

Corollary 8 ([4, Cor. 2.3]). The number of unrestricted domino towers made out of n
dominoes is equal to 4™ *.

Proof. Consider the sequences in W := |J, W} that have no repeated consecutive entries.
We know from the introduction that there are 3"~! such sequences of length n. The corre-
sponding ordinary generating function is therefore f(z) = x + 32? + 923 + - - - = 5.+ Now,
if we take such a sequence and replace every entry x; by a sequence z;, ..., xz; of arbitrary
positive length, we get a sequence in VW, where repeated consecutive entries are allowed, i.e.,
a sequence corresponding to an unrestricted tower. This process is reversible: To recover
the original sequence, we simply delete repeated consecutive entries. See Figure 4 for an
illustration. This is an example of a substitution as defined by Flajolet [5, Def. 1.14]. In
terms of the generating functions this procedure therefore corresponds to replacing x with
v+t a3+ = 7. We can now deduce the generating function for the unrestricted
domino towers:

_z_
T = T

> —
1— 3z 1-3- %= 1—4z’

from which we can read off the number: 471, OJ
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Figure 4: Illustration of the substitution of z with *.
The corresponding sequences are (0,1,0,1,—2,—1,—3) and
0,1,0,1,1,1,-2, -2, -2, -2, —1, —3) respectively.

We can generalize sequences W, for S-omino towers by also keeping track of the widths
¢;. For that we redefine W, as follows:

Definition 9. We define W, to be the set of sequences of pairs ((x1,01),..., (2., l,)) with
n > b with the following properties:

i) We have z; = 0;
ii) For all i € [n — 1] we have ;41 < x; + {;;
iii) There exists a set D C [n] containing b numbers 1 = d; < dy < --- < d; such that

a) for j € [b— 1] we have x4, |, + {q,,, = 74,

i1
b) for all i ¢ D with 7 < d;y; we have x; > x4,

c) for all i ¢ D with d, < ¢ we have x; + ¢; > min;; x;.

Proposition 7 still holds analogously, as 2 was merely replaced by the length of the
appropriate block. The purposes of the properties remain exactly the same.

As we want to keep track of how many blocks of each length we have used, we define the
weight of a sequence t = ((x1,01),...,(xn, 0n)) € W as w(t) := 2™y Ys, - - - Yo, Hence, the
exponent of y, is the number of pairs in ¢ with second entry equal to ¢ and the exponent
of z is the total number of pairs. We define the multivariate ordinary generating function
of W, with formal variables z,y1,y2,¥3,... as W = >, ), w(t). Lemma 5 now immediately
generalizes to:

Lemma 10. Fizx s;,n; and b as before. Then there is a bijection between such S-omino
towers and elements in W, of weight 2" [[,ysi. Furthermore, a tower is restricted if and
only if there are no repeated consecutive elements in the corresponding sequence in W.

Proof. Similarly to Lemma 5, the last element of the sequence must correspond to the left-
most block of the tower, among the blocks that do not have any other blocks vertically above
it. The statement follows from induction on n. m



We will often need to offset sequences of pairs of the form (x, £) horizontally, so we define
(x1,00)y ooy (@, 00)) + = ((x1 + a, b)), ..y (T + 0, £y)).
Also, we define concatenation of two sequences as follows:

<a1,...,an> H <b1,...,bm> = <a1,...,an,b1,...,bm>.

3 Proof using the Lagrange inversion formula

The main tool we use in this section is the following version of the Lagrange inversion
formula [2, Section 2.6]. Here, [2"]G(z) denotes the coefficient of 2™ in the formal power
series G(z).

Proposition 11 (The Lagrange inversion formula [2]). Let Y (z) = x2®(Y"), where ®(Y') is
a power series such that ®(0) # 0. Then for any power series g(Y') and n > 1 we have

29(Y) = Sl g () ()"

n

We prove an immediate corollary:

Corollary 12. Let Y(z) = z®(Y), where ®(Y') is a power series such that ®(0) # 0. Then
for any power series h(Y') and n > 1 we have

e ST R(Y) = [ () (@)

Proof. Let g(Y) = [ h(Y)dY and apply Proposition 11 on g.

" h(Y)

—n. [x”]/%h(Y)dx

. / h(Y)dY
= [y h(y)(2())". O
The idea of the proof is to relate W, to other sets of sequences.

Definition 13. We define U, to be the set of sequences of pairs ((x1,¢1), ..., (2, ,)) with
n > 1 with the following properties:

i) We have z; = 0;

ii) For all i > 1 we have x; > 1 and z; < x;_1 + ;1.
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We also define U := Seqs, (U,), the set of sequences that are a concatenation of at least one
sequence in U,. For convenience we similarly define ¢ := Seqsq(U,) = {()} U1, which also
contains the empty sequence.

Lemma 14. Let ((x1,01),...,(xn,0n)) € Uy. Then there is exactly one choice of indices
dy,...,dy such that

o we have2 =d; <dy <---<dy, =n+1 and

o for all j € [(; — 1] the subsequence ((va;,La;),- -, (Ta; 1-1,0a; 1)) — @ € U, where
aj =4y — j. In particular, if d; < djy1, then T4, = .

Proof. Define the indices d} := min{i > 2 : 7; < a;}, where dj = n + 1 if such an i does not
exist. We now prove by induction on j that d;,; = d,; is the unique choice for indices that
satisfy the conditions in the lemma. Clearly, for j = 1 we are done, because d; = 2 = dj.
Similarly, we have dy, =n +1 = dj, for j = ¢, — 1. Now for j € [(; — 2] we can assume the
induction hypothesis for j — 1, i.e., that d; = d. For a contradiction, we consider the cases
djy1 > djy and djq < dj, separately:

L. It djy1 > dj; > dj = dj, then by definition of d},; we have Tar,, < Qg However, by
definition of U, and the fact that ((za,,%q,),. .., (¥a, ,-1,0a;,-1)) — @; € U we have
T, > aj = aj41 + 1, a contradiction.

2. If dj41 < dj;,, then by definition of dj,, we have zq, , > a;11. However, for k :=
max{p : d, = dj;1} we have dp < dyy1 and therefore 24, = x4, = ap < ajy1, a
contradiction.

Hence dj41 = dj,; and we are done by induction on j. O

Example 15. The sequence ((0,4), (3,2),(3,2),(1,2),(2,2)) € U, corresponds to the tower
in Figure 5. The indices d; in this example are: d; = 2, dy = 4, d3 = 4 and ds = 6. We have
((3,2),(3,2)) — 3 € U drawn in violet, () —2 € U, and finally ((1,2),(2,2)) — 1 € U drawn
in red.

[ ]

|
]

Figure 5: Illustration of Example 15.

We have just shown that every sequence in U, can be built by concatenating ((0, £)) with
¢ — 1 sequences in U, offset by ¢/ — 1,/ — 2,...,1 respectively and that this construction is
unique. Similarly, every sequence in U; can be constructed uniquely using ¢ sequences in U.
This motivates the following proposition.



Lemma 16. Let u € U be non-empty. Define ¢ and n such that the first element of u is
(0,¢) and n = |u|. Then u satisfies the following two properties:

i) There exists a unique pair (x,y) with x € U, and y € U such that u = x || y.
ii) There is exactly one choice of indices dy, ..., dys1 such that

e we have2 =dy < ---<dpr1=n+1 and
o we have u = ((0,0)) || (co—1+€—1) || (co—a+€—=2) |- - || (co+0), where cg, ..., co-1
m U with |Cg_i| = di+1 — dz
Proof. For part i) suppose that u = ((x1, 1), ..., (2, {,)). There are two cases:

1. Suppose that Vi > 1 x; > 1. In this case u € U,. Note that x must be non-empty by
definition and if y were non-empty its first element would be (0, ¢') for some ¢'. Hence
(u,()) is the unique pair (z,y) such that u =z || y.

2. Suppose that there exists ¢ > 1 with x; = 0 and let ¢* > 1 be the minimal such 1.
In this case u ¢ U,. Hence y cannot be empty and needs to start with (0,¢") for
some ¢ by definition. By definition of U, we must have |z| < ¢*. Hence the pair
(((x1,01), -y (i1, e 1)), (e, b))y o oo, (X, £))) 18 the unique pair (z,y) such that
u=uzly.

This completes the proof of part i). We now prove part ii). By part i) there exists a unique
pair (z,y) with x € U,,y € U and u = z || y. By Lemma 14 there is exactly one choice
of indices dy,...,d; such that 2 = d; < --- < dy = |z|+ 1 and for all j € [¢ — 1] we have
co—j = ((wa;, la;), - (2a; —1,la; ,—1)) — L+ j € U. Also define ¢y := y and dypyy :=n + 1.
Then we have

= {(0,0) | (ceer +€=1) | (coa+€=2) || -+ || (c1 + 1)

with |co—j| = dj;1 — d; and |¢o| = |y| = n — |z| = dip1 — di. As u = x || y, the result
follows. O

We also define two other sets of sequences X and V.

Definition 17. We define &) to be the set of sequences
Xy ={u—a:0<a<land u €U, and u starts with (0,¢)}.

Let X := (J,cy ¢ be the union over all possible lengths ¢. Further, we define V to be the
minimal set with the following properties:

i) We have () € V;

ii) The set V is closed under the following procedure:

10



a) Pick any ¢ € N;
b) Pick any elements v € V and x € &} starting with, say, (—«, {);
¢) Then z || (v —a) € V.

Remark 18. To aid readability of the following arguments, we now describe the towers cor-
responding to the sets of sequences W, U,, Uy, U, Xy, X and V informally.

The sequences in W, correspond to the towers we want to enumerate: Towers with b
blocks in the bottom row as introduced in Section 1.

The sequences in U, correspond to towers with a single block in the bottom row with
left edge at x = 0, and no other block crossing the vertical line z = 1. See Figure 6a for an
example.

The sequences in U; correspond to towers with a single block in the bottom row with
left edge at x = 0, and no other block crossing the vertical line x = 0. See Figure 6b for an
example. The set of sequences U equals U; but including an empty tower with 0 blocks.

You can think of sequences in &} as towers in U, with a base of length ¢ lying on top of
a unit-length platform. The platform is fixed between 0 and 1 and its position relative to
the base block corresponds to « in Definition 17. See Figure 6¢ for an example. The set X
is simply the union over all possible lengths of the base.

Similarly to X', you can think of sequences in V as towers in VW, with their base lying on
top of a unit-length platform. See Figure 6d for an example.

"=

T T T T T T

T T 7T T LI B
01 2 3 4 5 6 01 2 3 4 5 6

|
|
|
|
|
I
!
|

(a) The tower corresponding to (b) The tower corresponding to
(0,3),(2,2), (1,2), (1,3)) € U,. ((0,2), (1,3), (2,2),(2,2), (0,2)) € Uy.

T T T T T T T T T T T T

T
-2-10 1 2 3 -3-2-10 1 2 3

(¢) The tower corresponding to (d) The tower corresponding to
((—2,4),(1,2),(-1,2),(0,2)) € X;4. ((—1,3),(0,3),(-3,3),(—1,2)) e V.

Figure 6: Towers corresponding to sequences in U,,U,, Xy and V.
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Lemma 19. The set W, is related to X and V as follows:
i) For all b > 2 we have a weight-preserving bijection W, <> Uy X Why_1;
ii) We have a weight-preserving bijection Wy <> U, X V.

Proof. Consider any element ((z1,%1),...,(xn,0,)) € W,. For b > 2 we know from Defini-
tion 9 that there exists an index 1 < dy = min{i > 2 : ; < 0} such that we have

((x1,01)y .oy (Xay—1,lay—1)) €Uy and ((z4y,Lay), - - (Tn, Cn)) + Lay € Wi—1.
For b =1 we let d = min{i > 2 : 2; <0} and d = n+ 1 if such an ¢ does not exist. Then
(1,01), ..., (x4_1,04-1)) € U, and ((zg,Lq), ..., (X0, ly)) € V.
In both cases the function has an inverse: Concatenate both parts back together. O

Example 20. The sequence ((0,2), (1,2),(2,2),(—2,2),(—1,2),(-3,2),(—4,2)) € W, cor-
responds to the tower in Figure 7. We have ((0,2), (1, ) ( 2)) € U drawn in blue,
((=2,2),(-1,2)) + 2 € U, drawn in violet, and finally (( ,2),(=4,2)) +2 € V drawn
in red.

Figure 7: Illustration of Example 20.

Using the same weights as for W, let U, Uy, U,, X;, X and V' be the multivariate ordinary
generating functions of U, Uy, U, , Xy, X and V respectively.

Theorem 21. The ordinary generating functions satisfy the following equations:
a) U=14U; and Uy, =U,-U = ZéeNzy(gUe
b) Xp =Ly U, X =3,y Xo, andV=14+X-V
) Wy=U, -V -U"
d) 221 =0 + X - 244
e) szl =U,-V

f) L+ - W, =Ur 1240

12



Proof. Parts a), b) and c) follow from Lemma 16, Definition 17 and Lemma 19 respectively.
For d) note that z% is the ordinary generating function of ©U;, i.e., the set U, where one
element is marked. We can define OU; = {(u, k) : v € Uy, k € [|u]]}. We now describe a
bijection f between OU; and U; + X x OU;. Let (u, k) € OU;. Now note that there are two
cases:

1. For k =1 we simply define f((u,k)) :=u € Uy;

2. For k > 2 we know that by Lemma 16 there exists £ € N and sequences cg,...,c-1 €U
and 2 =d; <--- <dp 1y =n—+ 1 such that

u=((0,0) | (ccr +€=1) | (cooa +£=2) [ - || (co +0),

where |co—;| = diy1 — di. As k > 2, there exists exactly one p € [{] such that d, < k <
dpt1. Hence (¢o—p, k — d, + 1) € OU;. Let

2= {(~L+p.O) || (s +p—1) |-+ || (comprr + 1)
I cempt) |-+ Il (co = €+ p+ 1),

Then = € ;. We define f((u,k)) = (z, (co—p, k — dp + 1)) € X x OU;. This function
is invertible, because x stores the variable p, which enables us to undo the shifts and
reinsert c¢,_, into u at the correct position.

For ¢), note that from b) and d) follows OU; = U, x Seqso(X) = Uy x V. Finally f)
follows from a), ¢) and e). O

Proof of Theorem 1. We consider the multivariate power series Wy in z,v1,92,%3,... as a
power series in z with coefficients in the ring of multivariate formal power series in vy, y2, ys, - - .
and use Corollary 12:

du, Ut

4z 110,
b—1

=[] 1u+ u (Zg}
o (S

i€|m]

[2"]Wh, = [2"]

v 1+ u>)

Now we also fix the number of occurrences of length s; to be n;:

g W = [y ( e >)

1+u s
1 n -
n—>b Simn;
— 1 Mg
[u ]1+u(n1,...,nm)g( +u)
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__ [, n=b n —14>""  sing
— 1 i=1
e, " )

B n —l—i-Z?ilsmi
n N1y ey Ty, n—=~o ’

Now, summing over all b € [n] we can express the total number of S-omino towers for given
(n1,...,n,) in terms of the Gaussian hypergeometric function oF7:

Pﬂ

(2" ygl -y ZWb
" ( WO
b1 Ny, ... n—=b
1—#2311371Z — (n—1Dl(= n4+ >0 sin)!
(P (e n— — (n—1-10)! (b—n—i—zi:l sin;)!
< )( L+Zzﬁ”>nl (Dy(L—n)y  (=1)"
n—1 - (1—n+30" smn)p b
n —1+>" sin; “
= = o[ 1,1 —ns1 ;— L)n;; —1 .
(o ) O o (10 e )
This completes the proof of Theorem 1. n

Ny, .oy My

Remark 22. We can find closed formulas for the other sets analogously. For example, for
s:= > n;s; we have

S
m L[ =
ol =, )

and

1 s+1
Lyt MU = )
[ysl ys'mjllizj| 3+1(n1,,nm,3+]—_n>

Therefore, the number of sequences in U for m = 1,n; = n, s; = 2 is given by the Catalan
numbers — sequence A000108 in the On-Line Encyclopedia of Integer Sequences [11].

4 Bijective proof

In this section, we give an explicit bijection between U/ and generalized Dyck paths and then
extend it to a bijection between W, and Dyy,.
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Definition 23. We define the weighted set of generalized Dyck paths Dy as the set of all
integer sequences (uj, us, ..., uy) with the following properties:

i) We have Vi € [N] u; > —1;

ii) We have Vj € [N] >_._.u; > 0;

iii) We have » ;. yju; = —1.

We define the weight function to be

w((“l,UQ, e 7uN>) = H

1€[N]

2Yui+1, i u>0;
1, ifu=—1.

From the properties above, it follows that any sequence in Dy satisfies uy = —1 and
> ie[N—1) Ui = 0. We include the fixed —1 at the end of each sequence for later convenience.
Also note that Rukavicka gave a different definition of generalized Dyck paths [8]. They also
consider paths with flaws, which allows the path to fall below 0. When disregarding the
fixed —1 at the end of our sequence, our definition corresponds to Dyck paths with 0 flaws
as defined by Rukavicka. See Figure 8 for the correspondence between the two definitions:
Every —1 corresponds to a vertical step of length 1 and every uw; > 1 corresponds to a
horizontal step of length u;. Note that our definition allows us to have u; = 0 which would
correspond to a horizontal step of length 0.

—1
-1

Figure 8:  Correspondence between the sequence
(2,-1,2,—1,—-1,—1,1,—1,—1) € Dy on the left and a
Dyck path with 0 flaws as defined by Rukavicka on the
right.

Lemma 24. We have a weight-preserving bijection fy between U and Dy .

15



Proof. We define fy(()) := (—1) and given a sequence u = ((x1,¢1), ..., (Tn,ln)) € Uy, we
define

fU(U) = ( ’Z;ll <£p - 17 :17 _17 R _1J>) H <€n - 17\_17 _17 SR _1J>
Tp+lp—1—2xp11 times Tn+Ly times

Note that fy is clearly weight-preserving, as for every pair (z,f) € u we have got exactly
one copy of £ — 1 in fy(u), both of which account for the same weight: zy,.
We now show fi;(u) € Dy by checking all three properties of sequences in Dy. For that

let (uq,...,un) = fu(u).
i) By definition we have Vi u; > —1.

i) Let ky < kg < --- < k;,, € [N] be all indices with wuy, > 0. By construction of fi(u) it
is enough to show property ii) for each j = k,,,. We have

Zui:Z((ép_l)_l'(xp‘i‘gp_l_xpﬂ))

1<km p<m
= (=1 (z) — zp41))
p<m
=X, — T1 = Tpy,
> 0.

iii) Finally, we have

S u =3 (6= 1) 1@yt by — 1= ) (G — 1)~ 1 (4 )

1€[N] p<n

= Z(_l (Tp = wp11)) = — 1

p<n

= 1.

Therefore f(u) € Dy. The inverse of above function can be described as follows: Fix
any sequence v = (uy,...,uy) € Dy. Let ky < kg < -+ < k, € [N] be all indices with
uy,, > 0. Note that this determines the value of n. Define f~(v) := ((z1,41),-.., (T, {y))
with 2, 1= >, w; and £y, := ug,, + 1 for all m € [n]. We now check both properties of
sequences in U:

i) We have z; = )|

i<1 Ui = 0.

ii) For all m > 1 we have z,, = Zkkm u; > 0, by definition of Dy. Also we have

Tm — Tm—-1 = E U;

km—1<i<km
=g, — 1 (ko — k1 — 1)
< U, ,+ 1= gm—l-

16



Therefore f~1(v) € U. O

As we have proven Theorem 21 bijectively, we already know how we can relate sequences
in V and W with sequences in . We now reuse the ideas from the previous section and
replace U with Dy. Also, we use Raney’s lemma [6] instead of the Lagrange inversion
formula.

Lemma 25 (Version of Raney’s lemma). For any sequence of integers (ay, . .., ay) with a; >
—1 and > a; = —1, there ezists exactly one r € [m| with the property that all proper partial
sums, or in other words, the totals of all proper prefizes, of (ay41,. .., Qm,a1,...,a.) are non-
negative. Note that we must have a, = —1, of course, as a1+ -+ am+ar+---+a,_1 >0,

but > a; = —1.
We now generalize the idea from Dyck paths to the following sets ¥V and W:
Definition 26. Define

Dy = {(ul,ug,...,um Vi u; > —1 and Zui:—l and uy = —1} and

Dy, = {(ul,uz,...,u]\f) Vi e [b] u; >0 and Z u; = —b and uy = —1},
1€[N]
ZYu;+1, 1w > 0;

where the weight of a sequence is w({u1, uz, ..., un)) = [Ty {1 " .
, if u=-—1.

We can easily enumerate elements in V' and W, with given weight.

Lemma 27. Fiz a weight w = 2" [J;cp ve! with n = 3, ani and let s = 37,0 nis;.
Then the number of elements in Dy with weight w equals

< S )
ny,ng,...,Myp,S —MN

Also, the number of elements in Dy, with weight w equals

() (00

Proof. For the first part, note that every element in Dy with weight w has s — n + 1 copies
of —1 and total length N = s+ 1. The number of sequences follows from the fact that only
uy 1s fixed to be —1.

For the second part, note that every element in Dy, with weight w has s — n 4 b copies

of —1 and total length N = s+ b. We have uy = —1 and u; # —1 for i € [b]. The
number of elements in Dyy, follows by first considering the order and then the position of
the non-negative integers. O

17



Corollary 28. Define
Dy = {(v,k) : v = (uy,ug,...,un) € Dy and k € [N] and u = —1},

which can be thought of as the set of sequences in Dy, where one copy of —1 is marked. Then
there is a bijection fy, between Dy and Dy .

Proof. Let fy, be the following bijection: Take an element (v, k) € Dy and let fy,((v,k)) :=

(Ugs1y -+, UN, UL, - .., uk) € Dy. In other words, we have moved the marked element of an
element in Dy to the end by doing a cyclic rotation of the sequence. This can be undone
using Raney’s lemma. O

Lemma 29. We have a weight-preserving bijection fy, between V and Dy. Hence, fy =
fv, © fuy is a weight-preserving bijection between V and Dy .

Proof. We construct an explicit bijection fi;, : V — Dy as follows. First, let fi,(()) :=
((—1),1) and now consider any non-empty v € V. Then by definition 3¢ € N;a € {0,...,¢(—
1}, 2 € Xy, v" € V, where x starts with (—a, ¢), such that v = z || (v" — «). By definition of
X, and Lemma 14 we can find ¢y, ..., ¢,y € U such that z = (((0,0)) || c.m1 +€— 1 || con +
(—2]--|e1+1) — a. Hence we have

v=({0,0)lcesr + =1 coa+ =2 [|er +1]|V) — .
Let (u, k) := fy,(v"). We define ' :=k + 1+ |fu(ci—1)| + -+ + | fu(cas1)| and
Srn(w) == (=) || fuleoa) |- | folcars) Nl folea) |- 1 foler), &),

Note that &’ is chosen such that the marked element in u remains marked. ]
Lemma 30. We have a weight-preserving bijection fyw between W, and Dyy, .

Proof. From Lemma 19 we know that we can split an element w € W, into two parts. For
b =1 we have w = u || v, where u € U, and v € V. We define fy(w) = fu(u) || fr(v).
For b > 2 we have w = u | w’ — ¢, where u € U;,w’ € W,_1 and u starts with (0,¢). Here
we could choose to define fy (w) := fy(u) || fw(w’), but it would change the definition of
Dy, and make its enumeration more complicated. So we instead proceed as follows: Let
fww') = {ay,...,a,). Then define fiy(w) := (ay,...,ap-1) || fu(u) | (@,...,a,). We can
undo the function in both cases, as we know that the sequence fy(u) sums to —1. The
bijection fy is weight-preserving, because fy and fy are. n

We would like to conclude the section by providing examples of the bijection and show
how the sequences are related to the towers described in Remark 18. Figure 9 shows the
idea of the bijection for Dy. The labels on the blocks correspond to the order of Lemma 5.
The different colors correspond to the decomposition from Lemma 16.

As U corresponds to towers with no overhang to the left, the sequences in Dy are Dyck
paths. To deal with overhang we use Lemma 29 to mark an element —1 in the sequences.

18



Figure 9: Illustration of the bijection fy with the element
(1,1,2,-1,-1,0,—1,-1,1,1,—-1,—1,—-1) € Dy.

-1

— —1

-1 -1

— -1 — -1

-1 | 2

L] | 2 1
(a) ((2,-1,—1,-1),3) € Dy. (b) ((1,2,-1,—1,—1,—1),4) € Dy.

Figure 10: Ilustration of the bijection fy,.

The position of the marked element then determines the overhang to the left. See Figures 10

and 11 for an illustration, where the marked element is colored dark blue. Figure 10 shows

two examples of the bijection fy,, where in Figure 10b the result of Figure 10a is used.
Figure 11 shows a complete example of fi,. Note that the result from Figure 10b is used.

Finally, see Figure 12 for an example of the bijection between W, and Dyy,. The violet

blocks are in U, the blue blocks in U, and the red blocks in V. Note that the result of fy,
applied to Figure 10b is used.

5 Row-convex k-omino towers

In this section, we consider row-convex k-omino towers, as defined in Definition 2. By
conditioning on the width of the bottom row, we see that f and g are related by the equation

g(n) = Z fe(n —£), or equivalently G(z) = Z Z'Fy(2).
=1 =1
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-1 -1
-1 2
-1 1
2 -1
1 -1
-1 1

— -1 — 1
1 -1
1 -1

Figure 11: Illustration of the bijection fy := fy, o fy, with the
element (—1,—1,1,1,~1,—1,1,2,—1,—1) € Dy..

1

1
Figure 12: Illustration of the bijection fy, with the element
(1,1,1,-1,-1,1,-1,-1,-1,-1,—1,1,2, -1, 1) € Dy

To improve readability, from now on we write Fy(z) as Fy and similarly for G(z) and
hn(z),a(z) and B(z) which are yet to be introduced. If the platform has width k¢ and
the bottom row consists of i blocks, then there are (¢ +2 —1i)k — 1 positions the blocks in the
row above could take such that the row is convex and they do not fall off the sides. This can
be seen by an argument similar to the one given by Brown [3, Prop. 2.5]. We immediately
find the recurrence:

{41

fe(n) = Z <(€ +2—10)k— 1) fi(n —1), for n > 1, where we define (1)

i=1

fe(0) =1 and fy(n) =0, for n < 0.
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We now simplify this recurrence relation of f and rewrite it in terms of the generating

functions Fj.

Lemma 31. The generating functions Fy satisfy the following recurrence relation and bound-

ary conditions:
Fppo — 2Fp1 4+ Fy = 2" Fppp + (k — 1)253 Fyys,

Fi =14+ 2k —1)zF, + (k — 1)2°F,
Fy=1+Bk—1)2F + 2k — 1)2*Fy + (k — 1)2°F3.

Proof. First, we calculate

0+1

fera(n) = fon) = (k = 1) frra(n — €= 2) + kz filn —1)

and then use this result twice as follows:

fera(n) = 2fr1(n) + fe(n)
= (fesa(n) = frra(n)) — (fera(n) — fo(n))
= (k=1 fers(n =€ —=3) + fera(n — £ —2).

The corresponding recurrence in terms of Fj is

Frio —2F 1 + Fy

_ fj (sl = 2fecs(0) + £l )

n=0
= Z€+2Fe+2 + (k - 1)Z€+3Fg+3.

The boundary conditions are obtained by setting £ = 1 and ¢ =2 in (1).

To solve the recurrence (2), we first guess that there is a solution of the form

— 27hy(2)
;0 (z; z)j

)

and then determine an h;(z) such that the recurrence relation holds.

Here, (a3q)a

(2)
(3)

[T-) (1 — ag’) denotes the g-Pochhammer symbol. That this method works is not sur-

=0

prising: In 1988, Privman and Svraki¢ successfully found an exact generating function for
fully directed compact lattice animals using this approach [7]. The two problems are related,
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Figure 13: Illustration of the bijection between restricted row-
convex domino towers and fully directed compact lattice animals

as there is a bijection between fully directed compact lattice animals and restricted row-
convex domino towers. The number of dominoes in the bottom row maps to the number of
compact sources of the directed animal. For an illustration of this bijection see Figure 13.

After adapting their method we end up with two solutions A, and B,, which we now
check:

Lemma 32. Two solutions of (2) are:

O .
Ay = I and

X o

= 2, 1
B, — L ( — ) , where
(3 (1 e

hj =29 (1= k)2 2);.
Proof. First, we calculate the ratio

hy ~3(i+1) HJ' (1= (1= k)2 _ o
MA__thnjwl_(_kV”— (L4 (k—=1)27).

Then we show that the recurrence holds

Appo — 2401 + Ay

hj ( (£+2)5 QZ(Z+1)J +Z€])

7 (:2);]
hj (27 + (k= 1)zY) 4
(2:2);

hj—l (Z(Z+2)j 4 (k} 1)Z(€+3)j)

1 (z; Z)J 1

h; (Z(e+2)(3+1) + (k- 1)Z(1z+3)(j+1))
N2

=0 (Zv Z)j

= Z£+2A[+2 + (k — 1)Z£+3Ag+3.

ME& HMS

(1-2)°

<.
Il
-

I
-Mg

J

I
NE
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Similarly, we can prove that B, is a solution. The interested reader can find the detailed
calculation for this in the appendix. ]

We have yet to find a solution that satisfies the boundary conditions. A suitable linear
combination of A, and By, however, does the trick. In general, setting Fy, = aA, + B, and
solving the simultaneous equations ¢y F} + coFs 4+ c3F3 = 1 and di Fy + doF5 + d3F3 = 1 for
a and [ yields after some algebra:

o= ( — (1 —dy)By — (cg — dg) By — (3 — dg)Bg)/d,
B = ((c1 — di) Ay + (e — do) Ay + (¢35 — d3) A3) /d, where
d = (c1A1 + c2As + c3A;3)(d1 By + da By + d3Bs)

— (1B + 2By + ¢3B3)(d1 Ay + da Ay 4 d3As).

Now setting

c1=1—(2k —1)z, ey = —(k —1)2%, c3 =0,
dl :—(3k—1)2, d2:1—(2k—1)227 d3:_(k_1)23

as in (3) and plugging « and S into Fy = aAy + B, yields the result of Theorem 4.

Remark 33. Note that for £ = 1 the sequence (g(n)),>1 = 1,2,4,8,15,... is given by se-
quence A001523. It also counts the weakly unimodal compositions of n. Similarly, f,(n)
counts the number of unimodal ¢-tuples of positive integers summing to n + ¢. For ex-
ample the sequence (f3(n))n>o is given by sequence A000212. For k = 2, the sequence
(9(n))n>1 = 1,4,16,61,225,. .. is given by sequence A338531 in the On-line Encyclopedia of
Integer Sequences [11].

6 Comments and open questions

1. One might reconsider the restricted problem. Using a substitution similar to the one
mentioned in Corollary 8, we can deduce the generating function for the restricted case,
by replacing zy; with ; fiy However, is it possible to find a direct way of enumerating
the generating function of restricted towers and a closed formula for its coefficients?

2. In this paper, we have counted S-omino towers and row-convex towers. Is it possible
to combine the two ideas and count row-convex S-omino towers?
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Appendix
For the sake of completeness, we show that By is a solution to (2).

Byyo — 2By + By

— Z ‘J 5 <(€+2) (£+2)j (€+1> (£+1)5 _i_gzéj

J

. . 1
(t+2)j _ 9, (+1)j KJ _
+ (2 et Z( 1—om 1+(k—1)zm>>

m=1
:i hszéj(l—z]) 2+€——+Z<1+ - ! )
= (z; z)j —zm 1+ (k — 1)Zm
X B (225 L (e — 1) (E+3)d
:Zjl(z +(2 )Z )<2_|_€_ :
i=1 (%52)j1 L=

J

2 1
+mzl(1+ —n 1+(k;—1)zm))
- 0 ' , . . 1)z(f+3)j) 1
=2 (2 2)2 <3+€_m

- 2 1
+;1<1+ —om 1—|—(k:—1)zm>)

= hy ‘ |
=2y <<€+2> (B2 4 (k= 1)(0 4 3)24D
j J

>
<
L
—~
~
+
N
st
_l’_
o
o

7—1

. 1
(6+2)5 (€+3)] .
(A Z( 1 —om 1+(k—1)zm))

m=1

= Z .3 ’ ((€ + 2)7;(@-2)(]4—1) + (k‘ _ 1)(5 + 3)Z(Z+3)(3+1)

J
(DD | ( — 1)(E+3)64D) Z (1 + 2 - (;{;1 . ))
—m — zm

= 2By + (k= 1)z By 3.
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