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Abstract
We prove some properties of sequence A335294 from the On-Line Encyclopedia of
Integer Sequences, defined by
an = m(n) — (3021 ar),

where 7(z) is the number of primes < z. In particular we show that the sequence (a,)
assumes every non-negative integral value infinitely often.

1 Introduction

Let m(x) = #{p prime : p < z} denote the prime counting function. In this paper we
consider the sequence (ay,),>1 defined by

a, =m(n) — (34 ax) forn > 1.

Apart from a difference in the first three terms, this is sequence A335294 in the OEIS,' and
its initial terms are

07 ]'727 0717 ]'7 ]'7 1707 07 ]'7 ]'727171707 ]'7 172717 ]'707 171717 ]'707 0717 1727 2717
1,0,0,1,1,1,1,2,1,2,2,1,0,1,1,1,1,0,0,1,1,1,1,1,1,1,1,2,2,1, 1, 0, 0,
1,1,1,1,2,1,2,2,1,0,0,0,1,1,1,1,2,1,1,1,1,0,1,1,1,1,1,1,0,0, 1, . ..

A brief examination reveals that the sequence is not monotonic and displays a remarkably
slow rate of growth. In this direction, see Table 1, which shows the smallest solutions to
a, = k for each k£ < 13. (This is a subsequence of the prime numbers for k£ > 1; note that
for k € {3,4,5,6,9,10,13} the corresponding n is also the larger of a twin prime pair.)

k 0 1 2 3 4 5 6

n 1 2 3 229 3259 15739 449569

k 7 8 9 10 11 12 13

n | 6958841 130259903 2404517671 56014949761 538155413969  21692297487587  21692297487589

Table 1: Smallest n satisfying a,, = k, cf. A335337

Let s, denote the summatory sequence,

n
SnZZak for n > 0.
k=1

1Sequence A335294 imposes the initial condition a; = 1, whereas we adopt the convention that the empty
sum is 0, so that a; = m(1) — m(0) = 0. We prefer this convention since it is more elegant and simplifies
some proofs. As we show in Section 3, the sequence is eventually stable under any perturbation of the initial
terms, so this is not a significant alteration.


https://oeis.org/A335294
https://oeis.org/A335294
https://oeis.org/A335337
https://oeis.org/A335294

Our main result establishes some distributional properties of (a,),>1 and (s,),>0. In order
to state them, we define g(x) to be the maximum distance between a real number y < x and
the largest prime p < vy, i.e.,

g(x) = sup min{y —p:p <y} forz>2.
yE[2,2]

Note that ¢ is a continuous, piecewise linear, non-decreasing function, and
w(n) —mw(n—g(n)—1) > 1 for all integers n > 2.

Conjecturally one has g(x) = O(log” x); the best result to date, due to Baker, Harman, and
Pintz [2], is that g(z) < 22Y/0 for all sufficiently large x.

Theorem 1. The following conclusions hold:
(i) ap, >0 and a, — max{1,27(a,)} < any1 < a, +1 for alln > 1;
(it) a, = O(y/g(n)/logg(n)) for alln >5;
(iii) for each k > 0, there are infinitely many n such that a, = k;
(iv) n—g(n) <s, <n-—2 foraln>9;
(v) s, =mn — g(n) for infinitely many n.

Proof. We begin with the upper estimate in (iv). Suppose that s,, < n holds for some n > 0;
note that this is the case for n = 0. By definition we have

Sn+1 = Sn + An+1 = Sp + 7T(7’L + 1) - ﬂ-(sn)a (]-)

so that
n+1l—sp1=Mn+1-s,)— (7(n+1)—n(sy)). (2)
Since s,, < n, the right-hand side is non-negative, and in fact it counts the number of non-
prime integers in the interval (s,, n+1]. Hence we have s, < n+1. By induction it follows
that s,, < n for all n > 0.
Next we improve this to s, < n — 2. Suppose n > 9 is such that s,.;, < n+i— 2 for
i € {0,1,2,3}; we verify this directly for n = 9. If s, .4 > n + 3 then we have

n+4—s,14 <1 = (Su43,n+ 4] contains at most one composite number
=—> n+ 2 and n + 4 are prime
= n+3,n+1,nand n— 1 are composite
— Spi3>n+1 = n+3— 5,43 <2

= (Spi2,n + 3] contains at most two composite numbers



= Spy2 >N = N+2— 8,402

—> (Sp+1,n + 2] contains at most two composite numbers
— Spp1>n—1 = n+1—-s5,.1 <2

= (Sn,n + 1] contains at most two composite numbers

= s, >n— 1.

This contradicts the assumption that s, < n—2, so we must have s, 4 < n+2. By induction
it follows that s, <n — 2 for all n > 9.
Next, for all n > 1 we have

a, =7(n) —m(sy_1) >7m(n) —m(n—1) >0. (3)
It follows that s,, is non-decreasing, and thus
g1 — ap = (7(n+1) = w(n)) — (7(sp) — 7(sp-1)) < w(n+1) —m(n) < 1. (4)

Moreover, by Montgomery and Vaughan’s upper estimate [8, Corollary 2] for primes in short
intervals, we have

pi1 > Ay — (W(Sn_l +a,) — W(Sn_l)) > a, —max{1,27r(a,)}.

This proves (i). We also note that the lower estimate can be improved to a,4+1 > a, — 7(ay)
for n > 4 and 2 < a,, < 1731, by work of Gordon and Rodemich [6].
Let n be a natural number satisfying

Su = 1n—g(n). (5)
Note that this holds for n =3. If s, > n+1— g(n + 1) then
Spi1 > Sp>n+1—gn+1).
Otherwise we have n — g(n) < s, <n — g(n+ 1), so that
Spi1 = Sn +m(n+1) —m(s,) >n—gn)+n(n+1)—7n(n—gn+1)).
By the definition of g we have 7(n + 1) —7(n — g(n+1)) > 1, so
Spr1>n+1—gn)>n+1—gn+1).

Thus, in either case, (5) holds with n replaced by n+ 1. By induction, (5) holds for all n > 3,
and this completes the proof of (iv).

Turning to (ii), let n be a natural number, and suppose that k& = a,, > 3. Applying (4)
inductively, we see that

an_i >k — (w(n) —m(n—1i)) foralli<n. (6)
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Let h > 2 be the largest integer such that 7(h) < k/3. Taking i =n — 1 in (6) we see that
m(n) >k > 3mw(h) > w(h), whence h < n. Moreover, by the prime number theorem we have
h =< klogk. By [8, Corollary 2], for any non-negative integer i < h we have

m(n) —m(n —i) < max{l,2n(i)} <2n(h) < 2k/3,
so that a,_; > k/3. Therefore,

h—1 Lk )
Sp — Sp—h = Za"_i > 5 > k% logk.
i=0

By (iv), 85 — 8pn = h+ O(g(n)) < klogk + g(n). Thus, k*logk < klogk + g(n), and (ii)
follows.

Next, let p, g be a pair of consecutive odd primes attaining a maximal prime gap. Define
sequences (s)),>p and (dp,)n>p by

Sp =D, Snp1 = Syt m(n+1) —m(s)) forn>p, (7

and
d, =5, —s, forn>p.

Subtracting (7) and (1), we find that
dpy1 = dp — (7(sn, + dy) — 7(s,))  for n > p.

It follows that 0 < d,41 < d,, so that s, < s/ for all n > p. From (7) we see that
= s;_; = p. Hence

s = S =
¢g—1—=s,12q—1—=s,_1=q—1-p=g(qg—1),
and by (iv) it follows that s,y = ¢ — 1 — ¢g(¢ — 1). This proves (v).
(Moreover we have s,_1 =p, s, =p+ 1, Sg41 = p+2, and if p > 3 then

max{s, : s, <p} =p—1;

thus s, + h is infinitely often prime for each h € {—2,—1,0,1}. By the estimate of Ford et

. log n loglog nloglogloglogn - :
al. on large prime gaps [4], we also see that n — s, > Tog Tog log infinitely often.)

Next we prove (iii). First note that if there were only finitely many n with a,, = 0 then
we would have s, > n — O(1), contradicting (v); hence (iii) is true for £ = 0. Since a,, can
increase by at most 1 at each step and there are infinitely many n with a,, = 0, to complete
the proof of (iii) it suffices to show that (a,),>1 is unbounded.



To that end, for a given integer m > 2 we apply the main result of Banks, Freiberg, and
Turnage-Butterbaugh [3] to find a sequence of m + 1 consecutive primes with a large gap
followed by a relatively dense cluster. Precisely, let k = k,,1; in the notation of [3], and set
b; = —m*1 = for j =1,... k. Then it is easy to see that the polynomial Hle(x + b;) has
no fixed prime divisor, so by [3, Theorem 1] there exists a subset {hq, ..., hy,} C {b1,...,bx}
such that x + hg,...,x + h,, are consecutive primes for infinitely many = € Z.

Fix any such z, denote the corresponding primes by py, ..., pm, and write h; = —m
where 1 < jg < -+ < j < k. Then

k+1—3;
)

(m — 1) (hy, — hy) = (m — 1)(mFHan — pftizim)
< mk+2fj1 o mk‘i’l*jl S mk+1fj0 o mk+1fj1 — hl o ho,
so that
pr—po>(m—1)(pm—p1) > (m—=1)pn — (p1+p2+- 4 DPm_1).

As in the proof of (v) above, we define sequences (s,)n>p,, (@ )n>p,, and (dp)p>p, by

Sp, = D1, Sn1 = S, +(n+1) —7(s,) forn>py,

r /
a, = s, —s,_; forn > p,

and
d, = s, —s, forn>p.

As above we find that 0 < d, 1 < d,, so
a, =a, +d, —d,1 <a, forn>p.

A straightforward inductive argument now shows that

5;1:]90 for pg < n < p1,
s, =po+n—p +1 for p1 < n < po,
s, =po+ (P2 —p1) +2(n —p2 + 1) for po < n < ps,

S, =po+ (P2 = p1) +2(ps — p2) + -+
+ (m - 2)(pm—1 - pm—2) + (m - 1)(” — Pm—1 + 1) for Pm—1 S n < Pm.

In particular,
S;m—l =po+ (m—1)pm — (1 +p2+ -+ Pm-1) <1,
so that

Oy, = d = 7(p) = (s}, 1) = m.

Since m was arbitrary, this completes the proof of (iii). O



2 Some conjectures

It follows from (ii) and (iv) that
im 2 =0 and lim 2% =1, (8)
n—oo N n—oo 1

We further conjecture the following.

Conjecture 2.
(A) For any k > 0, the set {n > 1: a, = k} has a positive density dy, satisfying

51>50>52>53>54>...

(B) liminf, .o (n —s,) < .
(C) For any integer b > 2, the number A(b) =3 ., a,b™" € R is transcendental.

Part (A) of the conjecture is based on the numerical data shown in Table 2; note that
the convergence is very slow, so it is difficult to measure the densities precisely, and in any
case we do not expect them to be recognizable constants. In connection with (B), it seems

likely from numerical computations that s,, = n — 2 infinitely often; by (iv) this would imply
that liminf,, . (n — s,) = 2. If (a,)n>1 Were an automatic sequence then (C) would follow

from the main result of Adamczewski, Bugeaud, and Luca [1].

k
i 0 1 2 3 4 5
1 4 5 1 0 0 0
2 21 65 14 0 0 0
3 219 577 195 9 0 0
4 2663 4990 2065 275 7 0
5 27671 48507 20265 3287 257 13
6 284408 475421 199765 36779 3443 181
7 2918543 4650175 1991476 395418 41464 2800
8 29607905 45960839 19809319 4108991 473258 37723
9 299530722 455176760 197289962 42282008 5235205 456865
10 3022594978 4517557589 1965289965 432413509 56484650 5201355
11 30450733004 44894741076 19590459294 4400511075 599692839 59396517
12 306392386246 446604857931 195374867235 44626996156 6295691446 652786704
13 3080065196771 4446030725007 1049223822125 451486351994 65543491920 7053078276
14 30940285500711  44287714979733  19452797930000 4559198048883 678055064108 75277782875
Table 2: Values of #{n < 10":a, =k} for 0 <k <5 and 1 <i < 14,

In addition to the numerical evidence noted above, we provide the following theoretical

evidence in support of the conjectures.



Theorem 3.
(i) #{n > 1:a, = k} has positive upper density for at least one k € {0,1}.

(i1) We have #{n < z : a, = 0} > % for all x > 3 under the hypothesis that
g(z) < (logz)C for some C > 1, and #{n < x : a, = 0} > exp((logq:)i_"(l))

unconditionally.

(#73) liminf,, e < 1.

(iv) The number A(b) is irrational.

2.1 Proof of (i) and (ii)

We begin with an overview of the proof. First we show that if a, has few zero terms then
there must exist many long intervals I such that a,, = 1 for all n € I. This immediately
yields (i), and in turn implies that ¢ := n—s, is constant for n+1 € I. In view of (4), for any
n such that n,n +1 € I and n + 1 is prime, s,, must also be prime. Thus, the constellation
of primes occurring in I is repeated on the shifted interval {n —c¢ : n,n+ 1 € I}. Now
the idea is to use results from the Selberg sieve (in particular [5, Lemma 5.1]) that bound
the frequency of such coincidences of the constellations, and this results in a contradiction
if a,, has too few zeros. There is a tradeoff between increasing the dimension of the sieve,
which reduces the overall frequency asymptotically, and the combinatorial price paid for that
increase. Optimizing the dimension then yields (ii).

Next we set some notation to be used in the proof. Let x > 0 be a large real number,
and let r, T € Z be parameters, to be specified in due course, satisfying

2<r<T< r(logx)ﬁ/loglogx.

We regard r as fixed throughout the proof, so the meaning of <, O, o, “sufficiently large”,
etc. may depend implicitly on r. Let K > 1 be a large (absolute) constant, and define

H; = Kj*(logz)(logT) for 0<j <T.
Next, set N = |z| and

Ne=#{1<n<z:a,=k} fork>0.

Then
N0+N1—|—N2—|—:N and N1—|-2N2+"‘:SN,
so that
N0—<N2+2N3+"'):N—SN>O.
Thus

No+ (Na+ N3+ ---) < Nog+ (Nay+2N3 + -+ ) < 2Np.
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This also shows that Ny + 2N, > N, so that max{No, N1} > $N. It follows that at least
one of the sets {n >1:a, =k} for k € {0,1} has upper density > 1. This proves (i).
Next, setting N = {1 <n < z:a, # 1}, we have #N < 2N,. Let

L={teZ:1<({<xzanda,#1forsomenec [l —1,0+ Hy|NZso}.
By [8, Corollary 2|, the number of primes contained in £ is at most
21 (Hrp + 2)(#N + 1) < 47 (Hp + 2)N,.

Suppose, for the sake of contradiction, that 4w(Hp + 2)Ny < %71’(33) From now on we
consider primes p € [1,z] \ £, which is at least half of the primes p < z. These primes have
the property that a,, = 1 for all integers n satisfying p — 1 <n <p+ Hrp.

We need two easy facts about primes.

Lemma 4. Let p; denote the ith prime. For a suitable choice of the constant K and all suf-
ficiently large x, there are at most iw(a:) primes p; < x for which there exists j € {1,...,T}

satisfying piy; — pi > H;.
Proof. Fix j € {1,...,T}. Then, since j < T = o(m(x)), we have

() m(x)+j
D ii—p)< Y. pe=(1+o0(1))jz,
=1 k=n(x)+1

by the prime number theorem. Therefore, the number of ¢ such that p;y; — p; > H; is
< jr/H; = x/(jH;). Summing this over all j <7T', we get a bound of

x 1 zlogT  w(x)
< Z; <<
J<T
For K sufficiently large this is less than {7 (x). O

Lemma 5. For a fized choice of r > 2, there are at most o(w(x)) primes p; < x satisfying
the following conditions:

(i) pivj —pi < Hj for all j € {0,...,T};
(ii) there are vectors (ji,...,7:), (1, ---,j.) € Z" such that
0<j1<jo<--<j<T, 0<jy<jy<---<yj.<T,

and
Pitiy = Pitj) =+ = Ditjr — Pivjt. 7 0



Proof. Let p; be such a prime, and set
h; =piy; —pi for j€{0,...,T}.
Let (j1,---,4r), (J1,.-.,7.) be as in (ii), and write
{i gy Ui a = {0, G
with ¢; < --- < ;. From our hypotheses it is clear that » +1 < k < 2r. Let
d=hj —hj =--=hj —hy

denote the common difference. Swapping (j1,...,J-) and (ji, ..., j.) if necessary, we may
assume without loss of generality that d > 0, and it follows that j; > j. for each s €
{1,...,r}.

For a fixed value of k, there are O(T*) ways of choosing {j1,..., .} and {j,...,j.} of
total cardinality k. If k = 2r then for each choice of indices, there are at most H,." choices
for the pair of vectors v = (hy,,..., hy,), v' = (hj,..., hj ), since v" is determined by v and
d. If k < 2r then there are 2r — k pairs (s,t) such that j; = j;; for each pair we have
d = hj, — hy = hj, — hj,, so that hj, is determined by h;, and d. Hence, in general there are
at most HE™" choices for v, v’ for a given choice of indices. Thus, in total we find

< TkHéi—H_r < T3k+2—2r((10g T)(10g$))k+1—7‘

choices for v, v’ for our fixed k.

Let us first suppose that ¢; > 0. Then n = p; is an integer such that the k£ 4 1 distinct
linear forms n,n+ hy,,...,n+ hy, are all prime. By [9, Ch. II, Satz 4.2], the number of such
n < xis

T E \"
< (log )k+1 (@(E)) o where B= [T e I (ke — o).

1<s<k 1<s<t<k

Since hyy, ..., hy, < Hpy < log® z, we have % < logloglogx. Hence, the number of

possibilities for p; is

T3+ (log T)** """ z(log log log 2)* < T*+2(log T)" 'z (log log log z)*"
(log .I’)r < (log x)r
z(logloglogz)?
(log z)(log log x)3r+1 o(m()).

<

If /1 = 0 then we lose one linear form, but gain from the fact that ji and hj are fixed
at 0. This effectively replaces k by k — 1 in the above analysis, so we again find o(w(z))
possibilities for p;. Finally, summing over k& € {r + 1,...,2r} concludes the proof of the
lemma. O]
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The following is Lemma 5.1 of Ford, Konyagin, and Luca [5].

Lemma 6. There is a positive constant 0 so that the following holds. Let aq,...,a; be
positive integers, let by, ..., by be integers and let £(p) be the number of solutions of

k

H(am +b)=0 (mod p).

i=1

1
Fe>10,1<k<o6—2"  ond
log log x
kE—
B = Z (&) logp < dlogx,
p
p

then the number of integers n < x for which ayn + by, ..., axn + by are all prime and > k is

A AT kB + k*loglog x B ¢(p) 1\ *
< (log 2)F eXp(O( log 2 )), wher66—1;[<1—7> <1—5) . (9)

We are now ready to go. As we said, we work with primes p; < z that are not in L.
The number of them is at least %W(I) We discard all p; such that p;;; — p; > H; holds

for some j =1,...,T. By Lemma 4, there are at most 17 (z) such primes. Next, applying
Lemma 5, by removing a further o(m(z)) values of p;, we may assume that as j and j’ range
over {0,...,T'}, each non-zero difference p;,; — p;1j» occurs with multiplicity at most r — 1.

After this we are left with at least (3 — o(1))m () primes p;.
Set ¢ = p; — s,,. By Theorem 1(iv) and the definition of Ny, we have

0<c¢< M :=min{g(z), No}.

Now consider p;, pit1,...,pitr. These are of the form p;y; = p; + h; for some h; < Hj,
as in the proof of Lemma 5. On the other hand, p;»r — p; < Hp, and since a, = 1 for
pi—1 <mn < p + Hp, we have s,, = n — ¢ for p; —2 < n < p;ir. Applying (4) with
n = piy; — 1, we have

0=ap; —ap,;—1 = (ﬂ-(piﬂ') - W(piﬂ' - 1)) - (W(SPHJ'*l) - W(Spi+j*2)>

=1- (W(piﬂ‘ —1—c)=7(pir; —2— C))

Hence, pjy; —1 —c=p; + h; —c— 1 is prime.

Therefore, n = p; is such that n + h; and n + h; — ¢ — 1 are all primes for j =0,...,T.
This is 27" + 2 linear forms, but they might not all be distinct. Let m be the cardinality of
the intersection

{hj:0<7<T}tN{hj—c—1:0<5<T}.

11



Then there exist jo < j1 < -+ < Jm and jj < 71 < --- < j,, with
hjy = hjy = - = hj, =y, = c+ 1,
so that
Pitji = Pivj] = = = Ditjm — Pitjy, > 0.
By our construction, we must have m < r; in particular, there are at least 274 3 —r distinct
forms among the n + h; and n+h; —c—1for j =0,...,T. Hence we may apply Lemma 6
for some k € 2T +3 —r,2T + 2| N Z.

We need to check the hypothesis on B and estimate some of the parameters in (9). For
B, we partition the primes into S7 U Sy U S5, where

Si={p:p<log®zorp|(c+1)}, Sy={p:&(p) <k}\Si, Ss={p:&p)=k}\S.
Since ¢ < x, ¢+ 1 has O(log z/ log log x) prime factors exceeding log® z. Hence,

k — lo lo
Z( ;(m)logpgk‘z gp+kz gp

pESY p<log® = p pl(c+1) b
p>log?

T
< Tloglogr + —— < T'loglog x.
log x

For any prime p € S5, there is a double solution n modulo p to

H(n+hj)- H (n+h;j—c—1)=0 (mod p).

0<j<T 0<j<T
h;—c—1¢{ho,..h1}

If the double root comes from the forms n + h; for j = 0,...,7T, we get that p divides
hj, — hj, for some ji, jo with 0 < j; < jo < T'. But this is impossible since p > long and
hj < Hp < log® x for large #. The same argument shows that the double solution cannot
come from two factors of the form n+ h; —c—1 for j € {0,...,T}. So any double root
must appear once from the first set of forms and once from the second, so that p divides
c+ 1+ hy —hj # 0 for some j,j° € {0,...,7}. These numbers all lie in the interval
l[c+1—Hr,c+ 1+ Hrl], and since ¢ < z, each has O(log 2/ log log x) prime factors exceeding
log? z. Thus,

Hrlogx
45, <« TEET og s
log log x
Moreover, writing m = k — £(p), there exist j; < -+ < jm, j1 < -+ < j., such that
hj, —hjy =---=hj, —hy =c+1 (mod p).
Since p{ (¢ + 1) and 2H7 + 1 < log® = for large z, this implies that
hjy = hjy =+ = hy,, — hj, #0.

12



Thus we have m < r, so that £(p) > k+ 1 — r. Therefore

k— 1
Z <&) logp < (r—1) Z 08P o log log .
PES?2 p log? 2<p<O(log® x) p

Finally, the primes in S3 do not contribute to B. Thus, the bound on B holds, and in fact
B = 0O(Tloglogx).

We now estimate (9). Since B = O(T loglog x), the factor involving exp tends to 1 as
r — 00, so it is smaller than 2 for large x. In the expression for &, the primes p € S
contribute at most

(%)k 11 (1 —%)k — O(log log )* exp (k 3 %)

p<log® p<log® =

= exp(O(T logloglog z)).
The contribution from p € S5 is at most

() () ) (o)

PES

=11 (1+O(%)> :exp<z %) _ 00

PES2 pESs

Similarly, from p € S3 we get a contribution of

(-5 (1) weon(s 55 20) (o)) =

p>log? x

Thus, in total we have

S = exp(O(T logloglog z)).

Applying Lemma 6, the number of n < x of this form is

2k kel e
(log z)*

Since 2k < 4T + 4 < log x for large z, this is largest when k& = 27+ 3 — r. Using also that

<

exp (O(T log log log x)) .

22T+3—r(2T +3—p) = T2T+8-4r LO(rlog T)+O(T) _ 2T +8—4r ,0(T)

)

we obtain s ()
“r(w
< Tlog 1) 2 exp(O(T logloglog z)).
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This is for fixed ¢, hq, ..., hy. The number of choices for these parameters is at most
MH; - Hy = M(T")’H{ < MT* (log )" exp(O(T log loglog z)).
Thus, in total the number of possibilities is
Mnr(z)
(T 12— ) g ()

This must account for at least (3 — o(1))w(z) primes, so for sufficiently large x we have

exp(O(T log log log x))

M = min{g(x), No} > exp<(T +2—71) log(loﬁf) — O(T loglog log x)) .

If g(z) < (logx)® for some C' > 1, then taking r = 2 and T = |C| + 1 results in a
contradiction for sufficiently large x. Hence, our hypothesis that 47(Hpr + 2)Ny < %W(I)
must be false, and it follows that Ny > z(loglogz)/log? z.

On the other hand, assuming that Ny < z/log”z (and making no hypothesis on g(z)),

we can take T' = |r(log x)ﬁ/ loglog x|, and we conclude that Ny > exp((log x)ﬁ) for all
sufficiently large x. Since this is true for every r > 2, we have Ny > exp((log x)i"’(l)).

2.2 Proof of (iii)

Consider positive integers M < N, and let h = min{n —s,, : M <n < N}. Then

SN — Sy = Z_ Apyp1 = Z_ (r(n+1) —m(sy)) > Z_ (r(n+1) —7(n — h))
= Z(W(N — i) — (M —4)) > (h+1)(7(N — h) — n(M)).

By Theorem 1(iv) and the result of Baker, Harman, and Pintz [2], we have
h<g(M)< MY/ for sufficiently large M.

Choosing N = [M + M"/*?] and applying Heath-Brown’s asymptotic [7] for primes in short
intervals, we have

RN =) = 7(M) = (1+0(1) T

as M — oo.

On the other hand,
sy = sy <N — (M —g(M)) < (1+o0(1))(N - M),

so that b < (14 o0(1))log M. Thus, every sufficiently large interval [M, M + M7/12) contains
an integer n with n — s, < (1 + o(1)) logn.
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2.3 Proof of (iv)

Let N be a large natural number, and write {1,..., N} as a disjoint union [; U --- U I;
of intervals I; such that a, is constant on each I; and J is as small as possible. Setting
m; = max [; for j < J, we have either m; = N or @ 41 # Gm,;. From (4) we see that if
Unt1 # ay then either m(n + 1) # w(n) or 7(s,) # 7(sp—1). Since both sequences m(n) and
7(s,_1) are non-decreasing and s,, < n for all n, it follows that

J<1+#{n<N:ap #a} <1+27(N).

Thus, for at least one of the intervals, say I; = {ni,...,ns}, we have

I, = — 1> —.
#h=m—mtl 2 e

By the prime number theorem, for any fixed ¢ > 0 this exceeds (% —¢)log N for all sufficiently
large N.
Suppose A(b) = u/v is rational. Then, multiplying by v(b — 1)b™ ! we obtain

b— ! = (b — Dyt S 2
o= ) =ulo =t S

Let ¢ = a,,. Since a,, is constant for n; < n < ny, we have

ny1—1 na
u<b - 1)bn1_1 = U(b - 1) Z anbm—l—n —+ U(b — 1)0 Z b"l—l—n + U(b _ 1) Z anbm—l—n
=1 n=n n>na+1
ny—1 ;
=v(b—1 a, b e pe(1 — BTy g (h — 1)pm el natm
)Y ( RUGRIGEEDIE -

Hence,

ni—1

,Ubnlfngfl ((b o 1) Z ang% _ C) — u(b — 1)bn171 _ U(b — 1) Z a/nbnlflfn — e (10)
n=1

m>1

is an integer.
On the other hand, since 0 < a4 < ¢+ m for m > 1, we have

a & m b
e < (b— Gnatm . (p _ e
c<(b—1) E o c<(b—1) E o e —

m>1 m>1

Hence the left-hand side of (10) is bounded in modulus by

(c+2v _ (e+2v _ vV/g(N)
pr2—n1+1l — N(%—a)logb N(%—a)logb'
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From Baker, Harman, and Pintz [2], we have g(N) < N2/40 for sufficiently large N. Since

logbh > log2 > %, for small enough ¢ this expression tends to 0 as N — oo. Since it has to

be an integer, it must be 0 for all sufficiently large N.

Therefore,
Anotm C <
bm b —1 Z b

m>1 m>1

By Theorem 1(iii) there exists ng > ny such that a,, = 0. Thus, we have

e n3—no—1 ngz—no—1 no—ng+1
Ung+j c Z Anotm Z €= Onytm cb"e

L pn3ty b bm b b—1

j=1 m>1 m=1 m=1

Multiplying both sides by (b — 1)b™~! we see that the right-hand side is an integer, so

Ung+j
Jj=1
On the other hand, we have 0 < a,,1; < j, and by Theorem 1(iii) both inequalities are strict
for infinitely many j. Hence,

Aot i 7
0<(b—1) bji” <(b—1)ZW:1.

j=21 Jj=21

This is a contradiction, so A(b) must be irrational.

3 Generalizations and suggestions for further work

The sequence a,, admits a vast generalization via sequences of the form

ap(n) = m(f(n)) — 7 (4, as(k))

for various functions f. For instance, choosing f(n) = tn for a fixed integer ¢ > 0, our proof
of (8) can be generalized to show that
arp(n s¢(n

lim L:O and  lim ﬁzt,

n—00 n n—00 n
where sg(n) = > ;_, as(k) denotes the summatory function. One can pose many of the same
questions and conjectures for these sequences.

Another possible generalization is to consider the same recurrence formula with different

initial conditions. However, it turns out that this offers no increase in generality, in the sense
that if (a},),>1 is any sequence satisfying

a, =7m(n) — (34, a}) forn>nyg
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for some ny > 0, then a!/, = a, for all sufficiently large n. (The same proof shows that taking
f(n) = n + c for some ¢ € Z in the above, we have af(n) = a,4. for sufficiently large n.)
To see this, let s/, be the summatory sequence of a/, and set d,, = s,, — s,,. Then, as in the
proof of Theorem 1(v), we find that |d,+1| < |d,|. From that proof we also see that each of
the sequences (s,),>1 and (s, + 1),>1 assumes infinitely many prime values, and it follows
that d,, eventually reaches 0. Thus s/, = s, and a,, = a,, for sufficiently large n.

At the same time, there are several possible avenues for further research on (a,). We
conclude with a few speculative suggestions.

1. Assuming Cramér’s conjecture, by Theorem 1(ii) we have

ang; an S xy/loglog x

max,<g an, log x

#{n<z:ia,#0} >

This could be improved with some information on higher moment statistics of a,,. For

instance, can one give a non-trivial upper bound for Y _ a2?

2. It is easy to see that the difference sequence a,, 1 —a, is almost always 0, so a,, has many
long constant runs. (This idea was used in the proof of Theorem 3(iv).) Assuming
either Conjecture 2(A) or Dickson’s conjecture, one can see that for any k& > 0 there
are arbitrarily long runs of n with a,, = k. Unconditionally, by Theorem 3(i) this holds
for at least one k € {0, 1}, and from the proof of Theorem 1(iii) we get arbitrarily long
runs on which a,, is both constant and arbitrarily large. Can one give an unconditional
proof of long constant runs for a specific value of k7

3. The previous question admits many generalizations. For instance, assuming Dickson’s
conjecture, one can see that there are arbitrarily long arithmetic progressions n,n +
d,...,n+kdsuch that a,;;4 = j for j =0,...,k. Can this be proved unconditionally?
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