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We apologize for a mathematical error in Corollary 7 of our recently published article
[1]. The bound in Corollary 7 is not optimal for h1 > 1. The optimal (and corrected) bound
is |H Â| ≥

∑r
i=1(hi − hi−1)(k − hi − 1) + h1 + r. The changes in the bound result in some

changes in the proof of Corollary 7. Furthermore, this also results in some changes in the
corresponding inverse result, which is Corollary 10. Below we present the complete and
corrected proofs of Corollary 7 and Corollary 10. We also rectify a typo mistake in Corollary
11 by giving the correct statement.

Corollary 7. Let A be a set of k nonnegative integers with 0 ∈ A. Let H = {h1, h2, . . . , hr}
be a set of positive integers with h1 < h2 < · · · < hr ≤ k − 1. Set h0 = 0. Then

|H Â| ≥
r∑

i=1

(hi − hi−1)(k − hi − 1) + h1 + r. (1)

This lower bound is optimal.

Proof. Let A = {0, a1, a2, . . . , ak−1}, where 0 < a1 < a2 < · · · < ak−1. Set A′ = A \ {0}. For
i = 1, 2, . . . , h1, let

si =

h1∑
j=1, j 6=h1−i+1

aj.

Then it is easy to see that {0} ∪H Â′ ⊆ H Â if h1 = 1 and {s1, s2, . . . , sh1} ∪H Â′ ⊆ H Â if
h1 > 1, where s1 < s2 < · · · < sh1 < min(H Â′). So, by Theorem 6, we get

|H Â| ≥ |H Â′|+ h1 ≥
r∑

i=1

(hi − hi−1)(k − hi − 1) + h1 + r. (2)

Furthermore, the optimality of the lower bound in (1) can be verified by taking A =
[0, k − 1] and H = [1, r], where k, r are positive integers with r ≤ k − 1.
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Corollary 10. Let A be a set of k ≥ 7 nonnegative integers with 0 ∈ A. Let H =
{h1, h2, . . . , hr} be a set of r ≥ 2 positive integers with h1 < h2 < · · · < hr ≤ k − 2.
Set h0 = 0. If

|H Â| =
r∑

i=1

(hi − hi−1)(k − hi − 1) + h1 + r,

then H = h1 + [0, r − 1] and A = min(A \ {0}) · [0, k − 1].

Proof. Let A = {0, a1, a2, . . . , ak−1}, where 0 < a1 < a2 < · · · < ak−1. Set A′ = A \ {0}. The
equality |H Â| =

∑r
i=1(hi − hi−1)(k − hi − 1) + h1 + r together with (2) implies |H Â′| =∑r

i=1(hi − hi−1)(k − 1 − hi) + r. By applying Theorem 9 on H and A′, we obtain H =
h1+[0, r−1] and A′ = min(A′)·[1, k−1]. Hence, H = h1+[0, r−1] and A = min(A′)·[0, k−1].
This completes the proof of the corollary.

Corollary 11. [2, Theorem 2.2, Corollary 2.3] Let A be a set of k ≥ 7 nonnegative integers

and H = [0, r] with 2 ≤ r ≤ k − 1. If 0 /∈ A and |H Â| = rk − r(r−1)
2

+ 1, then A = d · [1, k]
for some positive integer d.

If 0 ∈ A, r ≤ k− 2, and |H Â| = rk− r(r+1)
2

+ 1, then A = d · [0, k− 1] for some positive
integer d.
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