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Abstract

In this note we find the optimal lower bound for the size of the sumsets HA and

H Â over finite sets H,A of nonnegative integers, where HA =
⋃

h∈H hA and H Â =⋃
h∈H h Â. We also find the underlying algebraic structure of the sets A and H for

which the size of the sumsets HA and H Â is minimum.

1 Introduction

For a given finite set A of integers and for a positive integer h, the sumset hA and the
restricted sumset h Â are fundamental objects in the field of additive number theory. The
sumset hA is the set of integers that can be written as the sum of h elements of A, whereas
the sumset h Â is the set of integers that can be written as the sum of h pairwise distinct
elements of A. In this regard, two of the important problems in additive number theory are
to find the best possible lower bounds for the size of the sumsets hA and h Â, and to find the
structure of the finite set A for which the sumsets hA and h Â contain the minimum number
of elements. These two problems have been well established in the group of integers [4, 5].

Theorem 1. [5, Theorem 1.4, Theorem 1.6] Let A be a finite set of k integers. Let h be a
positive integer. Then

|hA| ≥ h(k − 1) + 1.

Moreover, if this lower bound is exact with h ≥ 2, then A is an arithmetic progression.
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Theorem 2. [4, Theorem 1, Theorem 2] Let A be a finite set of k integers. Let h ≤ k be a
positive integer. Then

|h Â| ≥ h(k − h) + 1.

Moreover, if this lower bound is exact with k ≥ 5 and 2 ≤ h ≤ k−2, then A is an arithmetic
progression.

Now let H be a given finite set of nonnegative integers. Define the sumset [1, p. 175]

HA :=
⋃

h∈H

hA,

and the restricted sumset
H Â :=

⋃

h∈H

h Â.

Here we are assuming that 0A = 0̂A = {0}.
For a set A and for an integer c, we let c ·A = {ca : a ∈ A}. For integers a, b with a ≤ b,

we also let [a, b] = {a, a+ 1, . . . , b}.
The case H = [0, r] is more interesting and has been studied before (for recent papers,

see [1, 2, 3]). Bajnok [1] defined the sumsets for an arbitrary finite set H of nonnegative
integers, and asked to study similar problems like the sumsets hA and h Â over finite abelian
groups. That is, find the optimal lower bound for the size of the sumsets HA and H Â, and
the structure of the sets H, A for which the sumsets HA, H Â contain the minimum number
of elements.

In this note, we study these two problems for the sumset HA in Section 2, and the sumset
H Â in Section 3, for finite sets A of nonnegative integers (or nonpositive integers) and H of
nonnegative integers. We consider two separate cases, namely

(i) the set A consists of positive integers and

(ii) the set A consists of nonnegative integers.

The cases

(iii) the set A consists of negative integers and

(iv) the set A consists of nonpositive integers,

follow from the cases (i) and (ii), respectively, as H(c · A) = c ·HA and H (̂c · A) = c ·H Â
for arbitrary integers c. As consequences of our results we obtain some recent results in this
direction.

In Section 2 and Section 3, we use the following notation: for a set S = {s1, s2, . . . , sk−1, sk}
with k ≥ 2 and s1 < s2 < · · · < sk−1 < sk, we write min(S) = s1, min+(S) = s2,
max(S) = sk, and max−(S) = sk−1.
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2 Regular sumset

Theorem 3. Let A be a set of k positive integers. Let H be a set of r positive integers with
max(H) = hr. Then

|HA| ≥ hr(k − 1) + r. (1)

This lower bound is optimal.

Proof. Let A = {a1, a2, . . . , ak} and H = {h1, h2, . . . , hr}, where 0 < a1 < a2 < · · · < ak and
0 < h1 < h2 < · · · < hr. Set

S1 := h1A (2)

and
Si := (hi − hi−1)A+ hi−1ak, (3)

for i = 2, 3, . . . , r. Clearly Si ⊆ hiA for i = 1, 2, . . . , r, and max(Si) < min(Si+1) for
i = 1, 2, . . . , r − 1. Therefore S1, S2, . . . , Sr are pairwise disjoint subsets of HA. Hence, by
Theorem 1, we have

|HA| ≥
r∑

i=1

|Si|

= |h1A|+
r∑

i=2

|Si|

≥ h1(k − 1) + 1 +
r∑

i=2

[(hi − hi−1)(k − 1) + 1]

= hr(k − 1) + r. (4)

This proves (1).
To see that the lower bound in (1) is optimal, let A = [1, k] and H = [1, r]. Then

HA = [1, rk], and hence |HA| = rk. This completes the proof of the theorem.

Remark 4. If A contains nonnegative integers with 0 ∈ A, then HA = hrA, as hiA ⊆ hrA
for i = 1, 2, . . . , r−1. Therefore, by Theorem 1, we have |HA| ≥ hr(k−1)+1. Furthermore,
this bound is optimal, and it can be seen by taking A = [0, k − 1] and H = [1, r].

Now we prove the inverse result of Theorem 3.

Theorem 5. Let A be a set of k ≥ 2 positive integers and H be a set of r ≥ 2 positive
integers with max(H) = hr. If |HA| = hr(k− 1) + r, then H is an arithmetic progression of
difference d and A is an arithmetic progression of difference d ·min(A).

Proof. Let A = {a1, a2, . . . , ak} and H = {h1, h2, . . . , hr}, where 0 < a1 < a2 < · · · < ak and
0 < h1 < h2 < · · · < hr. Let |HA| = hr(k − 1) + r. Then the sumset HA contains precisely
the elements of the sets Si for i = 1, . . . , r, which are defined in (2), (3).
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First, we show that A is an arithmetic progression. Observe that the assumption |HA| =
hr(k− 1) + r together with (4) implies |h1A| = h1(k− 1) + 1. If h1 > 1, then from Theorem
1, it follows that the set A is an arithmetic progression. So, let h1 = 1. Then

S1 = h1A = A = {a1, a2, . . . , ak}.

Set
S := {a1, h2a1, (h2 − 1)a1 + a2, . . . , (h2 − 1)a1 + ak−1}.

Clearly S ⊆ HA and max(S) = (h2−1)a1+ak−1 < (h2−1)a1+ak = min(S2). Thus S = S1.
In other words, (h2− 1)a1+ ai−1 = ai for i = 2, 3, . . . , k. Equivalently, ai− ai−1 = (h2− 1)a1
for i = 2, 3, . . . , k. Hence, A is an arithmetic progression.

Next we show that H is an arithmetic progression. For i = 1, 2, . . . , r − 1, consider the
integers (hi+1 − hi)a1 + ak−1 + (hi − 1)ak. Clearly

max−(Si) = ak−1 + (hi − 1)ak < (hi+1 − hi)a1 + ak−1 + (hi − 1)ak

< (hi+1 − hi)a1 + hiak = min(Si+1).

But we already have

max−(Si) = ak−1 + (hi − 1)ak < hiak = max(Si) < (hi+1 − hi)a1 + hiak = min(Si+1).

Thus
(hi+1 − hi)a1 + ak−1 + (hi − 1)ak = hiak for i = 1, 2, . . . , r − 1.

This implies
ak − ak−1 = (hi+1 − hi)a1 for i = 1, 2, . . . , r − 1. (5)

Therefore
h2 − h1 = h3 − h2 = · · · = hr − hr−1,

and hence the set H is an arithmetic progression. Furthermore, by (5), the set A is an
arithmetic progression of difference (hi+1 − hi)a1. This completes the proof of the theorem.

3 Restricted sumset

Theorem 6. Let A be a set of k positive integers and H = {h1, h2, . . . , hr} be a set of
positive integers with h1 < h2 < · · · < hr ≤ k. Set h0 = 0. Then

|H Â| ≥
r∑

i=1

(hi − hi−1)(k − hi) + r. (6)

This lower bound is optimal.
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Proof. Let A = {a1, a2, . . . , ak}, where a1 < a2 < · · · < ak. Set

S1 := h1 Â (7)

and
Si := (hi − hi−1)̂Ai +max(hi−1 Â), (8)

for i = 2, 3, . . . , r, where Ai = {a1, a2, . . . , ak−hi−1
}. Clearly Si ⊆ hi Â for i = 1, 2, . . . , r, and

max(Si) < min(Si+1) for i = 1, 2, . . . , r − 1. Therefore S1, S2, . . . , Sr are pairwise disjoint
subsets of H Â. Hence, by Theorem 2, we have

|H Â| ≥
r∑

i=1

|Si|

= |h1 Â|+
r∑

i=2

|Si|

≥ h1(k − h1) + 1 +
r∑

i=2

[(hi − hi−1)(k − hi) + 1]

=
r∑

i=1

(hi − hi−1)(k − hi) + r. (9)

This proves (6).
Next to see that the lower bound in (6) is optimal, let A = [1, k] and H = [1, r] with

r ≤ k. Then H Â ⊆ [1, k + (k − 1) + · · · + (k − r + 1)]. Therefore |H Â| ≤ rk − r(r−1)
2

.

This together with (6) implies |H Â| = rk − r(r−1)
2

, and hence completes the proof of the
theorem.

As a consequence of Theorem 6, we obtain the following corollary.

Corollary 7. Let A be a set of k nonnegative integers with 0 ∈ A. Let H = {h1, h2, . . . , hr}
be a set of positive integers with h1 < h2 < · · · < hr ≤ k − 1. Set h0 = 0. Then

|H Â| ≥
r∑

i=1

(hi − hi−1)(k − hi − 1) + r + 1. (10)

This lower bound is optimal.

Proof. Let A′ = A \ {0}. Then H Â′ ∪ {0} ⊆ H Â. This implies

|H Â| ≥ |H Â′|+ 1 ≥
r∑

i=1

(hi − hi−1)(k − hi − 1) + r + 1.

Furthermore, the optimality of the lower bound in (10) can be checked by taking A =
[0, k − 1] and H = [1, r], where k, r are positive integers with r ≤ k − 1.
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The following result (which has recently been proved) is a particular case of Theorem 6
and Corollary 7.

Corollary 8. [3, Theorem 2.1, Corollary 2.1] Let A be a set of k nonnegative integers and
H = [0, r] with r ≤ k. If 0 /∈ A, then

|H Â| ≥ rk −
r(r − 1)

2
+ 1.

If 0 ∈ A and r ≤ k − 1, then

|H Â| ≥ rk −
r(r + 1)

2
+ 1.

These lower bounds are optimal.

Now we prove the inverse theorem of Theorem 6.

Theorem 9. Let A be a set of k ≥ 6 positive integers. Let H = {h1, h2, . . . , hr} be a set of
r ≥ 2 positive integers with h1 < h2 < · · · < hr ≤ k − 1. Set h0 = 0. If

|H Â| =
r∑

i=1

(hi − hi−1)(k − hi) + r,

then H = h1 + [0, r − 1] and A = min(A) · [1, k].

Proof. Let A = {a1, a2, . . . , ak}, where 0 < a1 < a2 < · · · < ak. Let |H Â| =
∑r

i=1(hi −
hi−1)(k − hi) + r. Then the sumset H Â contains precisely the elements of the sets Si for
i = 1, . . . , r, which are defined in (7), (8).

First, we show that A is an arithmetic progression. Since |H Â| =
∑r

i=1(hi − hi−1)(k −
hi) + r, from (9), it follows that |h1 Â| = h1(k − h1) + 1. If h1 ≥ 2, then by Theorem 2, the
set A is an arithmetic progression. Therefore, let h1 = 1.

If h2 ≥ 3, then h2 − h1 ≥ 2. By (9), we get |S2| = |(h2 − h1)̂A2| = (h2 − h1)(k −
h2)+1, where A2 = {a1, a2, . . . , ak−1}. Therefore, by Theorem 2, the set A2 is an arithmetic
progression. To show that A is an arithmetic progression, it is left to show that ak − ak−1 =
ak−1 − ak−2. Consider the following integers:

ak−2 < a1 + · · ·+ ah2−1 + ak−2 < a1 + · · ·+ ah2−1 + ak−1 < a1 + · · ·+ ah2−1 + ak

= min(S2).

But we already have

ak−2 < ak−1 < ak < a1 + · · ·+ ah2−1 + ak = min(S2),

where {ak−2, ak−1, ak} ⊆ S1. Thus

a1 + · · ·+ ah2−1 + ak−2 = ak−1 and a1 + · · ·+ ah2−1 + ak−1 = ak.
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This implies
ak − ak−1 = a1 + · · ·+ ah2−1 = ak−1 − ak−2,

and we are done.
Now let h2 = 2; i.e., h2−h1 = 1. Set T1 := {a1, a2, a1+a2, a1+a3, . . . , a1+ak−1}. Clearly

T1 ⊆ h1 Â ∪ h2 Â ⊆ H Â and max(T1) = a1 + ak−1 < a1 + ak = min(S2). Therefore T1 = S1.
That is

{a1, a2, a1 + a2, a1 + a3, . . . , a1 + ak−1} = {a1, a2, a3, . . . , ak}.

Thus ai = a1+ai−1 for i = 3, 4, . . . , k. Equivalently, ai−ai−1 = a1 for i = 3, 4, . . . , k. To show
that A is an arithmetic progression it is enough to show a2 − a1 = ak − ak−1. Consider the
integer a2 + ak−1. Since max(S1) = max(T1) = a1 + ak−1 < a2 + ak−1 < a2 + ak = min+(S2)
and max(S1) = max(T1) = a1 + ak−1 < a1 + ak = min(S2) < a2 + ak = min+(S2), we must
have a2 + ak−1 = a1 + ak. This proves A is an arithmetic progression.

Next we show that H is an arithmetic progression. For i = 1, 2, . . . , r − 1, consider the
following integers:

max−(Si) = ak−hi
+ ak−hi+2 + · · ·+ ak < ak−hi+1 + · · ·+ ak = max(Si)

< a1 + · · ·+ ahi+1−hi
+ ak−hi+1 + · · ·+ ak = min(Si+1)

and

max−(Si) = ak−hi
+ ak−hi+2 + · · ·+ ak < a1 + · · ·+ ahi+1−hi

+ ak−hi
+ ak−hi+2 + · · ·+ ak

< a1 + · · ·+ ahi+1−hi
+ ak−hi+1 + · · ·+ ak = min(Si+1).

Therefore

ak−hi+1 + · · ·+ ak = a1 + · · ·+ ahi+1−hi
+ ak−hi

+ ak−hi+2 + · · ·+ ak

for i = 1, 2, . . . , r − 1. This implies

ak−hi+1 − ak−hi
= a1 + · · ·+ ahi+1−hi

for i = 1, 2, . . . , r − 1. (11)

Since A is an arithmetic progression, the difference between any two consecutive elements in
A is same. Therefore

a2 − a1 = ak−hi+1 − ak−hi
= a1 + a2 + · · ·+ ahi+1−hi

for i = 1, 2, . . . , r − 1.

This holds, only if hi+1 − hi = 1 for i = 1, 2, . . . , r − 1. Hence, H = h1 + [0, r − 1] and
A = a1 · [1, k]. This completes the proof of the theorem.

Corollary 10. Let A be a set of k ≥ 7 nonnegative integers with 0 ∈ A. Let H =
{h1, h2, . . . , hr} be a set of r ≥ 2 positive integers with h1 < h2 < · · · < hr ≤ k − 1.
Set h0 = 0. If

|H Â| =
r∑

i=1

(hi − hi−1)(k − hi − 1) + r + 1,

then H = h1 + [0, r − 1] and A = min(A \ {0}) · [0, k − 1].
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Proof. Let A′ := A\{0}. Then the equality |H Â| =
∑r

i=1(hi−hi−1)(k−hi−1)+r+1 implies
|H Â′| =

∑r

i=1(hi − hi−1)(k − 1 − hi) + r. Thus by Theorem 9, we get H = h1 + [0, r − 1]
and A′ = min(A′) · [1, k − 1]. Hence, H = h1 + [0, r − 1] and A = min(A′) · [0, k − 1]. This
proves the theorem.

The following inverse result (which has recently been proved) is a particular case of
Theorem 9 and Corollary 10.

Corollary 11. [3, Theorem 2.2, Corollary 2.3] Let A be a set of k ≥ 7 nonnegative integers

and H = [0, r] with 2 ≤ r ≤ k − 1. If 0 /∈ A and |H Â| = rk − r(r−1)
2

+ 1, then A = d · [1, k]
for some positive integer d.

If 0 ∈ A and |H Â| = rk − r(r+1)
2

+ 1, then A = d · [0, k − 1] for some positive integer d.
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