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Abstract
In this note we present a combinatorial proof of an identity involving poly-Bernoulli
numbers and Genocchi numbers. We introduce combinatorial objects called m-barred
Callan sequences and use them to show that the identity holds in a more general

manner.

1 Introduction

In this paper we present a combinatorial proof of an identity that establishes an interest-
ing relation between the C-poly-Bernoulli numbers and Genocchi numbers. The Genocchi
numbers, GG, can be defined by the generating function [13, Exercise 5.8]
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The first few values are
0,1,-1,0,1,0,-3,0,17,0, —155, ...
(see A036968 in the OEIS (On-Line Encyclopedia of Integer Sequences) [12]).
The poly-Bernoulli numbers B are defined for k € Z by

Lig(l—e™) & put”

o = Ean E (1)
where Lig(z) is the polylogarithm function given by

: — 2"
Lig(2) = ) — (<.
m=1
For negative k indices, the poly-Bernoulli numbers are integers (A099594 in [12]). Several
combinatorial objects are enumerated by these numbers, for instance, lonesum matrices [7],
matrices uniquely reconstructible from their row and column sum vectors. For further ob-
jects see [3, 4]. Arakawa and Kaneko [2] proved analytically while Bényi and Hajnal [3]
combinatorially that
S (1B = 0. (2)

=0
Arakawa and Kaneko introduced a C-version of poly-Bernoulli numbers in [1] as

Lip(l—e™) & tn
=) oW 3
et —1 et " nl (3)

In particular, {Cél)}neN are the ordinary Bernoulli numbers, B,,, defined by

t =t
et — 1 :ZB"H'

n=0

For negative k, the numbers C¥ are again positive integers. They are the array A136126 in
[12]. Table 1 below shows the first few values. Bényi and Hajnal [4] introduced this integer
array as the number of lonesum matrices without any all-zero columns.
Kaneko, Sakurai, and Tsumura [10] proved the C-version of Identity (2) using analytical
methods.
n .
Y (1YY = ~Goyr (n>0). (4)

J=0

In this note we present a combinatorial proof of Identity (4).
Recently, Matsusaka [11] showed that both (2) and (4) are special cases of a more general
polynomial identity between symmetrized poly-Bernoulli numbers and Gandhi-polynomials.
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2 Definitions

In this section we provide the necessary definitions and notation. We establish a connection
between barred Callan sequences and Dumont permutations of the first kind defined in [8]
which proves the identity.

Bényi and Nagy [6] defined Callan sequences that are essentially the same as the per-
mutation class that Callan introduced in the entry A099594 of the OEILS [12]. Based on
this notion, Bényi and Matsusaka [5] defined barred Callan sequences. We now recall the
definition.

Let k,n > 0 and consider the sets K = {1,...,k} U {x} (referred to as blue elements),
and N = {1,...,n} U{x} (referred to as red elements).

Definition 1. A Callan sequence of size k X n is a sequence
(Bi, 1) (Bz, R2) -+ (B, RBn)(B™, RY),
for some m with 0 < m < n, such that
e {By,...,B,,, B*} form a set partition of K into m + 1 non-empty blocks,
o {Ry,...,R,, R*} form a set partition of N into m + 1 non-empty blocks,
e x € B* and x € R*.
Note that a Callan sequence can be encoded in an obvious way by the following data:
e an integer m with 0 < m < min(k, n);
e an ordered partition (B, ..., B,,) of some subset K’ C {1,...,k}; and
e an ordered partition (Ry,..., R,,) of some subset N' C {1,...,n}.

This is done by letting K’ = K\ B* and N' = N \ R*.
To deal with these objects, it is be convenient to use the following terminology

e B* and R* are called extra blocks, while B; and R; are called ordinary blocks,

e cach pair (B;, R;) or (B*, R*) is a Callan pair; moreover, the former are called ordinary
pairs and the latter is called the extra pair.

A Callan sequence is thus a linear arrangement of Callan pairs with the extra pair at the
end.

Example 2. The Callan sequences with £k = 2 and n = 2 are listed below.

(12%, 12%), (12,12)(, %), (1,12)(2%,%),  (2,12)(1%, %), (12, 1)(x, 2%),
(12,2) (%, 1), (1, 1)(2x%, 2x%), (2, 1) (1%, 2%), (1,2)(2x%, 1), (2,2)(1x, 1),
(1, 1)(2,2) (6, %), (1,2)(2,1) (%, %), (2, 1)(1,2)(x,%), (2,2)(1,1)(x,*).
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Definition 3. A barred Callan sequence of size k x n is a sequence obtained by inserting a
bar (denoted |) into a Callan sequence of size k x n with the restriction that the bar cannot
be at the end of the sequence. We denote by C* the set of barred Callan sequences with k
blue elements and n red elements.

Example 4. We list here the 7 barred Callan sequences for £ =2 and n = 1.

(12, T); [(A2,1)Cx, )5 (2, 1) (1, %); (1, 1) (2%, %);
(L D2, %); (2, D[, %); (12, 1)](x, %).

Bényi and Matsusaka [5] showed that the number of barred Callan sequences of size k x n
is the C-poly-Bernoulli number CF Y To avoid negative indices in what follows, we use
the notation C* instead of ¢4, In particular, we have Ck =Ck.

Table 1 gives the first few values of the numbers C*. Note that the symmetry C* = C7 is
clear from the combinatorial interpretation in terms of barred Callan sequences, as one can

exchange red and blue blocks to get a n x k£ Callan sequence from a k x n Callan sequence.

0 1 2 3 4 )
0/1 1 1 1 1 1
111 3 7 15 31 63
211 7 31 115 391 1267
311 15 115 675 3451 16275
411 31 391 3451 25231 164731
511 63 1267 16275 164731 1441923

Table 1: C-poly-Bernoulli numbers C*.

Remark 5. We note here that Callan sequences are equivalent to the special class of partial
permutations where elements greater than n are excedances and the elements smaller than or
equal to n are deficiencies. The number C* also counts alternative tableaux of rectangular
shape k x n and other related tableaux of rectangular shapes that are in bijection with
alternative tableaux such as permutation tableaux or tree-like tableaux. See [3, 4] for details.

The other number sequence that is involved in the identity we want to prove is the
sequence of Genocchi numbers. Genocchi numbers can be defined in different ways, here
we focus on the combinatorial point of view. There are several combinatorial objects that
are enumerated by the Genocchi numbers. The first known interpretation was Dumont
permutations of the first kind.

Definition 6 ([8]). A Dumont permutation of the first kind is a permutation m € Sy, such
that each even entry begins a descent and each odd entry begins an ascent or ends the string,



ie., forevery1=1,2,...,2n

7(i) even = i <2nand w(i)>mw(i+1),
(i) odd = i<2nandw(i)<w(i+1), ori=2n.

Let D,,, denote the set of Dumont permutations on 2n elements.
Example 7. For 2n = 4 we have Dy = {2143, 3421,4213}. For 2n = 6 we have

De = {642135, 634215, 621435421365, 342165, 214365, 564213, 563421, 562143,
216435, 435621, 215643, 436215, 364215, 421563, 356421, 421635.}

In general, we have Theorem 8.

Theorem 8 (Dumont [8]). The cardinality of Da,, is (—1)" "1 Gy ya.

3 Main result

Identity (4) can be reformulated as in Theorem 9 using our notation.

Theorem 9 ([10]). The identity

holds for n > 0.

We introduce some combinatorial objects that play crucial role in our combinatorial proof
of a generalization of the identity above. They can be seen as barred Callan sequences with
extra structure. We could say that they interpolate in a certain sense between barred Callan
sequences and Dumont permutations.

Definition 10. Let C¥(m) denote the set of sequences defined by the following conditions.
First, the elements in the sequence are

e m blue bars labelled with 1,...,m, and m + 1 red bars labelled with 0, ..., m,

e Callan pairs of a & x n Callan sequence shifted up by m, i.e., with base sets K =
{m+1,....m+k}U{s}and N={m+1,...,m+n}U{x}.

Second, these elements (labelled bars and Callan pairs) are ordered in a way such that
e a blue bar with label i is followed by a bar with label strictly smaller than ¢ and

e a red bar with label 7 is followed either by a Callan pair or by a bar with label strictly
greater than i.



The elements of C¥(m) are called m-barred Callan sequences and C¥(m) denotes the cardi-
nality of the set C¥(m).

Remark 11. Bényi and Matsusaka [5] defined m-barred Callan sequences otherwise in, we
call our special objects m-barred Callan sequence for the sake of convenience.

Remark 12. The numbers C*(1) are the so-called poly-Bernoulli D-relatives. Bényi and
Hajnal [4] introduced poly-Bernoulli D-relatives as the number of lonesum matrices that do
not contain any all-zero column and any all-zero row. See A272644 in [12].

Note that a bar is always followed by another element in the sequence, so the last element
of the sequence is a Callan pair. More precisely, the last element is necessarily the extra pair
of the underlying Callan sequence. For example, an element of C$(3) is given as

[3l211]2(5,45)[3(79, 7)(4, 6)[1]0 (68, *).

Note 13. Sometimes it is convenient to think that each Callan pair is associated with the
(possibly empty) sequence of consecutive bars preceding it. In the previous example, we
have the four “groups”

|3l2]1]2(5,45)  [s(79,7)  (4,6) [1[o(68x, *).
Moreover, the last bar of each group is a red bar.
Let us first record some properties that are simple consequences of the definition.

Proposition 14. We have the following identities

Ci(m) = Ci(m), (6)
Cr(0) = Cy, (7)
C’g(m) = (_1)mHG2m+2- (8)

Proof. The simple bijection that exchanges blue blocks with red blocks in each Callan pair
establish a bijection between the sets C¥(m) and C'(m) and implies the first identity.

The elements in C}'(0) contain a unique bar, |o. Thus, we have a simple bijection between
C(0) and C! by changing |y into |. Hence, we get the second identity.

The elements in CJ(m) contain a unique Callan pair at the last position, (*,*). We also
know that |,, preceds (x,*) since there is no label strictly greater than m. Regarding this
property, it is easy to see that there is a simple bijection between C§(m) and D,,. Remove
|m (%, %) and transform |; into 2¢ and |; into 27 + 1. O

Our main result is that the numbers C¥(m) also have an alternating sum equal to Genoc-
chi numbers, as Theorem 15 states.

Theorem 15. The identity

n

Z(_l)jcifj(m) = (=)™ Griomia (9)

=0
holds for n,m > 0.
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Note that when n is odd both sides of (9) are 0. The sum has an even number of terms
and they can be paired using the symmetry C*(m) = C(m). So only the case where n is
even is of interest. Note also that the case m = 0 in Theorem 15 is precisely Theorem 9.

The core of our bijective proof of Theorem 15 is the following identity.

Proposition 16. The identity

[\

n n—

D (1O m) ==Y (~1)C;y j(m+1) (10)

J=0

holds for n > 2 and m > 0.

<.
I
o

The combinatorial proof of Proposition 16 will be done in the next two sections. We
show now that Theorem 15 and Theorem 9 are consequences of Proposition 16.

Proof of Theorem 15. As noted above, we can assume that n is even, n = 2n’ with n’ € N.
We can successively iterate the identity in Proposition 16 with (n,m), then (n —2,m + 1),
etc. Each iteration gives a sum with one less term. Finally, we get the identity

n

> (F1YC_(m) = (=1)" Cf(m +n').

J=0

The third equation in Proposition 14 implies that this is equal to (—1)" "+ Gy 1oio
which simplifies to (—1)" "G, 12m 12 O

4 The bijection ¢

We define in this section a one-to-one correspondence between two particular subsets of m-
barred Callan sequences. The bijection is a slight modification of the map introduced in [3]
in order to prove (2).

Definition 17. Let C%(m, ) denote the subset of Cf(m) containing elements « such that
the extra red block is empty (by convention, this means it contains only ). Let C¥(m, Rx) =
CF(m)\C(m, %) denote the complementary subset.

Following the previous convention, let C¥(m,x*) (respectively, C*(m, R*)) denote the
cardinality of C*(m, %) (respectively, C¥(m, Rx)).

Suppose that n > 1 and k£ > 0 are fixed throughout this section. We define the map

o : Cﬁ(m, Rx) — Ckﬂ(m, *)

n

as follows. Let o be an m-barred Callan sequence with a non-empty extra red block, a €
CF(m, Rx). The general idea is to remove the maximal red element m +n and add a new
blue element m’ = m + k+ 1. We distinguish four cases according to the location of the
maximal red element m + n.



A1) m + n is in the extra block as a singleton, i.e., R* = {m + n, x}.
A2) m + n is in the extra block with other red elements, i.e., R*\ {m +n} = R # {x}.

B1) m + nisin an ordinary block as a singleton, i.e., there is an ordinary pair (B;, R;) with
R, = {m+n}.

B2) m + n is in an ordinary block with other red elements, i.e., there is an ordinary pair
(Bi, R;) with m +n € R; and R, \ {m+n} =R # @.
Accordingly, ¢(«) is defined as the result of the following procedure.
A1) Delete m + n and add the new element m’ to the first Callan pair.

A2) Replace the extra red block R* with {x}, and place ({m'}, R') in front of the Callan
sequence as the first element.

B1) The successive steps are as follows:

— replace the extra red block R* with {x},
— replace R; = {m + n} with R*\{x},

— move the new pair (B;, R*\{*}) in front of the Callan sequence together with the
group of bars to its left (as in Note 13),

— add m’ to the (i + 1)st blue block (this means either B;,; or the extra blue block
B* if B; was in the last ordinary pair).

B2) The successive steps are as follows:

— replace the extra red block R* with {x},
— replace (B;, R;) with two pairs (B;, R*\{*}) and ({m'}, R'),
— move the new pair (B;, R*\{*}) in front of the sequence together with the group

of consecutive bars preceding it (as in Note 13).

Example 18. Suppose that m,n, k are such that we remove 9 and add 8. The four cases
can be illustrated as given in the list below.

NN
—

5,35)]1(47,247)|1]0(23, 68) (6%, 9x

) 58, 35)|, (47 247)|1]0(23, 68) (6%, %)
5,35)[1(47, 2) |10(23, 68) (6%, 479+)

)

)

(
(8,47)(5,3,5)11(47, 2)[1/0(23, 68)(6x, *)
11]0(23, 67)( ,358)|1 (47, 24) (68, *)

1110(23,67)(5, 38) 1 (47, 4)(8, 25) (6%, %)

5,358)]1(47, 24)]1]0(23, 9) (6%, 67+

U

oy s
[\ [N}
S— N N N
N N N /N

1



Definition 19. For n > 0 and k > 1, let C*(m,x, |m’) denote the subset of C¥(m, x)
containing elements « such that the maximal blue element m’ = m + k is in an ordinary
Callan pair as a singleton and there is at least one bar preceding this pair. Following the
previous convention, let C*(m, *, |m’) denote the cardinality of C¥(m, *, |m/).

Note that when k& = 0 and n > 0, we have C2(m, *) = &. Indeed, the only 0 x n Callan
sequence is (*, 123 ---nx), which has a nonempty extra red block. Accordingly, we also take
the convention C2(m, x, |m') = @.

Note also that C5(m, *,|m’) = &. Indeed, the only k x 0-Callan pair is (123 - - kx, *), so
it is not possible to have m’ as a singleton in an ordinary pair.

Lemma 20. The map ¢ defined as above is a bijection between the sets CF(m, R*) and

Cali(m, ) \ CyFi(m, x, [m').

Proof. Let us first check that ¢(a) € C**1(m, *). Note that each group of consecutive bars
is unchanged (though these groups are possibly permuted in case B1 and B2), so we only
need to check that the pairs form a valid Callan sequence. This is straightforward.

Then, let us check that ¢(a) ¢ C¥1(m,*, |m’). In cases Al and Bl, the blue element
m’ is added to a blue block (which is nonempty by definition) so m’ is not a single element
in its block. In cases A2 and B2, m/ is in a singleton block, so we need to check that there
is no bar preceding the pair containing m'. In case A2, this is because this pair is at the
beginning of the sequence. In case B2, the new pair ({m’}, R') is created with another pair
to its left, and since the pair to its left is moved together with the associated group of bars,
there is again another pair to the left of ({m'}, R) in ¢(«).

In the previous paragraph, we observed the following properties in ¢(«):
e m’ is in the first pair iff the sequence was obtained from the cases Al or A2.
e m/' is alone in its block iff the sequence was obtained from the cases A2 or B2.

So, the four cases can be distinguished based on which of the above properties they satisfy. In
each case, based on the position of m’ it is straightforward to describe the inverse procedure,
S0 ¢ is injective. O]

The bijection ¢ can be used to obtain pairwise cancellations in the alternating sums.

Lemma 21. The identity

n n

D (IO m) =) (~1YC)_(m,, |m).

j=0 Jj=0

holds for n,m > 0.



Proof. The set Cfl_j(m) can be partitioned as

¢y (m) = Cl_y(m, ) W) (o (m, )\ €Iy (m s, [m) ) B €Oy (s ), (1)

so that
> (Y G m) = S (=1Y1C(m, Bl + (17| (€m0 \ Chylmn, )|

n

+ Z(—l)jCi_j(m, *, lm’).

=0

The bijection ¢ readily shows that the first and second sum cancel each other out, upon
checking the boundary terms.

The first boundary term is j = n in the first sum. The set CJ(m, R*) is empty (as there
are no red element besides *, the extra red block cannot be nonempty), so the corresponding
term is 0. The second boundary term is 5 = 0 in the second sum. As noted after Definition 19,
C%(m, ) is empty, CO(m,*) \ C°(m, *, |m’) is empty as well, and the corresponding term is
0. O

Lemma 21 implies Proposition 16 when we can show the following identity.

[\

n n—

Y (F1YC(my m') = — > (= D!Ch_yj(m +1). (12)

j=0

<
Il
o

We prove Identity (12) in the next section.

5 The bijection v

It is convenient to use a slight modified set instead of C¥(m, *, |m’) in the combinatorial proof
of Identity (12).

Definition 22. We define C*(m, %, |m + 1) like C¥(m, *, |m’) in Definition 19, but with m+1
instead of m’ = m + k. As before, denote C¥(m, x,|m + 1) = |CE(m, x, |m + 1)].

Explicitely, C*(m, , |m’) is the subset of C¥(m, ) containing elements « such that the
minimal blue element, m + 1, is in an ordinary Callan pair as a singleton, and there is at
least one bar preceding this pair.

There is a bijection from CF(m, x,|m’) to C¥(m,*,|m + 1) via a relabelling of blue ele-
ments that exchanges m + k and m + 1. Using this, (12) is clearly equivalent to:

[\

n n—

D (IO mox fm+ 1) = =y (=1Y 0, (m+ 1), (13)

=0

<.
Il
o
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In order to show (13), we give a bijection 1 between the sets CF(m,x,|m + 1) and
Ck=l(m 4 1) for n,k > 1. Note that C¥(m,*,|m +1) = CO(m,*,|m + 1) = @, following
the remarks after Definition 19.

We do this in two steps, i.e., as the composition of two operations: 1) = 1, o1y,. The first
map 1, takes the blue element m + 1 out of a Callan pair and changes it into a labeled blue
bar |,,.1. The second map v, does the same with m + 1 and |,, 1.

Definition 23. For a € C¥(m, %, |m + 1), note that a contains an ordinary pair (m + 1, R).
Let wy (respectively, wy) denote the maximal subsequence of consecutive bars that are di-
rectly to the left (respectively, to the right) of (m + 1, R). Note that w; is nonempty by
definition, but wy is possibly empty. We define ¢, («) as follows.

1. Replace wy (m + 1, R) we with ws |41 wy in the sequence.
2. Replace the extra red block {*} with R U {x}.

Example 24.
(4,9)(58,25)[1(2,347)|1]0(37, 68) (6%, %) =, (4,9)(58,35)|1]0]2]1(37, 68) (6%, 347x).
Note that an element in the image of v, has a nonempty extra red block.

Definition 25. Let a € im(1),). We define ,.(«) by the following procedure distinguishing
two cases.

e If m + 1€ R*, replace the extra pair (B*, R*) with two consecutive elements |,,; and
(B*, R*\ {m + 1}).

e Otherwise, m + 1 is in an ordinary pair (B;, R;). Replace the pair (B;, R;) with two
consecutive elements |,, 1 and (B;, R\ {*}), then replace the extra pair (B*, R*) with
(B*, R"U{x}) where R' = R; \ {m + 1}.

Example 26.

(583,46)(29, 35)[110(47,2) (3%, 1Tx) =y, (583, 46)(29,35)[1]0(47, 2) |1 (3%, 7x),
(583, 1)(29, 35)|1]0(47, 46) (3%, 27%) —>y, |1(583,27)(29, 35)|1]0(47, 46) (3%, *).

Lemma 27. For n,k > 1 and m > 0, the map 1 = 1, o ¢y, is a bijection between the sets
CE(m, *,|m + 1) and C*=1(m + 1).

Proof. First, we can check that ¢ (a) with labelled bars removed is a (k—1) x (n— 1) Callan
sequence where labels are shifted up by m+ 1. As noted above, 1,(«) has a nonempty extra
red block. In the second case of the definition of 1),, we thus see that R*\ {*} # &, so that
(B;, R*\ {*}) is a valid Callan pair.

Secondly, we check that the labelled bars in ¥ («) sastisfy the conditions so that ¥ («) €
CE=1(m +1). We begin with labelled bars in 1(c). We have to check two locations.

11



e The element after |,,,; should be a labelled bar with label strictly smaller than m + 1.
This element is the first one of wy, as w; is nonempty. By definition, it satisfies the
required properties.

o If wy is empty, either |,,.; begins the sequence or it is preceded by a Callan pair.
Otherwise, the last element of wy is a bar |; with i < m, as it is followed by a Callan
pair in . In both cases, this is a valid configuration.

Then, ¢ (a) is obtained by adding |, to the left of a Callan pair. Thus, either it is a new
group of bars in itself, or it is added at the end of an existing group of bars. In the second
case, as the last element of this group is a red bar with label ¢ at most m, the configuration
|i|m+1 is valid.

We thus have (a) € C¥~1(m + 1). It remains to describe the inverse bijection ¢! and
to check that it is indeed the left and right inverse of 1. In the definition of 1., the cases
can be distinguished: the first one (respectively, second one) results in |, being to the
left of the extra pair (respectively, of an ordinary pair). Using that, the inverse bijection is

straightforward to describe explicitly. m

Remark 28. Our bijections provided a combinatorial proof for the fact that the alternating
diagonal sum of C-poly-Bernoulli numbers is given by the Genocchi number (Theorem 9). We
used a special technique. Instead of defining a direct involution on the set that is enumerated
by the C-poly-Bernoulli numbers, we introduced interpolating sets, the m-barred Callan
sequences. Starting with the set of Callan sequences, enumerated by the C-poly-Bernoulli
number, we applied the involution ¢ that reduced the number of elements to obtain a new
set, on which we again applied the involution, until we reached the set that is known to be
counted by the Genocchi number. This tricky solution shows the difficulty of the problem
somewhat. It would be also interesting to find a direct bijection on any of the corresponding
combinatorial objects that proves Theorem 9 without any iteration steps needed. Moreover,
it is still an open problem to find a combinatorial proof for the more general identity related
with symmetrized poly-Bernoulli numbers and Gandhi polynomials (see [11]).
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