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Abstract

In this paper, given a finite set of primes (), we derive asymptotic formulas for
generalized alternating sums of the form > _ tq(n)f(n) and >, _, tQ(n)ﬁ, where
f is a multiplicative arithmetic function, and tg(n) equals —1 if n is divisible by some
prime ¢ € @, and 1 otherwise. In particular, these results are applicable to known
functions, such as Euler’s totient function, the sum of divisors function, the divisor
function, and others. In the particular case of Q = {2}, we generalize various results

obtained by Téth, even improving one of his results proposed as open problem.

1 Introduction

Throughout this paper, we let P denote the set of all prime numbers, and @ = {q1,¢2, ..., ¢}
be any finite set of prime numbers. We use the notation gy, := min{g; } and gua.x := max{q;}.
The letter p will always stand for a prime number.

Alternating sums appear in various topics of mathematics, including number theory.
For example, Bordelles and Cloitre [1] established asymptotic formulas with error terms for
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alternating sums of the form

Syt

p g(n)’

where g belongs to a class of multiplicative functions, including Euler’s totient function ¢,
the sum-of-divisors function ¢ and the Dedekind function .
Té6th [11] established some general results for alternating sums of the form

n—1 _ nfli
D) or 3D

n<x n<x

where f belongs to a broader class of multiplicative arithmetic functions than those consid-
ered by Bordelles and Cloitre [1], extending their results to a whole new kind of multiplicative
functions, such as the divisor function 7, the ged-sum function P, the square free kernel k,
the square free numbers p? function, the number of abelian groups a(n), the sum-of-unitary-
divisor function ¢*, the unitary-Euler function ¢*, the unitary-squarefree kernel x*, the
powerful part of a number, and the sum-of-bi-unitary-divisors function.

In the last part of his paper, Téth proposes a generalization for alternating sums, and
also finds an asymptotic result for the generalized sum

> tgn)o(n),

where

to(n) 1, if gt n for all ¢ € Q;
n) =
? —1, otherwise,

is defined for a finite set of prime numbers @, and o(n) = >_, d is the sum of divisors
function.
Let

Da(f.8) = 3 to(m T,

be the Dirichlet series for the multiplicative function f, with generalized alternating signs
depending on ). For example, if Q = {2,3}, we have

Téth [11, Prop. 56] proved that

DQ(f7S>:D(f7S) 2H<Zf(qv)) —1 ) (1>

qge@ \v=0



where D(f,s) is the Dirichlet series associated with the multiplicative arithmetic function

f.

For q € @, let us consider the formal power series

Spalw) =1+ flg")a",
v=1

and its inverse formal series -
gf,q(w) =1+ Z bu,gx”.
v=1

From (1) we have, by convolution, that

D ton)f(n) = hiqld) Y ),

n<x d<z j<x/d
where
2b/U17q1 A bU?"yQT‘? if n = qi)l PR q;)T;
hio(n) =41, itn=1;
0, otherwise.

From this expression we can derive asymptotic formulas for

S to(n)f(n). 2)

n<x

as long as asymptotic formulas are known for > _ f(n), and the coefficients b, , are ade-
quately estimated.
For example, T6th [11, Teo. 57] proved that

n<7n—7r—2 1 S 22 z(log z)?/?
S tatniotn) = (2(161](2(1 ) (-2) 1) FOE(oga™. ()

In this paper, we obtain asymptotic expressions for (2), among whose applications we obtain
the result (3) and others.

2 Main results

Theorem 1. Let f be a multiplicative function and consider the following four conditions

(1) there exists a constant Cy such that

> f(n) = Cp2® + O(zRy(x)),

n<x

where 1 < Ry(x) when x — oo and Ry(x) is an increasing function;
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(1t) Sfq, (q%) converges for all i;

(111) the sequence (b, 4 )v>0 satisfies b, < 1 for alli;

2
3

(iv) the sequence (by g, )v>0 satisfies |byq| < (r;)" with 1 < r; < for alli.

q
Gmax
Assume that conditions (1) and (ii) hold and that one of the two conditions (iii) or (iv) also
holds. Then

> to(n)f(n) = Cpa?

n<x

2
(Sf,ql(l/(ﬁ) S (g2 1) +O(xRy(x)).

Theorem 2. Let f be a multiplicative function, and let us suppose that

(1) there exist constants Dy and E; such that

Z ﬁ = D¢(logz + Ef) + O(x_lRl/f(x)),

n<z
where 1 < Ryp(x) = o(x) if © = 0o and Ry p(x) is an increasing function;

(ii) the radius of convergence of Si/pq,(x) is r1/f,q, > 1, for all i;

(i11) the coefficients of by q, satisfy by, << M} if v — 400, for all i and where M; < %.

Then

- _ 2 loa(a)Sy, (1)
U <<Hz Sl/fv‘h(]') 1> (log +Ef) " Hi Sl/qui(l) Z Sl/f,qi(l) > ! O(TIMQ@))’

=1
where
Tipqlx) =
x_lRl/f(z), if max(q;M;) < 1;
&7 Ry p(x)(logz)", if max(q;M;) =1;

(log )"~ max{log z - 2108 Mmax/10g gmin log(max(qiMi))/10g gmin -a:*lRl/f(x)}, if max(q;M;) > 1.



3 Proofs of the main results

3.1 Proof of Theorem 1

Proof. Under the hypothesis of the theorem, we have that

2

S toln) ) = X hrafd) 3 £00) = X hratd) (€% +0 (S a/a)

n<x d<z j<z/d d<zx

— et Y ’gg(d) +0 (;ch(x> s roldl "jl(d”) .

d<z d<z

On one hand, for some ¢ < 1,

< X < X @

vittop< oz

log a4 in

(n+2) - (n+1)

< > <6’)"("f:1): > (a’)”"”‘”'@'_l)!

n< log = 7’l< log =
log gmin log amin
r—1
< E n+r—1)" < 1.
n< log «
log g in

On the other hand, setting s = 2 in (1),

|th |hf |hf 2
2 e Z p> " Spa(1/d) -

d<z d>x

and

|hf:Q<d)| b'U e bvr, r
z* Z d2 < Z 1231 21: )

d>x qfl---qfr>z ql T

Case (iii) of Theorem 1:

heold 1
x22%<x22ﬁ<x<ﬂ%f@)

d>zx d>x

Case (i) of Theorem 1:

Spa(1/a?)



Let us define  := max; (%) < qmﬁ. Then

q;

heo(d vt A\
$22| f,CC;Q( )| < 72 Z (7”_;) (7’_2> < 72 Z (§)rt o
log =

ql qr

d>w vitefor> log gmax vitefop> 1051§O¢1gmzax
log §
Z S'n <« I2510gllmax (logz)"~ 1 — 2t g ama (logz)"~ I « rR¢(x).
n> loéoqu
3.2 Proof of Theorem 2
Proof. From the hypothesis of the theorem, we have that
1
2_ta(mges =D hrald) 3 f
n<x d<z j<z/d
T A
= hysold) ( Dy (10g gt Ef) +0 (3) Ryjp(x/d)
d<zx

= Ds(logz + Ep) Y hiyro(d) = Dy Y hyseld)logd + O ( "Ryyp(x) - ) dlhaysald )

d<z d<z d<zx

= Dy(logz + Ef) Y hysq(d) + 0 <10g z Y |hype(d) !)

d=1 d>x
— Dy hygeld)logd+ O (Z |h11/5,0(d)[log d) < "Rijp(x) Y d- |hiyeld )
d=1 d>x d<z

In particular, by (1),

i hye(d) _ 2 o

d=1 d Sl/f,q1<1/Qf) T Sl/f,qT(l/q;f) '
then we see that

2
h , (d) fr— _ 17
2 Mol = g
and
f: hl/fQ(d) logd = log a1 - Si/fm(l) 4+t log g - Si/f,qr(1> ‘
’ A\ S (D) Sy, (1) Si/pan (1) 52, (1)



We also have that

max
d>z ql’ gl >z qqlfl‘..q}jr>$ qf1~~~q}ir>ac
—1
logz \" log @

Vit r—1 !

< g MY & E M (n+r—1)"" < (10 Mgadme=
> log = log z gqmax
vt log gmax n> log gmax

log Mmax

< (logz)" 'z Psamax .

Similarly,

Z |h1/10(d)]logd < Z Doy bopg, | (V1 log g + -+ vp log g,)

d>z 0t >

< Z (Munas)™ 7777108 G - (01 4 -+ + 0,) < Z (Mipa)"(n 47 — 1)

q1 qr >x . loéo(ifax
< § : (Mo )"n" < (log a)" 2108 Momas/ 108 Gmax
log
n> log gmax

On the other hand,

Sdhypod] < Y al g My M =S (M) (g, M)

d<£B q11~~~q$’“<x q’;l.“qu<x

< D0 (max(gd))"T < YT (max(g M)

log log x
v v < nl——5=
1hetors log gmin — log amin

1, if max(q;M;) < 1;
< < (logz)", if max(q¢;M;) = 1;

glosmax(@:Mi)/logamin . (log )", if max(q;M;) > 1.
Case 1: If max(¢;M;) < 1, then
(logz)" - 108 Mimax/ 108 Gmax o :L’*lRl/f(:U)
& (log )" +108 Mavas/ 108 s Ryjp(2),
since Gmax Mmax < 1, which implies that log ¢uax + log M. < 0.

Case 2: If max(q;M;) =1, then

(logz)" - 2108 Mimax/ 108 gmax o (log )"~ Rl/f( )
<:> xl“rlongax/lOg(Imax << Rl/f(x)

Zlhl/fQ =1+ Z busgr Doy, | < Z M- Mm < Z Myt

+vp



Case 3: If max(q¢;M;) > 1,
r,log Mmax/10g gmax —1 710%;3“(% M) r—1
(log )"z L a7 Ryp(x)r Tsmin (logx)

log Mmax _ log max(g; M;)

< (logz) - x M o amax T Tmdmin & Ryj¢(x).

Since all three cases have been considered, the proof of Theorem 2 is complete.

4 Applications

For the applications to various multiplicative functions shown in this section, it is sufficient
to verify that conditions (i), (ii), (iii) and (iv) of Theorems 1 and 2 hold.

4.1 Euler’s totient function ¢(n)
Let us consider Euler’s totient function ¢(n) = n[[,, (1 - %)
Theorem 3.
3 2
ZtQ(n)go(n) = —2x2 —— =11 4+0 (m(log 2)%3(log log x)4/3) , (4)
n<x m H (1 + l)
= q€Q q

and

ZtQ (L_A<( H%—l)(longLv—B)
€Q

n<x

(¢ — 1) q°logq
+2H —q+1 Z(q—l)(qz—q+1)> + Ofusela))

qu q€Q

(5)

where Ry/y(z) = 27 (log)?? if 2¢ Q, and Ry),(x) = x *(logz)*3*" if 2€ Q, v is Euler’s
constant, and constants A and B are defined by

_ ¢(2)XB) logp
A= B= Zp m—

peP
Proof. Concerning (4), we know from Walfisz [12, p. 144] that
S o(n) = S5 + Oa(log r)?/*(loglog )'").

n<x



Then we have R, (x) = (log z)*?(loglog x)*/3, so condition (i) of Theorem 1 is satisfied.
On the other hand, we can see that

Stqlx —1—|—Zg0 :U—1+Zq—q Dt

1 qx 11—z
=14+(1-—- = , <1/q,
P (FE) = o el < s

and condition (ii) of Theorem 1 is satisfied.
Then we conclude that

§@,q(x):11__—‘—’;:1+% xe (Jz| < 1),

s0 b, 4 = (1 —¢q) < 1, and condition (iii) of Theorem 1 is satisfied. Furthermore, we see that

1-1/¢?
Wi’(l/q )= 1,(1.1/7(12 - %'

Concerning (5), we know from Landau [2, Thm. 1.1] and Sitaramachandraro [4] that

)3 ﬁ = A(logx + 7 = B) + O(2™ ! (log 2)*/?).

n<z

Then we have that R, /,(z) = (log x)*/3, impliying that condition (i) of Theorem 2 is satisfied.
On the other hand, we see that

o0

'T’U
S =1+ S
o) 1S a1 Y
q v r+4q(g—1)

— 14+

G-D-2 G-Dg—o =<9

so condition (ii) of Theorem 2 is satisfied.
Finally,

?1/%(1(1') = (q— 1)(— 1+ ﬁ) = (q— 1)( -1+ qzl o qvéq_i)i)vﬂ’)
(Jz] < q(g = 1)),

v (g—1)7( q(g—1)
Theorem 2 is satisfied with max(M;q;) = 1/(qmin — 1) = 1 if gumin = 2, and max(M;q;) < 1 if

(min > 2. Furthermore, we see that

S0 by g = i) < (ﬁ) , having that M, = —1— < i and condition (iii) of

¢ —q+1 ¢

Sl/%Q(l) = (q_ 1)2 and Sl/cpq( ): (q_ 1)3




4.2 Sum of divisors function

The sum of divisors functions is defined by o(n) =3, d.

Theorem 4.

and

S tgln)—— = E(( 2 ~1)(log 45+ F)

n<z J(ﬂ) HZKZ
2 " logq; - K,

TR, gK ) +O(z™! (log 2)***" (log log 2)'/%),
Al TR qi

where 7y is Euler’s constant, the constants K, and K are defined by

(e o] o

1 v
Kq:1+<q—1>zqv+1—_1 and Kéz(q—1>zm7

v=1 v=1

(as a particular case, we have that Ky = 1.606695 is the Erdds-Borwein constant, which can
be seen in the sequence A065442 of the Sloane’s On-line Encyclopedia of Integer Sequences

(OEIS) [8]), and the constants E and F' are defined by

E:Ha(p), P Z (p— )2 B(p) logp’

peP peP pa p
with
(r—1)° ¢ 1
a(p)=1-— : : ,
v 2 D -1
]Zl —1) pﬂ“ —1)

Proof. Concerning (6), we know from Walfisz [12, p. 99| that

Za(n) = gIQ + O(z(log z)*3).

n<x

Then we have that R,(z) = (log x)?/3, so condition (i) of Theorem 1 is satisfied.

10
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On the other hand, we have that

—1+Z x—l—l—zq x”

v=1 q_l

1 2x T 1

qg—1\1—qgx 11—z qr)(1 —z)’

so condition (ii) of Theorem 1 is satisfied.
Then we see that

Seq(z) =(1—gr)1-2)=1~(¢+ 1)z +g2* (z€R),

so by, =1,01,=—(q+1),bs, =qand b,, =0 if v > 3, and condition (iii) of Theorem 1 is
3
satisfied. Furthermore, we see that S, ,(1/¢*) = (l_l/q)%l_l/qQ) = (q—lfz(q—l-l)'
Concerning (7), we know from Sita Ramaiah and Suryanarayana [6, Cor. 4.1] that

Z 0(1n) = E(logz +7 + F) + O(z*(log 2)**(log log x)*/?).

n<x

Then we conclude that R ,,(z) = (logx)?/?(loglog x)*?, so condition (i) of Theorem 2 is
satisfied.
On the other hand,

Sl/gq 1+Z

so condition (ii) of Theorem 2 is satisfied.

I :1+qu+l—_1$7 (lz] < q),
v=1

The coefficients (q,ff—llfl) of this last power series form a log-convex sequence. Indeed,

2
q—1 qg—1 qg—1
q q q

S (" =D -1) < (¢" =12 <20 <"+ ¢ 2 < 1+

By Kaluza’s theorem (if a power series Y °  a, satisfies the conditions a, > 0 and
a? < a,_1a,41(v > 1), then the coefficients of its reciprocal power series ) -, b, satisfy

—a,/at < b, <0, v>1)[l1, Lem. 8] we have that Tl < byy < 0, and therefore,

by,q < (%) . We conclude that M; = _- < 22 so condition (iii) of Theorem 2 is satisfied
with max(q;M;) = 1.
Furthermore, we see that

S1/04(1) = K, and Si/mq(l) = K;.
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4.3 Unitary divisor function

A natural number m is a unitary divisor of a number n if m is a divisor of n, and m and n/m
are coprime. Let us define the arithmetic function o*(n) as the sum of the unitary divisors
of n (analogous to the sum of divisors function).

We have that o* is multiplicative and o*(p¥) = p” + 1.

Theorem 5. If guin > qﬁl/fx (in particular, if Q consists of a single prime), then

2 2 _
%tQ(n)a*(n) = 5" (zqg (ngqui)l) - 1) +0 (a(logx)?) (8)
and
Z to(n = Ejloga + Fg 4 O(x ' (log z)°34 (loglog 2)¥/?) (9)

n<x

for some constant F}, and for E}, the latter being defined by

2 1 <1
EfN=B" ——— —1 with B* = R, -[1—-— and R, :=1+ .
¢ (quQRq ) H( ! ( p)> ! ;q“rl

p

Proof. We first prove (8). We know from Sitaramachandrarao and Suryanarayana [3, Eq.
1.4] that

D0 () = e+ Olellog )™,

n<x

s0 Ry (x) = (logx)®3, and condition (i) of Theorem 1 is satisfied.
Similarly, we have that

1 — ga?
)=1+ o*(¢")x" =1+ ¢+ 1)z
Z Z (- -u)

for |z| < 1/q, so condition (ii) of Theorem 1 is satisfied.
We conclude that the reciprocal of the power series is given by

' 1— (g + 1)z + ga? 2—(q+ 1)z
Seralt) = g U T
1+ 1/2(q1/2 + q—1/2) 1 — 1/2(q1/2 + q—1/2>
1+ \/(_].T 1— \/agj
o o0
=1+ (1+ 1/2(q"2 + q71/2 Z T+ (1 - 1/2(¢" + q’l/Q)) Zﬁxv7
v=0 v=0

12



: 1
with |z| < 7 Then

bug = (L+1/2(¢"* +¢7%) (=1)"va" + (1= 1/2(¢"* + ¢7V%)) va* < V'

We see that r; = ¢%° and 7; < ¢?/¢max, so condition (iv) of Theorem 2 is satisfied. Further-

more, we see that

1 1-1/¢° g+l
R VT v

Now, we prove (9). We know from Sita Ramaiah and Suryanarayana [7, p. 1352] that

1

Z ) — B*logz + D* + O(z~*(log 2)*3(loglog x)*/?).
o*(n

n<x
Then we have Ry, = (logz)®3(loglog z)*/?,

On the other hand,

so condition (i) of Theorem 2 is satisfied.

o0

=1
S1/ovq(x) =1+ =1+ x’ x| <q),
10 Zo_* ;q”+1 (2 < g)

so condition (ii) of Theorem 2 is satisfied.
Let us choose a,, := %H, if n > 1, and ag = 1, as the coefficients for this formal power
series. We also define b, as the coefficients of the associated reciprocal series. Then

n—1

anbn—i-l = Z bk‘(a’n—l—lan—kz - ana'n—i-l—k) + bn(a'n-l—l - anal) (n Z 2)7
k=1

n—1
1 1 1 1 1
n bn+1 - Z bk ) ( n+1 Tk oo otk )
qr +1 — gttt +1 ¢ F+1 ¢"+1 ¢ +1

) 1 11
"\t 1l gt lg+1

q + D@ D) — (@ D+ D) @+ D@+ = (@ 41

MH

¢+ 1)@+ D (g + D (g + 1) C@eT D+ g+ 1)
Then
) 1:(1”(q—1)."z1 e =1) b (0" +a)
n—+ qn+1 +1 — <qn7k + 1)<qn+lfk + 1) q+ 1 <qn+1 + 1) (10)
:(q—l)qn_"zlb ¢" —q** bn  (¢"+4)
¢t +1 )@ g g+ (T )

k=1
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Let us suppose that |b;| < % for some constant C' and for all i =0,1,2,...,n. We prove by
induction that |b,41] < o —C . Indeed, we have that

(q—1g" <~ ¢ 7" +q
by <C- | ———— + ) 11
’ +1’ ( n+1 11 kz; (qk + qn)Q (q + 1) . qn . (qn+1 + 1) ( )

. n+l (gn n+1, 2 .
Let us define the function f( )= (q+q1) - (Elqnt'{)ﬂ) = (q+q1)(q$ql+1) — qu1 if n — oo.

Furthermore, f(n) = - +1 (1 + o +1> is an increasing function on n, therefore f(n) <

1 01 for n large enough.

Similarly, we define the function g(n) := % : Z;i (k+—q We have that
n—1 n—1
( 2n+1 q— 1 1
g(n) = :
( ) 2n+1 +gn kg n/2 +qk n/2) 1 +q—1—n ; (q(n—k)/2 +q—(n—k)/2>2
L (g-1) ! -y Z
4(14q 1) = coshZ(”T_klog q) 414 g ) =t cosh?( jlog q/2)
q—li logq/2 1 logq/2 :(q—l)'i /2 1—'/22
J:1 (eiloga/2 4 e=jloga/2)2 = (g7 4+ q=3/2)
() q_j ) B » s
=(@-1)) =—F—5<-1) ¢’0-q¢’+q7)
o gy ;
= (7' = 1) ij (1 — a7 + 2%)?,
=1

where we set x := ¢~!. We have that

o0
gn)<(g—1)- Z(xj — 22% + 3% — 22Y + 2%)
=1

x 222 3a3 224 x°
:(q_l)(l—x_ 1—x2+1—x3_1—x4+1—x5)
@+ +5¢" +5¢°+7¢ +T¢* +8¢° +4¢° + 3¢ + 1
S e )@ D@ g+
Continuing with (10), we have that, for all n sufficiently large,

by r| < C (q) + 1.01 - C
n ~ S L] = T
+1 qn+1 q q+ 1 qn+1

since s(q) + 1.01/(¢g+ 1) < 1 for all primes ¢. Indeed, the real function s(x) + 1.01/(z + 1)
decreases in the interval [2,d], for some ¢, and increases in [§, 00), but it is always less than
1. Then condition condition (iii) of Theorem 2 is satisfied with M; = %. O

14



The result (9) improves the result (51) by Téth [11], thus solving open problem 41 of
that publication.

4.4 Dedekind v function

Recall that the Dedekind function ¥ (n) is defined as (n) =n H (1 +
pln
Theorem 6. We have that

ZtQ(n)w(n) 21:23:2 <2q€1_!2 (qég; i)) — 1) + O(x(logx)2/3) (12)

n<x

and
>t (n)L Clogz+~v+D)- (2] 77— ¢ 1
p C Y (n) o +q—1
(13)
+ 2 H Z ¢ logg + O(z 7 (log #)**(log log x)*/?)
q+q—1 -1 +q-1) ’
where

1 log p
C= 1— d D=
1}( p(p+1)> " Zp +p—1

(The constant C' = 0.704442 is sometimes called the carefree constant, and its digits form

the sequence A065463 in OFEIS [§].)

Proof. The proof of (12) is quite similar to that of (4). We know from Walfisz [12, p. 100]
that

D) = 5 g+ Ofalloga)®"),

n<x

and we obtain that

+x 1
%q-4+2w ~ el< ).

thus concluding that

Therefore, b, , = (—1)"(¢+ 1) < 1.

15
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The proof of (13) is quite similar to that of (5). We know from Sita Ramaiah and
Suryanarayana |7, Cor. 4.2] that

Z b = C(logz + v+ D) + O(z*(log #)**(log log )*/?).

= ¥(n)
and, for the reciprocal power series, we obtain that
2
¢-+tq—x
S =1+ ,
ol Zw ~ @+ (g—2)
and
(¢+1)(g— )
5 A SLL7A v 7 A

1/71”1( ) q +q—$lf _1<q2+q)

Then we have that b,, = —¢ (ﬁ) and M; = 1/(¢? + ;). O

4.5 FEuler’s unitary function

We now consider an analogue of the Euler totient function, namely the multiplicative function
©* defined on the prime powers p¥ by ¢*(p*) = p* — 1.

Theorem 7. If ¢uin > qi/;’x, we have that

ZtQ(n)gp*(n) = §$2 (2 H ((]2(‘1+—;_11> - 1> + O(z(log x)*3(loglog z)*?),  (14)
q€Q

n<x
where C' 1s defined as in Theorem 6.

Proof. The proof is quite similar to that of (8). We know from Sitaramachandrarao and
Suryanarayana [3] that

St (n) = o + Oallog )**(loglog )",
n<x
and we obtain that

1 — 2z + qa?
) =1 2’
+ng 1—q:c)(1—:c)

thus concluding that

§W*7q(g;):(1—qx)(1—x):1+ q_1i< iz(gj/wvﬂ_{_ Zx/wUH)’

qr? —2x+1 2 —

with w = 5 - (1+14y/q —1). Consequently, b, , = —YL4i(—1w™ — 1) <« (¢'/?)". O
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Note: Knowing, from [5], that for certain constants L* and M*,

1
—— = L*logz + M* + O(z~Y(log z)*/3),
> (" (log 2)"")

n<x

the author conjectures that a general result can be established for

S tgln)—

= ©*(n)

by proceeding in a manner similar to the one used in the proof of (9).
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