Transcendental Infinite Products Associated with the ±1 Thue-Morse Sequence

László Tóth Rue des Tanneurs 7 L-6790 Grevenmacher Grand Duchy of Luxembourg

uk.laszlo.toth@gmail.com

To my daughter Aliénor, on the occasion of her first birthday

Abstract

Infinite products associated with the ±1 Thue-Morse sequence whose value is rational or algebraic irrational have been studied by several authors. In this short note we prove three new infinite product identities involving π, √ 2, and the ±1 Thue-Morse sequence, building on a result by Allouche, Riasat, and Shallit. We then use our method to find a new expression for a product appearing within the context of the Flajolet-Martin constant.

1 Introduction

Let ϵ_n denote the Thue-Morse sequence on the alphabet {1, −1}. The sequence (ϵ_n)_{n≥0} begins as follows:

1, −1, −1, 1, −1, 1, 1, −1, . . . .

Infinite products involving ϵ_n have been extensively studied in literature; perhaps the most well-known is the Woods-Robbins product, ∏ n≥0 ( 2n + 1 2n + 2

)_{ϵn} = √ 2 2 .

There are many ways to prove this identity, for instance by splitting the product ∏ n≥1 (_n n+1 )_{ϵn}

into odd and even indexes then using the relations ϵ_{2n} = ϵ_n and ϵ_{2n+1} = −ϵ_n [1], or by analytically continuing and then differentiating the Dirichlet series ∑ n≥0 ϵ_n (n+1)^s at s = 0 [2].

Numerous generalizations of the identity above are available. In a 1987 paper, Allouche, Cohen, Mendès France, and Shallit [3] proved identities of the type ∏ n≥0 ( 2n + 1 2n + 2

)_{−(3/2)}tn = 2^{−2/5}, ∏ n≥0 ( 2n + 1 2n + 2

)_{tnϵn}

= 2^{1/4},

where t_n denotes the usual Thue-Morse sequence. More recently, Allouche and Sondow [4] proved that ∏ n≥0 ( Bn + 1 Bn + 2

)_{(−1)}t_B (n) = 1 √ B , where t_B (n) denotes the number of ones in the B-ary expansion of the integer n. Other “curious” infinite product identities have been found. Allouche, Riasat, and Shallit [5] proved an abundance of identities associated with ϵ_n, such as ∏ n≥0 ( 4n + 1 4n + 3

)_{ϵn} = 1 2 , ∏ n≥0 ( (n + 1)(4n + 5) (n + 2)(4n + 3)

)_{ϵn} = 1,

as well as others involving t_n and the Gamma function, such as ∏ n≥0 ( (4n + 1)(4n + 4) (4n + 2)(4n + 3)

)_{tn} = π^{3/4} √ 2 Γ(1/4)

and many others.

No transcendental-valued infinite product of this type with exponents equal to the ±1 Thue-Morse sequence is currently known. In this paper, we prove two new infinite product identities involving this sequence:

Theorem 1. We have ∏ m≥1 ∏ n≥1 ( (4m^2 + n − 2)(4m^2 + 2n − 1)^2 4(2m^2 + n − 1)(4m^2 + n − 1)(2m^2 + n)

)_{ϵn} = π 2 , ∏ m≥0 ∏ n≥1 ( (16m(m + 1) + n + 2)(16m(m + 1) + 2n + 3)^2 4(8m(m + 1) + n + 1)(8m(m + 1) + n + 2)(16m(m + 1) + n + 3)

)_{ϵn} = √ 2.

We then obtain a third identity as a combination of the two above. Finally, we end this note with a few words on the Flajolet-Martin constant and use our methods to find another expression for the product ∏ n≥1 ( (4n + 1)(4n + 2) 4n(4n + 3)

)_{ϵn} . 2 Our results

We begin by recalling a result by Allouche, Riasat, and Shallit [5], a key ingredient of our proof.

Lemma 2. Let a, b ∈ C\{−1, −2, −3, . . .}. Then ∏ n≥1 ( (n + a)(2n + a + 1)(2n + b) (2n + a)(n + b)(2n + b + 1)

)_{ϵn} = b + 1 a + 1 . Note that this Lemma appears as Corollary 2.3 (i) of the aforementioned work. We are now able to prove our identities presented earlier.

Proof of Theorem 1. Let m ≥ 1 denote a positive integer. Now taking a = 4m^2 − 2 and b = 4m^2 − 1 with Lemma 2, we have ∏ n≥1 ( (n + 4m^2 − 2)(2n + 4m^2 − 1)(2n + 4m^2 − 1) (2n + 4m^2 − 2)(n + 4m^2 − 1)(2n + 4m^2)

)_{ϵn} = 4m^2 4m^2 − 1 . Taking the product over all m ≥ 1 on both sides, we notice that the right-hand side is Wallis’ classic identity for π/2. Simplifying the left-hand side yields the first identity as claimed. Now applying a = (4m + 1)(4m + 3) − 1 and b = (4m + 2)^2 − 1 to Lemma 2, but this time for positive integer m ≥ 0, the product on the left-hand side becomes ∏ n≥1 ( (n + (4m + 1)(4m + 3) − 1)(2n + (4m + 1)(4m + 3))(2n + (4m + 2)^2 − 1) (2n + (4m + 1)(4m + 3) − 1)(n + (4m + 2)^2 − 1)(2n + (4m + 2)^2)

)_{ϵn} ,

while the right-hand side,^{(4m+2)2}_{(4m+1)(4m+3)} , reminds us of Catalan’s identity for √ 2. Thus taking the product over all m ≥ 0 on both sides and simplifying the product expression, we prove the second claim.

At this point one may notice a relationship between the first product and the second by looking at the terms for odd and even m. This leads us to a third identity.

Corollary 3. ∏ m≥1 ∏ n≥1 ( (16m^2 + n − 2)(16m^2 + 2n − 1)^2 4(8m^2 + n − 1)(16m^2 + n − 1)(8m^2 + n)

)_{ϵn} = π √ 2 4 .

Proof. We begin by splitting the product ∏ m≥1 ∏ n≥1 ( (4m^2 + n − 2)(4m^2 + 2n − 1)^2 4(2m^2 + n − 1)(4m^2 + n − 1)(2m^2 + n)

)_{ϵn} = π 2 into odd and even m. We notice that for odd indexes (i.e., 2m + 1), we have ( (16m(m + 1) + n + 2)(16m(m + 1) + 2n + 3)^2 4(8m(m + 1) + n + 1)(8m(m + 1) + n + 2)(16m(m + 1) + n + 3)

)_{ϵn} , which is exactly the inner product in the second identity of Theorem 1. Thus, dividing the first equation in Theorem 1 by the second yields our third identity.

3 On the Flajolet-Martin constant

An interesting infinite product involving the ±1 Thue-Morse sequence appeared in a 1985 paper by Flajolet and Martin [6]:

R := ∏ n≥1 ( (4n + 1)(4n + 2) 4n(4n + 3)

)_{ϵn} , intimately connected with the so-called “Flajolet-Martin constant” φ := 2^{−1/2}e^{γ 2}_3 R. The arithmetical nature of φ, and thus of R, remains a mystery. While it is easy to see that R can be obtained from the product ∏ n≥1 (_{2n}

2n+1

)_{ϵn}

by splitting it into odd and even indexes and using the fact that ϵ_{2n} = ϵ_n and ϵ_{2n+1} = −ϵ_n, not much else is known about it. In the remaining paragraphs of this note, we find another expression for R using the same technique we used above.

Theorem 4. Let R denote the product ∏ n≥1 (_{(4n+1)(4n+2)}

4n(4n+3)

)_{ϵn} . Then R = ∏ m≥1 ∏ n≥1 ( (8m^2 + 6m + n)(4m(4m + 3) + n − 1)(4m(4m + 3) + 2n + 1) (8m^2 + 6m + n + 1)(4m(4m + 3) + n + 1)(4m(4m + 3) + 2n − 1)

)_{ϵnϵm} . Proof. Let m ≥ 1 be a positive integer. We take Lemma 2 with a = 4m(4m + 3) − 1 and b = (4m + 1)(4m + 2) − 1, so that our product equals^{(4m+1)(4m+2)}_{4m(4m+3)} . Thus the left-hand side becomes: ∏ n≥1 ( (16m^2 + 12m + n − 1)(8m^2 + 6m + n)(16m^2 + 12m + 2n + 1) (16m^2 + 12m + 2n − 1)(16m^2 + 12m + n + 1)(8m^2 + 6m + n + 1)

)_{ϵn} . Now taking the product over all m ≥ 1 and flipping each term following the sign of the ϵ_m sequence yields ∏ m≥1 ( ∏ n≥1 ( (16m^2 + 12m + n − 1)(8m^2 + 6m + n)(16m^2 + 12m + 2n + 1) (16m^2 + 12m + 2n − 1)(16m^2 + 12m + n + 1)(8m^2 + 6m + n + 1)

)_{ϵn} )ϵm . Since the exponents are always one of {1, −1}, we can join them together as ϵ_nϵ_m, and after simplifying the expression within the double product our proof is complete.

4 Final remarks

The method we used to derive our results in the previous sections is easily adapted to other constants admitting an infinite product representation with rational terms. We state this remark as follows.

Remark 5. Considering the infinite product ∏ m≥m_0 bm/am = C, where am and bm are nonzero

integers for all m ≥ m_0 and C is a closed form expression comprised of known constants, we have ∏ m≥m_0 ∏ n≥1 ( (n + a_m − 1)(2n + a_m)(2n + b_m − 1) (2n + a_m − 1)(n + b_m − 1)(2n + b_m)

)_{ϵn} = C.

Note that one can prove this easily by setting a = a_m − 1 and b = b_m − 1 in Lemma 2 and then taking the product over all m ≥ m_0. A few examples that quickly come to mind can be found in the book of Borwein, Bailey and Girgensohn [7, pp. 4–6]: ∏ n=2 n^2 − 1 n^2 + 1

= π cosh(π), ∏ n=2 n^3 − 1 n^3 + 1 = 2 3 , ∏ n=2 n^4 − 1 n^4 + 1 = π sinh(π) cosh( √ 2π) − cos( √ 2π) ,

which result in some amusing identities involving the ϵ_n sequence.

References

[1] J.-P. Allouche, M. Mendès France, and J. Peyrière, Automatic Dirichlet series, J. Number Theory 81 (2000), 359–373.

[2] J.-P. Allouche and H. Cohen, Dirichlet series and curious infinite products, Bull. Lond.

Math. Soc. 17 (1985), 531–538.

[3] J.-P. Allouche, H. Cohen, M. Mendès France, and J. Shallit, De nouveaux curieux produits infinis, Acta Arith. 49 (1987), 141–153.

[4] J.-P. Allouche and J. Sondow, Infinite products with strongly B-multiplicative exponents, Annales Univ. Sci. Budapest., Sect. Comp. 28 (2008), 35–53.

[5] J.-P. Allouche, S. Riasat, and J. Shallit, More infinite products: Thue-Morse and the Gamma function, Ramanujan J. 49 (2019), 115–128.

[6] P. Flajolet and G. N. Martin, Probabilistic counting algorithms for data base applications, J. Comput. Sys. Sci. 31 (1985), 182–209.

[7] J. Borwein, D. Bailey, and R. Girgensohn, Experimentation in Mathematics: Computational Paths to Discovery, Taylor & Francis, 2004.

2010 Mathematics Subject Classification: Primary 11A63; Secondary 68R15, 11Y60, 11B85. Keywords: Thue-Morse sequence, infinite product, Flajolet-Martin constant.

(Concerned with sequences A010060 and A106400.)

Received June 25 2020; revised version received August 28 2020. Published in Journal of Integer Sequences, August 28 2020.

Return to Journal of Integer Sequences home page.