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Abstract

The study of flattened partitions is an active area of current research. In this
paper, our study unexpectedly leads us to the OEIS sequence A124324. We provide a
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new combinatorial interpretation of these numbers. A combinatorial bijection between
flattened partitions over [n + 1] and the partitions of [n] is also given in a separate
section. We introduce the numbers fn,k which count the number of flattened partitions
over [n] having k runs. We give recurrence relations defining them, as well as their
exponential generating function in differential form. It should be appreciated if its
closed form is established. We extend the results to flattened partitions where the first
s integers belong to different runs. Combinatorial proofs are given.

1 Introduction and preliminaries

The study of the different statistics of permutations such as descents, ascents, excedances
and runs has a long history and has been an area of intensive research in the past years. A
lot of work is available in the literature [6, 11, 14, 17, 18]. These statistics play an important
role in combinatorics and mathematics as a whole.

For a given positive integer n, we denote the set {1, 2, . . . , n} by [n]. A permutation σ

over [n] is represented as a word σ(1)σ(2) · · · σ(n). We say that σ has an ascent (descent) at
position i if σ(i) < σ(i + 1) (σ(i) > σ(i + 1)), where i ∈ [n]. A run in a permutation σ is a
subword σ(i)σ(i+ 1) · · · σ(i+ p)σ(i+ p+ 1) where i, i+ 1, . . . , i+ p are consecutive ascents.
In this case, i− 1 (if it does exist) and i+ p+1 are non ascents, where i ∈ [n]. For example,
in σ = 526134, we have ascents at positions 2, 4 and 5. It also has descents at positions 1
and 3. The last element 4 of σ at position 6 is neither an ascent nor a descent. A right to
left minimum of a permutation σ is an element σ(i) such that σ(i) < σ(j) for all j > i. For
example, in σ = 1246357, the right to left minima are {1, 2, 3, 5, 7}.

Counting permutations according to the number of runs has been studied from various
perspectives in enumerative combinatorics. Canfield and Wilf [4] considered a run as a
subsequence of a permutation σ, whose values either increase on the interval (run up) or
decrease on the interval (run down). More related work on permutation runs can also be
found in articles [2, 9, 10, 20]. A permutation π is said to be a flattened partition if it consists
of runs arranged from left to right such that their first entries are in increasing order. It
is clear that the first run always starts with 1, and so all flattened partitions start with
the integer 1. For example, consider a permutation σ = 139278456. This is a flattened
partition with three runs namely: 139, 278, 456 whose first entries 1, 2, 4 are in increasing
order. However, the permutation σ = 139456287 is not a flattened partition since the first
entries 1, 4, 2, 7, of the runs 139, 456, 28, 7 are not in increasing order. Given a non-empty
finite subset S of positive integers, a set partition P of S is a collection of disjoint non-empty
subsets B1, B2, . . . , Bk of S (called blocks) such that ∪k

i=1Bi = S [12, 16]. We shall maintain
the name and notion of “flattened partition” introduced by Callan [3]. Callan borrowed the
notion “flatten” from Mathematica programming language, where it acts by taking lists of
sets arranged in increasing order, removes their parentheses, and writes them as a single list
[19]. Mansour et al. [13] also used the same notion. To generate flattened partitions, the
elements of each block are written as increasing subsequences, and blocks arranged from left
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to right in increasing order of their first entries. Carlitz [5] also applied the notion “flatten”
to permutations expressed in cycle notation.

We let Fn denote the set of all flattened partitions over [n], Fn,k the set consisting of all
flattened partitions over [n] having k runs, fn,k the cardinality of the set Fn,k. In Table 1,
we give the first few values of the numbers fn,k.

❍
❍
❍
❍
❍

n

k
1 2 3 4 5

1 1
2 1
3 1 1
4 1 4 0
5 1 11 3 0
6 1 26 25 0 0

Table 1: The numbers fn,k

We notice that the terms in the column for k = 2 of Table 1 correspond to the Eule-
rian numbers. Foata and Schützenberger [7] gave the fundamental work on these numbers.
Mantaci and Rakotondrajao [15] gave a new combinatorial interpretation to the same. Many
other references concerning Eulerian numbers can be found on the OEIS A000295. In Section
2, we establish different recurrence relations of the numbers fn,k and give their combinatorial
proofs. We also define the exponential generating function F (x, u) of the numbers fn,k which
is defined by

F (x, u) =
∑

n≥0

∑

k≥0

fn,kx
ku

n

n!
=

∑

n≥0

∑

σ∈Fn

xrun(σ)u
n

n!
,

where run(σ) is the number of runs in a flattened partition σ. In Section 3, we generalize the
results in Section 2 to flattened partitions over [n] whose first s integers belong to different

runs . We let f
(s)
n,k denote the number of flattened partitions over [n] whose first s integers

belong to different runs, and F [s](x, u) the exponential generating function for the numbers

f
(s)
n,k. The first few values of f

(s)
n,k for s = 2 and s = 3 are shown in Table 2 and 3:

❍
❍

❍
❍
❍

n

k
2 3 4 5

2 0
3 1 0
4 3 0
5 7 3 0
6 15 22 0
7 31 105 15 0

Table 2: The numbers f
(2)
n,k

❍
❍

❍
❍
❍

n

k
3 4 5

4 0
5 2 0
6 12 0
7 50 12 0
8 180 140 0

Table 3: The numbers f
(3)
n,k
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Mansour et al. [13] gave a recursive formula for the number of flattened partitions over [n],
and also mention that the number of distinct permutations that can be obtained as flattened
partitions over [n] is the Bell number Bn−1. Let Pn denote the collection of partitions of [n].
Our study led us to the OEIS A124324 which counts the number of partitions of [n] having
k blocks of size greater than 1.

The authors of the present paper were introduced to the OEIS A124324 by Heinz [8] who
gave a maple program for computing the terms of this sequence recursively. The first maple
program which computes this sequence using the exponential generating function was given
by Emeric Deutsch. A combinatorial bijection between elements of Pn having (k− 1) blocks
of size greater than 1 and Fn+1,k will be given in Section 4.

2 Flattened partitions and their behaviours on runs

2.1 Recurrence relations

We have fn,1 = 1 for all n ≥ 1 and fn,k = 0 for all k ≥ n ≥ 2. It is not possible to have a
flattened partition over [n] whose number of runs k is greater or equal to its length.

Theorem 1. For all integers n and k such that 2 ≤ k < n, the numbers fn,k of flattened
partitions over [n] with k runs satisfy the recurrence relation

fn,k =
n−2∑

m=1

((
n− 1

m

)

− 1

)

fm,k−1. (1)

Proof. To construct a flattened partition π over [n] having k runs, we consider a flattened
partition τ over [m] having k − 1 runs, for an integer m < n. Since all flattened partitions
start with element 1, we insert the word of length n−m starting with 1, before a flattened
partition τ to obtain 1 . . .

︸︷︷︸

n−m−1

τ
︸︷︷︸

m

, and then re-order the elements of τ making sure the

number of runs increase by one. The n−m−1 elements between 1 and τ can be chosen from

the set {2, 3, 4, . . . , n} of (n − 1) terms in
(n− 1
n−m−1

)
ways. In order to increase the number

of runs by one, we avoid choosing the subset {2, 3, . . . , n−m− 1} of consecutive elements.

We thus have

((
n− 1

n−m− 1

)

− 1

)

possible subsets to be inserted after 1. The minimum

number of elements in the first run is 2, implying that the maximum length of τ is n − 2.
Since n ≥ 3, then the minimum length of τ is 1. Thus we have that 1 ≤ m ≤ n − 2. Thus
summing up over 1 ≤ m ≤ n− 2 gives the recurrence relation in Equation (1).

Example 2. Let us construct flattened partitions over [6] having 3 runs from a flattened
partition τ over [3] having 2 runs. We have τ = 132. The favorable subsets of two terms
from the set {2, 3, 4, 5, 6} are: {2, 4}, {2, 5}, {2, 6}, {3, 4}, {3, 5}, {3, 6}, {4, 5}, {4, 6}, {5, 6}.
Consider the pair ({3, 4}, τ), we get π = 134265. For the pair ({4, 6}, τ), we get π = 146253.
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Let an denote the maximum number of runs k in a flattened partition of [n]. From
Table 1 above, we see that the maximum number of runs, an results into a sequence
1, 1, 2, 2, 3, 3, 4, 4, 5, 5, . . . , for n ≥ 1.

Proposition 3. The maximal number an of runs in a flattened partition over [n] satisfies
the relation

an = an−2 + 1,

for all n ≥ 2, with initial conditions a0 = 0, a1 = 1.

Proof. Let n be an integer such that n ≥ 2. Consider a flattened partition τ over [n−2] having
maximal number of runs. Using the construction in Theorem 1, inserting two elements 1x
where x = {3, 4, . . . , n} before τ and re-ordering the elements of τ can only add a maximum
of 1 run. Hence we have an ≥ an−2+1. On the other hand, inserting n−2 elements between
1 and the identity τ = 1 from the construction in the same theorem, we have 1 · · ·

︸︷︷︸

n−2

1 and

then re-ordering the elements of τ . This means the subsets between 1 and τ can be chosen
from the set {3, 4, . . . , n} of n− 2 elements whose maximum number of runs is an−2. Hence
we have an ≤ an−2 + 1. These two inequalities, together with a0 = 0 and a1 = 1, yield
an = an−2 + 1.

As an obvious conclusion, we have the following corollary:

Corollary 4. The maximal number of runs an in a flattened partition over [n] has the

closed form
1

4

(
2n + (−1)n+1 + 1

)
and its generating function Y (x) =

∞∑

n=0

anx
n is given by

x

(1− x)2(1 + x)
.

If a is a starting point of a run in a flattened partition π and x is an integer such that
x < a, then π−1(x) < π−1(a). In other words, all integers smaller than a are on its left.
By contradiction, suppose there exists an x < a on the right of a. Then x is an element of
another run. This makes the starting points of the runs of π not to be in increasing order,
which contradicts π being a flattened partition. Hence x should be on the left of a.

Let Cn,k denote the set of flattened partitions over [n] of the form 1X2 · · · , having k runs,
where X ∈ {3, 4, 5, . . . , n}. More precisely, each partition in Cn,k has only two elements in
the first run. For example, we have C5,2 = {13245, 14235, 15234}.

From the construction in Theorem 1, we have the following corollary:

Corollary 5. For all integers n and k such that 1 ≤ k < n, the cardinality of the set Cn,k is
(n− 2)fn−2,k−1.

Let Kn,k denote the set of flattened partitions over [n] having k runs and containing
either the subword 2n1 or the integer n at the end. In other words, deleting the integer
n does not affect the number of runs. Let Ln,k denote the set of flattened partitions over
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[n] having k runs and containing the subword 1n2, the set where deleting the integer n

reduces the number of runs by 1. For example, we have L5,2 = {12354, 12534, 15234} and
K5,2 = {14523, 14235, 13524, 13452, 13425, 13245, 12453, 12435}.

Remark 6. The sets Kn,k and Ln,k are mutually exclusive, i.e., Kn,k ∩ Ln,k = ∅ and form a
partition of the set Fn,k, i.e., Fn,k = Kn,k ∪ Ln,k.

For all integers n and k such that 1 ≤ k < n, the cardinalities of the sets Cn,k and Ln,k

are equal. We use a variation of the bijection defined by Beyene and Mantaci [1, p. 5] to
construct a combinatorial bijection between the two sets.

Let us consider the map f : Cn,k → Ln,k defined as follows: for each π ∈ Cn,k, delete
the subword 1X and let τ be the standardized form of the remaining elements. Insert the
subword n(X − 1) after the smallest rightmost element to (X − 1) in τ and reorder to get
σ = f(π) ∈ Ln,k.

Example 7. Let us illustrate the map f with n = 5 and k = 2. We have C5,2 =
{13245, 14235, 15234}. For π = 13245, then τ = 123 and σ = 15234 i.e., f(13245) = 15234.
Similarly, f(14235) = 12534, f(15234) = 12354.

Proposition 8. The map f : Cn,k → Ln,k is a bijection.

Proof. We will prove that f is surjective and injective.

(i) Surjectivity. Let g : Ln,k → Cn,k be defined as follows: for each σ ∈ Ln,k, delete the
subword nX and let τ be the standardized form of the remaining. Insert the subword
1(X + 1) before τ and re-order to get π ∈ Cn,k. It is obvious that g is the inverse map
of f .

(ii) Injectivity. Let π1 and π2 be two elements in Cn,k such that f(π1) = f(π2). Neces-
sarily, τ1 = τ2 and hence π1 = π2.

Let us illustrate the map f−1 with n = 5 and k = 2.
We have Ln,k = {12354, 12534, 15234}. For σ = 12354, then τ = 123 and π = 15234 i.e.,

f−1(12354) = 15234. Similarly, f−1(12534) = 14235, f−1(15234) = 13245.

Theorem 9. For all integers n and k such that 1 ≤ k < n, the cardinality of the set Kn,k is
kfn−1,k.

Proof. Let us construct the elements of Kn,k. Let π ∈ Fn−1,k. Inserting n at the end of a
run of π does not change the number of runs. There are k possibilities of such insertions.
This generates k flattened partitions in the set Kn,k. Thus |Kn,k| = kfn−1,k.

Theorem 10. For all integers n and k such that 1 ≤ k < n, fn,k = kfn−1,k+(n−2)fn−2,k−1.
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Proof. From Remark 6, we have that |Fn,k| = |Kn,k|+ |Ln,k|. Using Theorem 9, Proposition
8 and Corollary 5, we then have that

fn,k = kfn−1,k + (n− 2)fn−2,k−1. (2)

Corollary 11. For all integers n and k such that 1 ≤ k < n, we have

kfn,k =
n−2∑

m=1

((
n

m

)

− 1

)

fm,k−1.

Proof. Considering Equation (1) and Equation (2), we deduce the result.

We still do not have a direct combinatorial proof of Corollary 11, and it remains an open
problem worth investigating.

Theorem 12. For all integers n and k such that 1 ≤ k ≤ n, the numbers fn+2,k of flattened
partitions over [n+ 2] having k runs satisfy the recurrence relation

fn+2,k = fn+1,k +
n∑

i=1

(
n

i

)

fn+1−i,k−1. (3)

Proof. To construct a flattened partition π over [n + 2] for all n ≥ 0 having k runs, we use
the property that the first two terms 1 and 2 of π are either in the same run or in different
runs. We consider these two possibilities to enumerate fn+2,k.

1. If 1 and 2 are in the same run, by the construction in Theorem 1, π is of the form
π = 1 τ

︸︷︷︸

n+1

, where τ is a subword of length n+ 1 whose starting integer is 2. Deleting

1 of π and reducing each of the remaining terms by 1 gives a flattened partition of
length n+ 1, with the same number of runs k i.e., fn+1,k.

2. If 1 and 2 are in different runs, suppose the first run has (i + 1) terms including the
first term 1. Using Theorem 1, the remaining (i + 1) − 1 = i terms in the first run
can be chosen from the set {3, 4, . . . , n+ 2} of (n+ 2)− 2 = n terms. This is because

the positions of 1 and 2 in π are already known. There are

(
n

i

)

ways to do this. The

remaining k−1 runs have length (n+2)− (i+1) = n+1− i. Hence we have fn+1−i,k−1

flattened partitions over [n + 1 − i] with k − 1 runs. Since the length of the first run
including 1 varies between 2 and n+ 1, the number of flattened partitions over [n+ 2]

with 1 and 2 in different runs is given by
n∑

i=1

(
n

i

)

fn+1−i,k−1.

Adding these two cases together gives

fn+2,k = fn+1,k +
n∑

i=1

(
n

i

)

fn+1−i,k−1.
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2.2 Generating function

Theorem 13. The exponential generating function F (x, u) of the run distribution over flat-
tened partitions has the closed differential form

∂F (x, u)

∂u
= x exp(x(exp(u)− 1) + u(1− x)), (4)

with initial condition
∂F (x, 0)

∂u
= x.

Proof. We have

F (x, u) =
∑

n≥1

∑

k≥1

fn,kx
ku

n

n!
=

∑

n≥1

fn(x)
un

n!
.

where fn(x) is the polynomial defined by
∑

k≥1

fn,kx
k = fn(x).

From Equation (3), multiplying by xku
n

n!
and summing over k and n gives

∑

n≥1

∑

k≥1

fn+2,kx
ku

n

n!
=

∑

n≥1

∑

k≥1

(

fn+1,k +
n∑

i=1

(
n

i

)

fn+1−i,k−1

)

xku
n

n!
. (5)

Equation (5) can be rewritten as A = B + C, where

A =
∑

n≥1

∑

k≥1

fn+2,kx
ku

n

n!
,

B =
∑

n≥1

∑

k≥1

fn+1,kx
ku

n

n!
,

and

C =
∑

n≥1

∑

k≥1

( n∑

i=1

(
n

i

)

fn+1−i,k−1x
ku

n

n!

)

.

We have

A =
∂2F

∂u2
, B =

∂F

∂u
. (6)

Fixing i and summing over k in C gives

C =
∑

n≥1

n∑

i=1

(
n

i

)(
∑

k≥1

fn+1−i,k−1x
k

)
un

n!
. (7)

Equation (7) can be re-written as

C = x
∑

n≥1

n∑

i=1

(
n

i

)(
∑

k≥1

fn+1−i,k−1x
k−1

)
un

n!
. (8)
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Expanding the binomial coefficient

(
n

i

)

in Equation (8) and simplifying gives

C = x
∑

n≥1

n∑

i=1

ui

i!

(
∑

k≥1

f(n−i)+1,k−1x
k−1 u(n−i)

(n− i)!

)

= x

∞∑

i=1

ui

i!

(
∑

n≥i

∑

k≥1

f(n−i)+1,k−1x
k−1 u(n−i)

(n− i)!

)

= x

∞∑

i=1

ui

i!

(
∑

n≥i

f(n−i)+1(x)
un−i

(n− i)!

)

.

We have

C = x

∞∑

i=1

ui

i!

∂F (x, u)

∂u

= x(exp(u)− 1)
∂F (x, u)

∂u
.

Substituting Equation (6) and C = x(exp(u)− 1)
∂F (x, u)

∂u
into Equation (5) gives

∂2F (x, u)

∂u2
=

∂F (x, u)

∂u
+ x(exp(u)− 1)

∂F (x, u)

∂u
. (9)

Let V =
∂F (x, u)

∂u
. Then

∂V

∂u
=

∂2F (x, u)

∂u2
.

Substituting V into Equation (9) gives

∂V

∂u
= V

(
x(exp(u)− 1) + 1

)
(10)

with initial condition V (x, 0) = x. Solving for V in Equation (10) gives

V =
∂F (x, u)

∂u
= x exp(−x) exp((x(exp(u)− u) + u)).

3 Flattened partitions with the first s terms in differ-

ent runs

We recall that f
(s)
n,k and F [s](x, u) are the number of flattened partitions over [n] whose first

s integers belong to different runs and the exponential generating function for the numbers
f
(s)
n,k respectively.
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Theorem 14. For all integers s, k and n such that 1 ≤ s < k < n, the numbers f
(s+1)
n+s+1,k

satisfy the relation

f
(s+1)
n+s+1,k =

∑

i1,i2,...,is≥1

(
n

i1

)(
n− i1

i2

)

· · ·

(
n−

∑s−1
j=1 ij

is

)

fn+1−
∑s

j=1
ij ,k−s. (11)

Proof. Let π be a flattened partition over [n + s + 1] having k runs. Let i1 + 1, i2 + 1, i3 +
1, . . . , is+1 be the lengths of the s first runs whose starting points are 1, 2, . . . , s respectively.
Since the first run, including 1 has length i1 + 1, we have i1 terms to arrange out of the
(n+ s+1)− s− 1 = n terms. There are

(
n

i1

)
ways. For the second run, it remains to arrange

i2 terms out of n − i1 terms. There are

(
n− i1

i2

)

ways. Repeating the same process up to

the sth run inductively gives

(
n− i1 − i2 − · · · − is−1

is

)

=

(
n−

∑s−1
j=1 ij

is

)

possibilities. The

remaining k−s runs have length (n+s+1)−((i1+1)+(i2+1)+ · · · (is+1)) = n+1−
s∑

j=1

ij.

So we have

(
n

i1

)(
n− i1

i2

)

· · ·

(
n−

∑s−1
j=1 ij

is

)

fn+1−
∑s

j=1
ij ,k−s. Summing over all possibilities

of i1, i2, . . . , is ≥ 1 gives the result.

Theorem 15. The exponential generating function F [s](x, u) for the numbers f
(s)
n+s,k has the

closed differential form

∂s+1F [s+1](x, u)

∂us+1
= xs(exp(u)− 2)(exp(u)− 1)s−1∂F (x, u)

∂u
. (12)

Proof. We have
∂s+1F [s+1](x, u)

∂us+1
=

∞∑

n=1

∑

k≥1

f
(s+1)
n+s+1,kx

ku
n

n!
.

From Equation (11), multiplying by xku
n

n!
and summing over k and n gives

∑

n≥1

∑

k≥s

f
(s+1)
n+s+1,kx

ku
n

n!
=

∑

n≥1

∑

k≥s

(
∑

i1,i2,...,is≥1

(
n

i1

)

· · ·

(
n−

∑s−1
j=1 ij

is

)

fn+1−
∑s

j=1
ij ,k−s

)

xku
n

n!

(13)
Let

L =
∑

n≥1

∑

k≥s

f
(s+1)
n+s+1,kx

ku
n

n!
,

and

M =
∑

n≥1

∑

k≥s

(
∑

i1,i2,...,is≥1

(
n

i1

)(
n− i1

i2

)

· · ·

(
n−

∑s−1
j=1 ij

is

)

fn+1−
∑s

j=1
ij ,k−s

)

xku
n

n!
.
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We have

L =
∂s+1F [s+1](x, u)

∂us+1
. (14)

Fixing i and summing over k gives

M =
∑

n≥1

∑

i1,i2,...,is≥1

(
∑

k

xs

(
n

i1

)(
n− i1

i2

)

· · ·

(
n−

∑s−1
j=1 ij

is

)

fn+1−
∑s

j=1
ij ,k−sx

k−s

)
un

n!

= xs

∞∑

i1,i2,...,is=1

∑

n≥i1,i2,...,is

(
n

i1

)(
n− i1

i2

)

· · ·

(
n−

∑s−1
j=1 ij

is

)(
∑

k≥s

fn+1−
∑s

j=1
ij ,k−sx

k−su
n

n!

)

= xs

∞∑

i1,i2,...,is=1

∑

n≥i1,i2,...,is

n!

(n− i1)!i1!
· · ·

(n−
∑s−1

j=1 ij)!

(n−
∑s

j=1 ij)!is!

(
∑

k≥s

fn+1−
∑s

j=1
ij ,k−sx

k−su
n

n!

)

= xs

∞∑

i1,i2,...,is=1

ui1

i1!

ui2

i2!
· · ·

uis

is!

(
∑

n≥i1,i2,...,is

∑

k≥s

fn+1−
∑s

j=1
ij ,k−sx

k−s un−
∑s

j=1
ij

(n−
∑s

j=1 ij)!

)

= (x(exp(u)− 1))s
∂F (x, u)

∂u
.

Substituting Equation (14) and (x(exp(u)−1))s
∂F (x, u)

∂u
into Equation (13) gives the result.

4 Bijection between flattened partitions over [n+1] and

partitions of [n]

Let P ∈ Pn be a partition of [n], written as P = B1|B2| · · · |Bk where the elements in each
block Bi are written in increasing order. We write P as P ′ in such a way that in each block,
the smallest element appears at the end but still maintaining the remaining elements. We
construct a word P+ from P ′ by deleting the marks “|” enclosing the different blocks of P ′

and then increasing all the terms by 1.
Let f : Pn → Fn+1 be a map which associates a partition P of [n] with a flattened

partition defined by f(P ) = σ = 1P+. The map f is well defined since if P1 and P2 are two
set partitions over [n] and assume that P1 = P2, then f(P1) = 1P1+ = 1P2+ = f(P2).

Proposition 16. The map f : Pn → Fn+1 is a bijection.

Proof. Since both Pn and Fn+1 are finite with the same size Bn, it suffices to prove that f
is injective. Let P1 and P2 be two partitions of [n]. Assume that f(P1) = f(P2). Then by
definition, 1P1+ = 1P2+. Since the map f is well defined, the strings P1+ and P2+ are equal
after deleting 1 from the front. Thus P1 = P2.
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Example 17. Consider a partition P = 12|3|45 of [5]. Re-ordering P such that in each
block, the smallest entry appears at the end of the partition gives P ′ = 21|3|54. Then
P+ = 32465. And thus σ = 1P+ = 132465.

Let σ ∈ Fn+1 having k runs. Let us define P = f−1(σ) as follows: Insert the mark “|” at
the end of each right to left minimum of σ. Delete element 1. Re-order to get the blocks of
the partition P .

Example 18. Consider a flattened partition σ = 132465 over [6]. Inserting the mark “|” at
the end of each right to left minimum 1|32|4|65|. Deleting 1 and re-ordering the remaining
gives the partition P = 12|3|45.

We now give a property of our bijection. This bijection preserves the number of blocks
of size greater than 1 in a partition and the number of runs of its corresponding flattened
partition.

Theorem 19. For any integer n ≥ 0, if P is a partition over [n] and σ its corresponding
flattened partition over [n+ 1], then the following assertions are equivalent:

(i) the number of blocks of size greater than 1 of the partition P is k − 1,

(ii) the number of runs of the flattened partition σ is equal to k.

Proof. For n = 0, 1 is the only flattened partition corresponding to the empty set. Consider
a partition P of [n] having (k − 1) blocks of size greater than 1. Using the construction of
the map f , we write each of the blocks in such a way that the smallest elements of each
block appear at the end. Thus the smallest elements become the starting points for a run
in a flattened partition σ = f(P ) if the block has at least two elements as well as integer 1.
The element of singleton blocks becomes a right to left minimum in σ and is not a starting
point of a run. So σ has k runs.

Conversely, consider a flattened partition σ having k runs. Placing a mark “|” after the
right to left minima forms a partition of [n+ 1]. Since a starting point of a run is preceded
by a greater element, except the integer 1, the blocks with two or more elements consist
of those containing a starting point. Deleting the integer 1 and re-ordering the remaining
blocks gives (k − 1) blocks of size greater than 1.

In Example 17, the partition P has 2 blocks of size greater than 1 and the corresponding
flattened partition, σ has 3 runs.
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