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Abstract

Using the technique of formal power series, we obtain some two-parameter binomial
identities for the Tricomi polynomials. Moreover, we establish some relations between
the Tricomi polynomials, the generalized derangement polynomials, and the Touchard
polynomials. Finally, we obtain a characterization of the rising and falling factorial
powers by means of a generalized binomial theorem.

1 Introduction

The Tricomi polynomials [21, 5, 1] are defined by the formula

() = () )

They satisfy the three-term recurrence
(n+ D2 (@) = (4 ) (@) + 2ty () = 0
with initial values ﬁéa) () =1 and €§a)(:c) = «, and have ordinary generating series

() (@t) =Y L (@) t" = (1 — )" e (2)

n>0
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The rising factorials are defined by the Pochhammer symbol

(@) = 2(z+ )(x+2)- - (@ +n - 1),

while the multiset coefficients are defined by ((2)) = % They have generating series
t" 1 x 1
S L)
n>0 n>0
Notice that, by series (2), we have the relations
1
AP (5 t) = 00T (3 3
e ast) = P i ®)
and
(0 (s t) - 0P (y; t) = () (@ + y; 1) (4)
corresponding to the identities
() = )
k=0
and .
6 (@) 60 (y) = 60 (@ + ). (6)

k=0
From a purely combinatorial point of view, it is more convenient to consider the expo-
nential version of the Tricomi polynomials, namely the polynomials

A (2) = plf@ (z) = Zn: (Z) (“" . O‘) (—1)*k! g* (7)

k=0

satisfying the recurrence
Ay (@) = (a+n+ 1) A (2) + (n+ 1) 2 A (2) = 0

with the initial values A/ (z) = 1 and A\” () = «, and having exponential generating series

A (z:1) = Z A () 2—7: = (1 — )" ™. (8)

n>0



For the first values of n, we have the following polynomials:

AT (@) = (@)o =1

A (@) = (@)1 =

A (@) = (a)y —

A (@) = (a)s — (2+ 3a)a

Aia) (r) = (a)y — (6 + 14 + 6a%)x + 322

AD(z) = ()5 — (24 + T0a + 5002 + 100%)z + (20 + 150)2

A (2) = (a)g — (120 + 404ar + 3750 + 1300® + 150*)z + (130 + 1650 + 4502)2° — 1523 .

Notice that ALY (x) is a polynomial of degree n in « and is a polynomial of degree at most
|n/2] in . Moreover, if & € N, then A (2) is a polynomial with integer coefficients. In
particular, we have A (0) = (a)n.

Identities (3) and (4) also hold for the exponential series A (z;¢) defined by (8). This
time, we have the identities

> (1) @A) = A
and

Z (Z) A (@) A2 (y) = ALt (@ + ).

k=0

The Tricomi polynomials Al (z) = STIM20 A k z¥ are the row polynomials of the (im-
proper) Sheffer matrix ([2, p. 309] [12, 13, 7])

(@) _ Tpla) 1 _ 1
A [A k}nk>0 ((1_t>o¢’t ln]__t)

where

n min(z,k) . i
A= (1) ()] ev
i—o \"/ =V k=
where the coefficients [}] are the Stirling numbers of the first kind [9].

In this paper, we obtain some two-parameter binomial identities for the Tricomi polyno-
mials. Moreover, we establish some relations between the Tricomi polynomials, the gener-
alized derangement polynomials and the Touchard polynomials. Finally, we obtain a char-
acterization of the rising and falling factorial powers by means of a generalized binomial
theorem.

To obtain the mentioned two-parameter binomial identities, we will use (as we did in [14],
in order to extended a similar identity involving the derangement numbers) the following
theorem in the context of formal series:



Theorem 1 (Taylor’s formula). For any formal power series f(t), the exponential generating
series of the successive derivatives D} f(t), where Dy = % denotes the formal derivative with

respect to t, is

> Dyt —,—f(t+u)- 9)

m>0

Notice that this theorem is valid both when f(¢) is an exponential series and when f(t)
is an ordinary series. Moreover, the m-derivative of an exponential series f(t) = Zn>0 Jno &
is

Dmf Zf n+m n (1())

n>0

while the m-derivative of an ordinary series f(t) =, -, fnt" is

DT f(t) =ml Y (m”‘) Farmt". (1)

n>0

2 Tricomi polynomials

We start by computing the successive derivatives of the generating series of the Tricomi
polynomials.

Lemma 2. For every m € N, we have the identity

. —k
D™ (2 1) m'§ | (x O‘) kf—m 000 (1) (12)
m

or, equivalently,

DA (1) i ( ) (I N O‘) (= 1)Kl 2™k ACHR) (34 . (13)

Proof. By applying Taylor’s formula (9) to series (2), we have

m

m (0% u (03
> Dy (ast) = 0zt + )
m>0
_ (1 —t— u)a:—a ea:(t—i—u)
— _ -« Tt TU
=(1-t)" < t> e"'e
-0 (1)
e 1—-t
Z Z (x — a) = m! a™F (@) (z;t) u™
= le (m—Fk)! (1—=t)k | m!’
Hence, by identity (3), we obtain identity (12) (and, consequently, identity (13)). O
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As an immediate consequence of Lemma 2 and formulas (10) and (11), we have the

following theorem.
Theorem 3. For every m,n € N, we have the identities
m-+ny () " (-« PR (a+k)
14 = )y
("t =32 (7 ) gy

and A () i (ZL) (x ; Oé) (—1)FkL2™ ™ AR ().

Remark 4. Notice that Agrawal [1] obtained the following different relation

m—+n\ () ) O =T+ N\ (atn+k) (a—m+k)
n gm—l—n( ) = Z k gm—k (.23) gn—k (23),

k=0

which can also be rewritten as

min(m,n)
o m n a+n a—m
Al = 0 () () e AL ) AT ).
k=0

More generally, Lemma 2 implies the following two-parameter identities.
Theorem 5. For every m,n € N, we have the identity
~ (Mt kY 8) _ (T —a poam (at+B+k)
> ( 1 >€m+k( VO ) = I (—1) mgn (x+y).
k=0 k=0
Equivalently, we have the identity
n N m T — . .
> () Ao alm = X () (7 vt tap s e ).
k=0 k=0
Proof. By identity (12) and property (4), we have

.. (-« gk o
(D (y;t ) D (e Z( ) kmf( (1) (9 (y; 1)

m—k

(-« x o
:Z( ) m«“ I (1 4y t)
£ .

from which we have identity (16) (and identity (17)).
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Remark 6. If y = —x, then
gy = ey = (1)

and identity (16) becomes

S (" e =3 (I (L ey s

k=0

Moreover, if f =y = —x, then

and
(OABER) (g 4 gy) = (LHBHR) ()

[
2B
Q
|
S 8
+
k‘
~—r
[
T
/N
8
|
S R
|
w
N————

So, identity (16) becomes
e [ =

Similarly, if y = 0, then identity (16) becomes

S, ) =X (7 e g e e e

k=0 k=0

Finally, if x = y = 0, then identity (16) becomes

SOOI -CE Y e

Equivalently, this identity can be easily rewritten as

Z (Z) () mik(B)n—k = (@)m(a+ B+ m), . (22)

k=0

For m = 0, we recover the fact that the rising factorials form a polynomial sequence of
binomial type [11, 18, 10], that is, that they satisfy the binomial identity

i (Z) (@)r(B)n—s = (a+ B

k=0

Notice that replacing a and 8 by —«a and —f3, respectively, then identity (22) becomes

(ot 01 .

k=0

where the polynomials 2 = z(z — 1)(z — 2) - - - (x — n + 1) are the falling factorials.



3 Generalized derangement polynomials

The generalized derangement numbers d¥) and the generalized arrangement numbers a)

are defined [14] by the formulas

=3 (e (24)

k=0
n kz:;( n—k )k (25)

and have exponential generating series

—t

t" e
()2
I A 2
n>0
t

=2 a ﬁ - (27)

n>0

For v = 0, we have the ordinary derangement numbers d,, [6, p. 182] (A000166 in the OEILS
Sloane) and the ordinary arrangement numbers a,, [6, p. 75] A000522.

The generalized derangement polynomials [14] are the Appell polynomials [3, 12, 16] as-
sociated with the generalized derangement numbers, namely

5 "L\ “(v+n—k\n!
D;)(x):Z(k)dfz_)k:ck:Z( o )H(:z:—l)k

k=0 k=0
and have exponential generating series
tn e(xfl)t
W) (- 4) = W () —
DY (x;t) = D (2)— = =y (28)

In particular, we have Dg/)(()) =dy, Dg/)(l) = (""")n! and Dﬁly)(Z) =a.
The generalized derangement polynomials and the Tricomi polynomials are related in the
following way!.

Theorem 7. For every n € N, we have the identity
DW(z) = AVt (z —1). (29)
In particular, for x =0, x =1 and x = 2, we have the identities

v+n
n

AW(=1) = d®), Agg+1><o>:( )nx and A1) = o)

Notice that the numbers dg’) and aELV), and the polynomials Dgly)(x) considered here are very similar

to those considered in some recent papers [4, 7, 15, 8] and that all the results we obtain here can be easily
adapted to these variants.
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Proof. By series (8) and (30), we have

e(m—l)t
A(V—f—x)(x o 1;t> _ (1 _ t):c—l—u—xe(a:—l)t — m = D(V) (I; t) .

This relation implies identity (29) at once.
Moreover, we have the following result.

Theorem 8. For every n € N, we have the identity

i (Z) DI () A2, (y) = i <Z) (@) A (@ 4y —1).

k=0 k=0

In particular, for x = 0,2 and y = 0, we have the identities

5 ()l 9hocs =i

and

(Z) 0@ (8) 5 = (Z) (k+ 1)laloti=2

k=0 k=0
Proof. By series (30) and (8), we have
olz—1)t
D@ (z;t) AP (z;1) = A pe (1 =ty Pevt
= @ _1 E (11— t)m+y—1—a—ﬂe(x+y—1)t
1

- AT (4 — 15t

This relation is equivalent to identity (30).
More generally, we have the following formulas.
Theorem 9. For every m,n € N, we have the identities

S (") e = 3 (7 ) e -

k=0 k=0

v)

m—k

k=0

> (m/—; k) (na£i i (@) = > (x h a) D o O e+ ).

(30)



Equivalently, we have the identities

" /n N (a " m\ (1 — « _ ot

S (3) o a st =30 (7)) (7 vty
k=0 k=0

" /n N (o " /m\ [ — « _ ot

S ()b At st = X () (73 )0t man A . e
k=0 k=0

Proof. From identity (12) and series (26), we have

(
4 (1) Ti D) (1) = zm: (‘” A ) nfm_;i) A (£) 0040 (1)
("

T — xm—k
1—1¢ z—l—a+tv—k  (z—1)t
et 1 :

" r—« xmk

from which we obtain identity (31). In a similar way, we also obtain identity (32). O

Consider the Touchard polynomials T, (x), [17, 20], and the associated polynomials U, (x)
defined by

ZT e H(1+1)" (35)

Uity =3 Un(x)g _ (16__;)90 | (36)

The following identities relate the Tricomi polynomials and the generalized derangement
polynomials by means of the Touchard polynomials.

Theorem 10. We have the identities

A9 = 3 () 0 e+ 1) Do) (37
D) = 3 () vble + DA, o) (38)
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Proof. By series (8), (28) and (35), we have

A (z:1) = (1 — )" %™ = ef(1 —t)*L. =T(x+1;—t) - D(x:1)

from which we get identity (37) at once. Similarly, by series (8), (28) and (36), we have

e(w—l)t et

DOait) = = gy = (g (1= 076 = Ule + 1) A(ai)

from which we get identity (38) at once. O

4 Final remarks

The rising factorials and the falling factorials form two polynomial sequences of binomial
type and have several characterizations and combinatorial interpretations [10]. In Remark 6,
we noticed that these polynomials satisfy the generalized binomial theorems (22) and (23),
respectively. More generally, we have the following characterization.

Theorem 11. Let {p,(x)}nen be a polynomial sequence, where each polynomial p,(x) has
degree n. There exists a constant A # 0 for which the binomial identity

> () mere) i) =pn(mlo + 5+ Am) vmnen ()

holds if and only if there exists a constant p such that

Pu() = (M) (2/X)n - (40)

Proof. If identity (39) is true for every m,n € N, then it is true also for m = 0 and n € N.
This implies that {p,(z)}.en is a polynomial sequence of binomial type and, consequently,
that it has exponential generating series

" .
plait) = > pula) = = e

n>0

for a given exponential series f(t) = >, -, fnks with fo = 0 and fi # 0. Hence, identity (39)
turns out to be equivalent to the identity

(D"p(z;t) p(y; t) = pm(z) p(x +y + Am;t)  ¥YmeN

that is
(DMWY W) — (1) @AM (B) VYm e N.
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that is
Dne™f V) = p (x) @AM VYm e N.

For m = 1, this relation reduces to
zf'(t) e*® = p (x) ETTHN/O

or
zf'(t) = pr(x) MO

or

f'@t) _ pi(z)

e (@) T

for a constant . This is equivalent to pi(z) = px and f/(t) = pe™®. By integrating this
last differential equation, we obtain

1 1
t)=—-1
fO) =S
and consequently
p(x t) — e%ln 1—1>\;Lt — ; = Z(AM)”(%’/)\)nﬁ
’ (1 — At )e/A n!

n>0

from which we have identity (40). Vice versa, employing identity (22), we can say that the
polynomials defined by formula (40) satisfy the binomial identity (39). O

Notice that the falling factorials can be expressed by identity (40) for A = —1 and p = 1,
namely z% = (—1)"(—z),.
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