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Abstract

In a previous paper, we proved that the arithmetic subderivative Dg is discontinuous
at any rational point with respect to the ordinary absolute value. In the present paper,
we study this question with respect to the p-adic absolute value. In particular, we show
that Dg is in this sense continuous at the origin if S is finite or p ¢ S.

1 Introduction

Let 0 # = € Q. There exists a unique sequence (v,(x)),ep of integers (with only finitely
many nonzero terms) such that
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xr = (sgnaz)Hp”P(”). (1)

peP

Here PP stands for the set of primes, and sgnx = z/|z|. Define that sgn0 = 0 and v,(0) = oo
for all p € P. In addition to the ordinary axioms of co, we state that 0 - oo = 0. Then (1)
holds also for x = 0.

We recall the basic properties of the p-adic order v,,.

Proposition 1. For all x,y € Q,

z +y) > min(v,(z), vp(y));

(a) vp(

(b) vp(zy) = vp(@) + 13(y);
) Y
)

(d) vp(z +y) = min(vy(2), vp(y)) if vp(z) # vp(y).
Proof. Properties (a) and (b) are trivial. For (¢) and (d), see, e.g., [2, Proposition 2.4]. [

Throughout this paper, we let a € Q, p,q € P, p# ¢, and ) # S C P.
The arithmetic subderivative [11, 8, 9] of x € Q with respect to S, a.k.a. the arithmetic

type derivative [4] is
Dg(z) ==z Z M.
peS p

The arithmetic partial derivative [10, 7] of x with respect to p is D,(x) = Dy (x). The
arithmetic derivative [12, 3, 13] of x is D(z) = Dp(x). Clearly,

Ds(x) =) Dylw), D(x)=) Dyla).

peS peP

The function Dg is very strongly discontinuous at any a [8, Theorem 4] with respect to

the ordinary absolute value. But do we succeed better if we use the p-adic absolute value
of x, defined by
1

?
pl’p (z)

‘x|p =

(In particular, |0], = 1/00 = 0.)
We recall the basic properties of | - |,

Proposition 2. For all x,y € Q,
(a) |z|, = 0 if and only if x = 0;

() lzyly = |zlplylp;



(©) |z +ylp, < max(|zfp, ylp);
(d) |2+ ylp = max(|z]y, ylp) if |zl, # [ylp-
Proof. This proposition is equivalent to Proposition 1. O

Let us write

pr(x) — x|x|ppr(33) — Mp(x)pl’p(fﬁ)’

)
where .
pp() = |z, = @ (2)

Proposition 3. For all z,y € Q,

) vp(pp(2)) =0 if © # 0, vp(1(0)) = 13,(0) = o0;

) (@)l =1 if 2 #0, |uy(0)], = 0;

(€) pplzy) = pp(2)pp(y);

(d) Dp(pp(x)) = 0.

Proof. Trivial. 0

(a
(b

The p-adic distance |x — y|, is smaller the larger v,(z — y) is.

We say that a function Q — Q is p-adically continuous, in short p-continuous, if it is
continuous with respect to | - |,. So we ask: Is Dg p-continuous at some a? We study this
question by considering sequences (x;) of rational numbers. If |x; — al, — 0, equivalently
vp(x; —a) — oo, then (x;) converges p-adically, in short p-converges, to a. Let z; —, a
denote this convergence.

Sections 2-3 are introductory. We present in Section 2 a “light version” of Dirichlet’s
theorem on arithmetic progressions. We study p-convergence in Section 3.

Sections 4-7 contain our main results. We prove in Section 4 that Dg is p-continuous
at a = 0 if S is finite or p ¢ S. We also prove that D, is p-continuous also at a # 0.
On the other hand, we show in Section 5 that D, can be (and conjecture that it always is)
p-discontinuous at a # 0. In Section 6, we extend the results of Section 5 to Dg when S is
finite. Although Section 5 is only a special case of Section 6, we find it instructive to present
it separately. We complete our paper with the conclusion in Section 7.

2 “Poor man’s theorem on arithmetic progressions”

Throughout this section, a,b € Z with ged (a,b) = 1. As suggested by Graham et al. [5], we
let @ L b denote that ged(a,b) = 1. See also [6, 4].
We recall Dirichlet’s theorem on arithmetic progressions.



Theorem 4. If b > 0, then the set

T={a+nb:neZ,} (3)
contains infinitely many primes.
Proof. See, e.g., [1, Theorem 7.9]. ]

Corollary 5. If b # 0, then the set (3) contains infinitely many primes or their additive
muerses.

Proof. Trivial. O]

Theorem 4 is advanced, while our paper is elementary. We do not need the full force of
this theorem, and we want to use only elementary methods. Therefore we apply, instead of
Theorem 4, the following “poor man’s theorem on arithmetic progressions.” It is elementary
but strong enough for us. (Remember that () # S C P throughout.)

Theorem 6. If S is finite and b # 0, then the set (3) contains infinitely many numbers that
are not divisible by any element of S.

Proof. If a = 0, then b = +1, since otherwise a £ b, a contradiction. Therefore T'= Z, or
T = 7Z_, and the claim is trivially true.
Now assume that a # 0. Let

S:{pla"'aph7Q1a--'7Qk}7 pla--'vph*aa Q1a--->Qk’G-

(Either the p; or the ¢; can be missing. Clearly, p; # ¢; for all 7,5.) We show that the
numbers a + nb apply when n goes through the set

N:{mpl"'ph:mez+7Q17"'7q1<:)(m}-

Write
C=DP1""DPh-
(If the p; are missing, then the “empty product” ¢ = 1.)
Let x € T with n € N, that is,
r=a+mecb, qi,...,qtm. (4)

Each p; | ¢ but p; 1 a, so p; t z. Each ¢; | a but ¢; 1 meb. (Clearly, ¢; 1 m,c. If ¢; | b, then
a L b, a contradiction.) Therefore also ¢; 1 . Consequently, s { = for all s € S. Because
there are infinitely many numbers (4), the claim follows. O



3 Convergence

Continuity is usually proved by the “c — ¢ technique”, while discontinuity is often proved
using suitable sequences. For consistency, we use sequences also in proving continuity. To
that end, we need a characterization of p-convergence.

Proposition 7. Let (x;) be a sequence of rational numbers. If a # 0, then the following
conditions are equivalent.

(a) &£y _>p a;
(b) pp(x;) —p pp(a) and there is ig € Z such that vy(x;,) = vp(xip41) = -+ - = vp(a).
If a =0, then (b) = (a) but not conversely.

Proof.

Case 1: a # 0.

(a) = (b): If iy does not exist, then (z;) has a subsequence (z;,) whose each term satisfies
vp(xi,) # vp(a). Consequently,

rop. a#0
vp(xi, — a) Prop.1(d) min(v,(z;, ), vp(a)) < vy(a) < oo, k> 1.

Hence v,(x;, — a) /4 oo, implying x; /4, a, a contradiction. Therefore i, exists, i.e.,
zi = ()@, i > .
Now, for ¢ > iy, we have

2= a = (uplas) — pp(a))p™®, (5)

and further
(5),Prop. 1(b)

V(i (5) — (@) + V() vp(; —a) 3 oo,

verifying p,(z;) —p pp(a).
(b) = (a): Since

(b) vp(a vp(a v (a L
Ti —a = fip(T;)p vl — pip(@)p o) = (1p(:) = pp(a))p P >,

we have o (
Prop. 1(b

(= a) "= () = (@) + vyla) S oo,
verifying (a).
Case 2: a = 0.
(b) = (a). Since v,(x;,) = Vp(Tiy41) = - -+ = 1,(0) = o0, it follows that x;, = x;41 = --- = 0.
Therefore z; —, 0.
(a) & (b). If z; = p’, then z; —, 0, but w,(z;) =1 —, 1 # 0 = 1,(0). O
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Proposition 8. A function F : Q — Q is p-continuous at a if and only if any sequence (z;)
of rational numbers satisfying x; —, a satisfies F(x;) =, F(a).

Proof. Proceed as in proving the corresponding property of the ordinary continuity. O]

There are three formally different ways to consider p-convergence. First, use v, every-
where. Second, use |- |, everywhere. Third, use either v, or |-|,, depending on the situation.
We follow the first way.

4 The cases of Dg, a =0, and D,, a arbitrary

We begin with a lemma that may be interesting on its own.

Lemma 9. Let S be finite and y € Q. Assume that

{aeP|v(y) #0}C S

Factorize
y=[]aY = u)w(y),
qeS
where
uly) = [, ww)=]]«

q€es q€S
Then

Ds(y) = u(y)v(y),
where

v(y) = vy ] =

qeS reS\{q}

Proof. We have

DS(Z/) = ZDS(quq(y)) H ) — qu<y)quq(y)fl H e (v)

qes reS\{q} qes reS\{q}
= Z]jq(y)qVQ(y)_l H /,aVT(y)_lr = qu<y)(HrVT(y)_1> ( H r),
qes reS\{q} q€es res reS\{q}
verifying the claim. O]

Theorem 10. If S is finite or p ¢ S, then Dg is p-continuous at the origin.



Proof. Let
We show that Dg(z;) —, 0 = Dg(0).
If (z;) has only a finite number of nonzero terms, then the claim is trivially true. So, we

assume that there are infinitely many x; # 0. Because zeros do not cause any problem in
the proof, we can omit them and thus assume that each x; # 0.

Write
T W (sgnx;) Hq”‘l(% = (sgnz;) (Hq”‘l i ) < H q”‘l(’”l ) (sgn z;)y;zi,
q€eP qeSs qeP\S
where
W IS g
qeS geP\S
(If S =P, then the “empty product” z; = 1.) Then
Dgs(x;) = (sgnx;)zDs(yi). (7)

First, let us assume that S is finite. By Lemma 9,

Ds(y:) = u(yi)v(yi)- (8)
Since v(y;) € Z, it follows that
vp(v(yi)) = 0. (9)
If p ¢S, then
(7),(8) Prop. 1(b) ©) 6
vo(Ds(:)) =" vp(zau(yi)o(ys) = (2:) + 0+ vp(v(yi) = vp(2:) = vp(a;) = o0
If pe S, then

vu(Ds(2)) ™0, o)) = 0 4 vy () + p(0() > v (u(a)

= l/p x;) — 1 J
Thus, Dg(x;) —, 0 in each case.

Second, assume that S is infinite. Because w(y) and v(y) contain a divergent infinite
product, applying Lemma 9 needs some preparation. Define

Si ={q € 5| vglx;) # 05

If Dg(x;) # 0 only for finitely many terms, then the claim is trivially true. So, we assume
that there are infinitely many such terms. We can omit all x; satisfying Dg(x;) = 0, because
they do not violate the convergence. Then each S; # ().
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Now

7
Ds(a:) = Ds(x:) © (sgn:)ziDs, (u:). (10)
By Lemma 9,
Ds,(yi) = ui(y:)vi(y:), (11)
where
ui(y:) = H ¢ W () = Z V(i) H r.
q€eS; qeS; reSi\{q}
If p¢ S, then
(10),(11) Prop. 1(b) ©) 6
vp(Ds () "B vy (i) oi(u) = v(z) + 0+ v (0i(0)) 2 () = vpl) P oo
Consequently, Dg(x;) —, 0. We discuss the case of p € S at the end of this section. O

Theorem 11. The function D, is p-continuous everywhere.

Proof. If a = 0, then apply Theorem 10. If a # 0, then let x; —, a, and let iy be as in
Proposition 7. For i > i,

Dp(xi) - Dp(a) = Dp(ﬂp($i)pup(a)) - Dp(:up(a)pyp(a))
Prop. 3(d) v (@) — v (a
= (a)p O () — v (a)p™ 9y (a)

= l/p(a)pr(a)—l(Mp(mi) — pp(a)) = clpy(z;) — ppla)), c= Vp(a)pup(a)—1.

),

(12)
If v,(a) = 0, then
Dy(x:) 2 Dy(a), i >
If vy(a) # 0, then
o(Dy(a) = Dyfa) T vy 0) vy ) — ) 7B oo
Therefore D,(z;) —, D,(a) in each case. -

Can we extend the proof of Theorem 10 to the case where S is infinite and p € S7 If
p € S;, then

vp(Ds () "B b s ()i ()

= () @ 0,

Prop._1(b) 0+ vp(wi(ys)) + vp(vi(y:)) (92) vp(ui(yi))

implying the convergence.
It



then
wp(Ds(w:)) B vy (g oilyi)) T 0404 vy (ui(y) = ().

If (13) holds only for finitely many indices 7, then the corresponding x; do not effect on the
convergence, and therefore they do not bother us. If there are infinitely many such indices,
then the question of convergence remains open.

We thus conclude that Dg(x;) —, 0 also if, for any sequence (z;) of nonzero numbers with
x; =, 0, only finitely many terms satisfy (13). However, we find this assumption useless,
because its validity cannot be tested.

5 The case of D, a # 0

In this and the next section, we show that D, is under certain assumptions discontinuous
outside the origin. These sections are quite technical and require the use of rather heavy
notation. In order to increase readability, we consider the special case S = {q} separately.

Theorem 12. Let

a # 0. (14)
If
Dy(a) = 0, (15)
then D, is p-discontinuous at a.
Proof. Let '
r;=a+ Ly (16)
q
Then
vp(z; —a) =1 — oo, (17)

implying z; —, a. Since

we have v,(x;) O Prop- 1 g
Consequently,
V() T

D €T;) = q—iL'i = -, 18
g(Ti) p . (18)

and further ) ) .

15 18 3

Vp(Dq(xi) - Dq(a)) = Vp(Dq(5(7i)> = Vp(g) = Vp(xi)-

We show that v,(x;) /4 oo; then D, (z;) /4, D,(a), verifying the claim. If

yp(xi) — 00, (19)



then .
Prop. 1(c
vy(a) = vp(z; — (z;—a)) > min(yy(x;), v,(r; — a)) (17),(19)

Hence v,(a) = o0, i.e., a = 0, contradicting (14). O

Theorem 13. Let
3]

CL:a—, 07éa1 GZ, as EZ+, aq J_CLQ. (20)
2
If
Dy(a) #0 (21)
and
q*a% (22>

then D, is p-discontinuous at a.
. (20),Prop. 3(a) ) (20)
Proof. Let i € Z,. Since p,(ay) 1 pp(az)p' and p,(as) > 0, there are, by Theo-
rem 6 (S = {p,q}, a = py(a1), b = p,(az)p’) positive integers 73 < 145 < - - - satisfying
ik = N’P(al) + nik,up(GQ)pi7 nik € Z+7 b, q + Tik, k= ]-7 27 s (23)
Consequently,

i Prop. 3(c) fp(a1) pp(ar) + nappp(a2)p’ @) 7

pip(a@) + nip +ngp' =

tp(az) fp(az) a :Up(a2>‘
Choose 1k, < rop, < --- and write n; = Ny, Mo = Nakys - - ., "1 = T1ky, T2 = T2k, - - . . Define
the sequence (y;) by
yi = pp(a) +np' = . (24)
! Mp(@)
Then (24) (b) (23) (a)
24),Prop. 1(b 23),Prop. 3(a
vp(Yi) = vp(1i) — vp(pp(az)) = 0 (25)
and ;
(24) i\ Prop. 1(b) LGS
vo(yi — (@) = vp(nip’) = (i) i > i — oo, (26)
For all @ € Z,, we have
D(ys) (24) pp(az) Dy(ri) — riDy(pp(a2))
o fip(az)?
atrs  TiDg(pp(az)) ) (% az \?
- 2 =\l q( V(ag)) / vp(a2)
fip(az) pr pvr
B ri a9 2 B Tipyp(a2)Dq<a2) (2)
- _<pup(a2) DQ(Q2)>/<pr(a2)> - a% T (27)

10



Also define

zi = yap""?; (28)
then o
Upla 27
Dy(i) = p' Dy(yi) = 0. (29)
Since g, (z;) (L9 Yi (—2(;,), (@), it follows that x; e ;,7 a. On the other hand, since
(20) (21)
Dy(x;) — Dy(a) = —Dgy(a) # 0,
we have
(21)
Vp(Dy(xi) — Dg(a)) = vp(Dy(a)) < oo,
verifying D,(z;) /4, Dy(a). O

Corollary 14. If 0 # a € Z, then D, is p-discontinuous at a.
Proof. Apply Theorem 12 if ¢ { a, and Theorem 13 if ¢ | a. ]

If D,(a) # 0 and ¢ | as (where ay is as in (20)), then our question remains open. We
conjecture that discontinuity holds also in this case.

Conjecture 15. The function D, is p-discontinuous outside the origin.

6 The case of Dg, S finite, a # 0

We extend Theorems 12 and 13, Corollary 14, and Conjecture 15. The presentation branches
according to properties of Dg(a) and S, summarized in Section 7.

Theorem 16. Let S be finite, p ¢ S, and a # 0. If
Dg(a) =0, (30)
then Dg is p-discontinuous at a.

Proof. Let S ={q1,...,qm}, take v € Z satistying

7>_Vql(a’)v"‘7_qu(a)7 (31)
and define ,
p'L
T, =a+ (32)
<QI ' Qm)’y
Let i € Z; and j € {1,...,m}. Then
‘ (31)
vp(x; — a) ®, 00, T —pa, Vg (v —a) = —y < vy (a),
Prop. 1(d) Vj(xi) Y
Vg (2i) = vg,((mi —a) +a)  "=""—7, Dy(z;)= qq, = (33)
j j

11



As in the proof of Theorem 12, we see that

vp(@;) #+ 00. (34)
Now . ) ( )
38 Em— N
Ds(x;) 2 —(— +eoet _>’7Ii — 1O 008 (35)
a1 m air---dm

where e, 1 denotes the (m — 1)’th elementary symmetric function. Therefore

v(Ds(@i) = Ds(a) © vy (D) 2 yyeni (@ - am)) + 1p(7) + vy(0).
Since vp(€m—1(q1, - -, qm)) and v,(y) are (finite) constants and v,(x;) 4 oo, we have
vp(Ds(x;) = Ds(a)) £ oo,
i.e., Dg(x;) #p Ds(a). O
Theorem 17. Let S # {p} be finite, p € S, and a # 0. If
Ds(a) =0, (36)

then Dg 1s p-discontinuous at a.

Proof. Let
S:{Qh-”;qm;p}; S():{qla"'7Qm}7 (37>
and let (x;) be as in (32). For i > v,(a),

vp(z; — a) @S vp(a) (38)

and further
(38),Prop. 1(d)

vp(i) = vp((2; — a) + a) vp(a);
hence (@)
vy(a
Dp( z) =L ( (39)
p
Now
Ds(2) = Dy (2:) + Dyfa) O Entllo ootV (@, )
qi - qm p
where
_ emfl(q17 s 7qm)7 + I/P(a)
qi- - qm p
We can choose 7 € Z, so that, in addition to (31), the inequality ¢ # 0 holds. Then
vp(c) < oo. (41)
Since 1)
(36) (40),Prop. 1(b) 34),(41
vp(Ds(x:) — Ds(a)) = v(Ds(w:)) =" vp(0) +mplw) A oo,
Dg(x;) 4, Ds(a) follows. O

12



Theorem 18. Let a be as in (20), let S be finite, and p ¢ S. If
Dg(a) # 0 (42)

and
vp(azDs(a)) # vp(aDs(az)), (43)

then Dg is p-discontinuous at a.

Proof. Let S = {q1,...,qm}, @ € Z,, and j € {1,...,m}. Proceeding as in the proof of
Theorem 13, we have

Tik :Mp(a1)+nikﬂp(a2)pi> b, q17--'an+Tika k= 1727"'7

. T'L
Yi = (a)+anZ: ) pan»---;Qmeria (44)
! Mp(aQ)
. VP(GQ)D ( )
™p j as
Dy, (ys) = — Sa— (45)
as
z; =y —, a, (46)
and
pnla) (e p
15),(46) (o) TP (a2) (20),Prop. 1b)  Tip ;(a
Dy, (1) L) _ppnte 2q(z)( )Prop. 1(b) Qq(Q):—criqu(@), (47)
as a3
where
- pVP(al)
as
Consequently,
Ds(z;) = ZDqJ () =L —cr; ZDq (az) = —criDs(as), (48)
=1 =1
and further
48 Prop. 1(b
v(Ds () = vy(eriDs(az) =" vy () — 2wy(a2) + vy(Ds(as))
20),Prop. 1(b
PP (a) — vp(az) + vp(Ds(az) (49)
(43),Prop. 1(b)
Vp(az) — vp(az) + vp(Ds(a))
= 1(Ds(a)). (50)

Let
u(x;) = Dg(z;) — Dg(a).

13



Then

(50),Prop. 1(d) .
vp(u(a;)) =" min(vy(Ds(x,)), vp(Ds(a)))
48),Prop. 1(b .
P min(v, (D (a2)), v Ds () (51)
(12)
<v,(Dg(a)) < oo, (52)
and Dg(z;) 4, Ds(a) follows. O
Theorem 19. Let a be as in (20), let S # {p} be finite and p € S. Assume that Dg(a) # 0.
If
Ds\ipy(a) =0, (53)
then Dg 1s p-continuous at a. If
Ds\py(a) # 0 (54)
and
vp(azDs\gpy(a)) # vp(aDs\py(az)), (55)

then Dg 1s p-discontinuous at a.

Proof. 1f (53) holds, then
Ds(a) = Ds\py(a) + Dy(a) = Dp(a),

and the claim follows from Theorem 11.
Now assume that (54) holds. Let S, Sy, and x; be as in (37) and (46), respectively. Since

V() (.00 vp(a), we have
vp(a
Dy(z;) = pri,  p= ple),
D

Now

Dg(x:) — Ds(a) = Dsy (i) + Dp(x:) — (Ds, (a) + Dp(a)) = uw:) +v(z:),  (56)
where

u(ri) = Dgy (i) = Dsy(a),  v(w:) = p(w: — a).
Because . o) o)
rop. 1
vp(v(@:) = vp(p) + e — a) = oo
and v,(u(z;)) is bounded by (52), there is iy € Z4 such that
vp(v(z;)) > vp(u(x;)) forall i > . (57)
Thus, for ¢ > iy,
(52)

(56),(57)£r0p. 1(d)

vp(Ds(x:) = Ds(a)) vp(u(zi)) #+ o0,
verifying Dg(x;) 4, Ds(a). O

14



Corollary 20. If S # {p} is finite and 0 # a € Z, then Dg is p-discontinuous at a.

Proof. Apply Theorem 16 if p ¢ S and Dg(a) = 0, Theorem 17 if p € S and Dg(a) = 0,
Theorem 18 if p ¢ S and Dg(a) # 0, and Theorem 19 if p € S and Dg(a) # 0. Note that
(43) and (55) are satisfied (the right-hand side is infinite but the left-hand side is finite). O

We conjecture that Theorems 18 and 19 remain true without (43) and (55), respectively.

Conjecture 21. If S # {p} is finite, 0 # a € Q, and Dg g3(a) # 0, then Dg is p-
discontinuous at a.

7 Conclusion

We summarize our results. C denotes p-continuity, D p-discontinuity, and O denotes that
the question is open.

1 (Theorem 10). S is finite or p ¢ S, a = 0. C.

2 (the end of Section 5). S infinite, p € S, a =0. C or O.

3 (Theorem 11). S = {p}, a arbitrary. C.

4 (Theorem 12, a special case of Theorems 16 and 17). S = {¢}, a # 0, D,(a) = 0. D.
5 (Theorem 13, a special case of Theorems 18 and 19). S = {¢}, a # 0, D,(a) # 0. D.
6 (Theorem 16). S finite, p ¢ S, a # 0, Dg(a) = 0. D.

7 (Theorem 17). S(# {p}) finite, p € S, a # 0, Dg(a) = 0. D.

8 (Theorem 18). S finite, p ¢ S, a # 0, Ds(a) # 0. D under (43), otherwise O.

9 (Theorem 19). S(# {p}) finite, p € S, a # 0, Dg(a) # 0. C under (53), D under (54)
and (55), otherwise O.

10. S infinite, a # 0. O.
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