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Abstract

In this paper, we investigate two variations on the so-called persistence problem
of Sloane: the shifted version, which was introduced by Wagstaff; and the nonzero
version, proposed by Erdds. We explore connections between these problems and a
recent conjecture of de Faria and Tresser regarding equidistribution of the digits of
some integer sequences and a natural generalization of it.

1 Introduction

In 1973, Sloane [9] proposed the following question: given a positive integer n, multiply all
its digits together to get a new number, and keep repeating this operation until a single-digit
number is obtained. The number of operations needed is called the persistence of n. Is it
true that there is an absolute constant C'(b) (depending solely on the base b in which the
numbers are written) such that the persistence of every positive integer is bounded by C'(b)?
Despite many computational searches, heuristic arguments and related conjectures in favor
of a positive answer, no proof or disproof of this conjecture has been found so far.
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Many variants of Sloane’s problem have been considered as well. The famous book of
Guy [5] mentions that Erdds introduced the version of the Sloane problem wherein only the
nonzero digits of a number are multiplied in each iteration, which we call the Erdds-Sloane
problem. Another variant was raised by Diamond and Reidpath [3], where instead of the
usual base b, numbers are taken to the so-called factorial base. Less related variations include
the additive persistence (when the digits are summed up instead of multiplied) [7] or versions
where even more general functions of the digits are considered [1, 6].

In this paper, we will be concerned with the Erdos-Sloane version and the shifted Sloane
problem, introduced by Wagstaff [10], which consists in shifting all the digits of the number
by a fixed positive integer before multiplying them.

2 Definitions and notation

For integers ¢ > 0 and b > 2, the t-shifted Sloane map in base b is the map S;; that takes
a nonnegative integer n = Zf:o d;b" (as usual, 0 < d; < k — 1 for all 7 and dj, > 0) to the
integer S;p(n) = Hfzo(di +t). This function was introduced (in the special case b = 10) by
Wagstaff [10], motivated by a question of Erdés and Kiss. Note that ¢ = 0 corresponds to
the map that we iterate in the original persistence problem. Furthermore, the Erdds-Sloane
map in base b, denoted by S}, is the map that sends n = Zf:o dib' to Sy (n) = [To<ich.a20 di-
The set of nonnegative integers is denoted by N. We use the notation f*(n) to denote the
k-th iterate of a map f on the point n, i.e., fO(n) = n and f¥(n) = f(f**(n)) for every
k > 1, and we let Per(f) denote the set of periodic points of f. Finally, for 0 < d <b—1
and an integer n, we let #d(n), denote the number of digits d in the expansion of n in base
b (e.g., #2(1000)3 = 1, since 10019 = 102013), and #(n), denote the number of digits of the
base-b expansion of n. The subscripts b will be omitted when clear from the context.

We are interested in the dynamics of S;;, and S;. Contrarily to the original problem
(t =0) and to Sy, for ¢ > 1 it is not even clear that every n reaches a fixed point or a cycle
of Sip. If it does, the smallest number of iterations to reach it will be called, as usual, the
persistence of n, and it will be denoted, respectively, by v;,(n) and v} (n) (we set those values
to oo in case the corresponding sequence of iterates diverges). Even the basic question of
whether v44(n) is finite for every n is not so readily answered for many values of ¢ and b,
and it is open for most of them. On the other hand, it is easy to see that S, ;(n) > n holds
for every b and n, so v ,(n) = oo for every n whenever ¢ > b. Thus, from now on, we will
assume that ¢ < b — 1 unless stated otherwise.

3 Questions

For every b > 2 and 0 <t < b—1, one defines the t-shifted Sloane problem in base b as in the
previous section. We will refer to this problem as the (t,b) problem for short. Furthermore,
for every b > 2, we may consider the Erdds-Sloane problem in base b, and, similarly, we will



refer to this problem as the (x,b) problem.
For each of the (¢,b) and (*,b) problems, there are different questions one may ask about
the corresponding iterating map f = Sy, (or f = S5).
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1.

The most basic question is the following: let A; denote the set of nonnegative integers
n such that the sequence of iterates (f*(n))i>o stabilizes (i.e., reaches either a cycle
or a fixed point of f). What can be said about A7 It is trivial that Ay = N in the
original problem (¢ = 0) and in the Erdés-Sloane problem. We will prove (Theorem
7) that Ay = N for t = 1 and b > 2 as well (extending a result of Wagstaff [10]).
Furthermore, we will prove that some natural conjectures on the equidistribution of
digits of some sequences imply that Ay = N for some pairs (¢,b) and that N — A
contains all sufficiently large integers for other pairs (¢, ), but our results do not cover
all the range of (¢,b) (Theorems 15, 17, 19, 20 and 23).

In case Ay = N, i.e., every n € N stabilizes under iteration by f, is there a universal
constant that bounds the persistence of all numbers, that is, is there C' such that
vip(n) < C (or vi(n) < C) for every n € N? Note that the positive answer to the
question for t = 0 is the original Sloane conjecture. Perhaps surprisingly, we prove
that the equidistribution conjectures imply a negative answer for ¢ = 1 and for the
Erdés-Sloane problem, which shows a pronounced difference in the behaviors of the
(0,b) problem and the (1,b) and (%, b) problems (Theorems 5, 6, 10 and 13).

Still assuming A; = N, we know that every integer n reaches either a fixed point or
a cycle of f. What are the cycles and the fixed points of f? Besides the trivial cases
(0,b) and (x,b), we are able to describe them precisely in the case t = 1 for any b > 3
(Theorem 7).

Finally, the most detailed question we deal with is the following: for a cycle (or fixed
point) C' of f, which integers n tend to an element of C' under iteration by f7 That is,
what are the backward orbits of each cycle C'7 We can answer this question precisely
only in the case t = 1 and b = 3 (Theorem 8).

Equidistribution of digits in products of primes

If an integer n contains a digit zero in its base-b expansion, then Sp,(n) = 0; otherwise, it is a
product of positive digits in base b, i.e., the integers from 1 to b— 1. This simple fact implies
that almost all integers have persistence equal to one, in the sense that the number of integers
up to N having this property is asymptotically equal to N when N — oo. Furthermore,
it implies that, when considering the dynamics of Sy, (or S;), it is frequently enough to
deal with products of integers less than b, i.e., products of power of primes smaller than b.
Similarly, for Sy, it is enough to consider products of integers between ¢ and ¢t 40— 1. Based
on strong computational evidence and heuristic models, de Faria and Tresser 2] proposed
a conjecture that states, in particular, that some sequences of this kind of numbers have a
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very regular asymptotic distribution of digits. Before stating their conjecture, we introduce
one more definition: given £ > 0, a number n, and a base b, we say that the digits of n are

e-equidistributed (in base b) if, for every digit d € {0,...,b — 1}, we have ﬁ;d(%)b” — %] <e.

Conjecture 1 (de Faria, Tresser [2]). Given an integer ¢ > 1, a finite set of primes F' that
does not contain all the primes dividing ¢, and a positive integer a, let (N;);>o be a sequence
of integers such that Ny = a and, for every k > 0, N1 = Ng - pr, where pp € F. Then the
digits {0, ..., ¢— 1} are asymptotically equidistributed when n — oo in the base-q expansion
of the N;. That is, given € > 0, there is ng such that N, is e-equidistributed in base ¢ for
every n > ny.

This form of the conjecture stems from an earlier one that arose in discussions between
C. Tresser and G. Hentchel [2, p. 381].

Remark 2. The full version of Conjecture 1 also states that the equidistribution holds for
blocks of consecutive digits of any length [ > 0, i.e., given a block of [ digits, its proportion

in the base-g expansion of the numbers in the sequences (N;);>o is asymptotically equal to
1

?.

Remark 3. Although Conjecture 1 seems very natural, even its simplest instances are not
known to be true. For instance, it is not known whether the sequence (2"),>¢ is asymptoti-
cally equidistributed in base 3. Indeed, even the old conjecture of Erdés [4] that states that
all but finitely many terms of this sequence contain a digit two in its ternary expansion is
still open.

Although Conjecture 1 is enough to prove results in base 3 (and, in some cases, base 4),
for larger bases one needs a uniform, or “multidimensional” generalized version, which we
now state.

Conjecture 4 (Uniform generalization of Conjecture 1). Let ¢ > 1 be an integer, F' =
{p1,...,pr} be a finite set of primes that does not contain all the primes dividing ¢, and
a be a positive integer. Then, for every € > 0, there exists N such that aHle Pt is

e-equidistributed in base ¢ whenever a; > N for some i € {1,...,k}.

5 Main results

5.1 Erdos-Sloane problem

First, we consider the Erdés-Sloane version. It is trivial that the only periodic points of the
Erdos-Sloane map in base b are the fixed points 1,2,...,b — 1. As for the persistence of
a number, we prove that Conjectures 1 and 4 imply that the analog of Sloane’s conjecture
does not hold in this context.

Theorem 5. Conjecture 1 implies that for both S5 and S}, there are integers with arbitrarily
large persistence. Moreover, Conjecture 4 implies the same result for Sy, for every b > 5.
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Proof. We divide the proof into three cases: b=3,b=4 and b > 5.

(i)

(i)

Base 3

Let f denote S3 for ease of notation. Taking ¢ = 3, F' = {2} and a = 1 in Conjecture
1, we get the following statement: for every € > 0, there is N such that the proportion
of digits d (d =0,1,2) in 2" is in (1/3 —€,1/3 + &) whenever n > N.

Take € = 1/6. There is N such that the proportion of digits d (d = 0,1,2) in 2" is in
(1/6,1/2) whenever n > N. Take m such that m(1/6)"~!(log; 2)""! > max{N, 3} and
consider the integer n = 2™. We claim that v(n) > ¢.

As m = m(1/6)°(log;2)® > max{N,3}, we know that 2™ has at least 1/6 of its
digits equal to 2. Thus, f(m) = 2™, where m; > (1/6)log;2™ = m(1/6)log 2.
As m(1/6)logs2 > max{N,3}, we know that the persistence of m is at least two
and that 2™ has at least 1/6 of its digits equal to 2. Thus, f(f(2™)) = f(2™) =
272 where my > 27(1/0°(ogs2)* - Inductively, we get that f=1(2™) = 271, where
me_y > 2/ logs )™ > 3. indeed, if f1(27) = 2™ with m; > m(1/6) (logs 2)",
we have that f%(2™) is e-equidistributed, since m(1/6)'(logs2)" > N, and then at
least 1/6 of its digits are equal to 2. This implies that fit1(2m) = 2mi1 where
mir1 > (1/6)logs f1(2™) > m(1/6)" ! (log; 2)"™!, and completes the induction. Hence,
frrtmy > gm1/6) (logs 2™ > 3 which means that n = 2™ has persistence at least ¢.

Base J

In this case, we apply Conjecture 1 twice, with g =4, F =3,a=1;and ¢ =4, F = 3,
a = 2, respectively, to get that for every € > 0 there is N such that 3" and 2 - 3™ are
e-equidistributed whenever m > N. Noting that, for every a and b, we have f(2%-3°)
is either equal to f(3%) or f(2-3") and applying the same argument as in item (i) with
e = 1/8, one can show that v} (3™) >t if m(1/8)"!(logs4)"~! > max{N, 4}.

Larger bases

For b > 5, let I be the set of primes smaller than b and F, = F — {r}. We apply
Conjecture 4 for each prime divisor r of b and each proper divisor d of b, with F, being
the set of primes considered, ¢ = b and a = d. Note that, by Bertrand’s postulate
(which states that, for every n > 1, there is a prime p such that n < p < 2n), there
is some prime ¢ such that (b — 1)/2 < ¢ < b, which means that ¢ does not divide
b. Taking the maximum of the N given in each application of the conjecture with a
fixed ¢ > 0, we get the following statement: for every ¢ > 0, there is N such that
d Hpi e, Pi' is e-equidistributed whenever o;; > N for some 7 € {1,..., k}, where d is a
proper divisor of b and 7 is a prime divisor of b. Moreover, note that, for every n, one
has f(bn) = f(n), since the expansion of bn and n in base b differ only by one digit 0.

We claim that v %, (n) > ¢, where n = ([, cp . pi)"™ and m satisfies the inequality
m(1/(2b))(log, 2)!~1 > max{N, b}, where N is the integer given by the applications



of Conjecture 4 as above with € = 1/(2b). As m > N, n is e-equidistributed, whence,
using a rough bound (I[, cr ,pp)™ = 2™, we have f(n) = [I,.<p prime P, with
Bi > (1/b — e)#(n), > (1/(26))(10gb 2)m. The fact that f(ba) = f(a) for every a
implies that f(f(n)) = f(d]], cp, pi") for some proper divisor d of b and some prime
r dividing b. As «; > f; for every p; that does not divide b (because no power of p; can
be factored out into powers or divisors of b), we have a; > (1/(2b))(log, 2)m > N for
some ¢ € {1,...,k}. Then the number d[[,_,., p;" is e-equidistributed, and hence we

have
ey =TI
with _
> (1/(20)#(d T] v > (1/(20))(log, 2)e > (1/(20))*(log, 2)* - m

1<i<k

for every 7, and the argument can be repeated. Inductively, the exponents of the p; in
fi=1(n) are at least (1/(20))""*(log, 2)!~! - m. In particular, we have

ftfl(n> > 2(1/(2b))t—1(1ogb2)t—1-m > b > b2,
By the choice of m, this number is at least b, so n has persistence at least t.

]

In other words, assuming Conjectures 1 and 4, Theorem 5 states that limsup,,_, . v;(n) =
oo for every b > 3. Our next result gives an estimate on this number which is sharp up to a
constant factor.

Theorem 6. For each base b > 3, we have

: vi(n) 1
lim sup < )
nooo loglogn ~ log (a™1)

where o = logy, (b — 1). Moreover, if Conjecture 4 holds, then we have

lim su v () > !
P loglogn — log (5—1)’

log, 2
where [ = =5b=.

Proof. For ease of notation, let us denote by f the Erdés-Sloane map S; in base b. The
proof is naturally divided into two parts.



(1)

Upper bound. Given n > b, let us denote by k; (j = 0,1,...) the number of digits of
f7(n) in base b. Note that k; < 1+ log, f7(n) for all j. Since each digit in the base-b
expansion of f7(n) is at most b — 1, we have fi™1(n) < (b — 1)%. Therefore, for all
7 >0 we get
kjpn <1+kjlog, (b—1) =1+ ak;.
By induction, it follows that for all 7 > 1 we have
. . , 1
k:j§a3k0+(1+a+a2+---+af‘1)<aﬂkzo+1—. (3)
-«

Since a < 1, the first term in the right-hand side of (3) goes to zero as j — oco. Thus,
let jo be the smallest natural number such that a®°ky < 1. An easy calculation shows

that
) log, ko
Jo= |77 1|
log, (a™1)
and since kg < 1+ log, n < 2log, n when n > b, it follows that

log, log, n log;, 2
< == 1+ —F——7 .
= Tog, (a1 T\ Hog, (a)

But now note that k;, < D, where D =1+ [(1 + «)~']. Hence, defining
M = max {v;(m) : m has at most D digits in base b} < oo,

we see that v;(f(n)) < M. Since we clearly have vj(n) = jo + vj(f7°(n)), it follows
that

log, 1 log, 2
l/;(n) < 0gy Ogbn+ <1+M+ 0gy, )

~ log, (a™) log, (a™1)
log log, n log, 2

== 1+ M+ ——.
gy + (14 e

Dividing both sides of this inequality by loglogn and taking the limsup as n — oo,
we get (1) as desired.

Lower bound. Here we shall use one of the ideas used in the proof of Theorem 5. For
my

each natural number ¢, let us consider n; = <sz- prime, pi<b, pifb pi) , Where my is the

smallest positive integer such that

1\
my <%) (log, 2)"' > C = max{b, N},

1
and where N is given by Conjecture 4 taking ¢ = o As we saw in the proof of

Theorem 5, we have v (n;) > t. Now, by the very definition of m;, we know that
L1\
(mt — 1) (%) (logb 2)t_1 <C.
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Taking logarithms (to base b) on both sides of this inequality and solving for ¢, we get

log, (m; — 1) log, C

" Tog, (5 T Tog, (B

where [ = 10522. Note that log;, (m; — 1) > log, m;—log, 2 (because m; > 2). Moreover,

again from the definition of m;, we have

log, my = log, log, ny — log, log, ( H pi) :

1<i<k
Putting all these facts together, we deduce that

logy log,

> -_—
log, (871)
_loglog, ny

~ log (87

vy (ny) + K

+ K, (4)

where K is a constant, namely

1
K=1———7Io 2C'1o Di .
ey (30w (1))

Thus, the inequalities in (4) divided by log log n;, letting ¢ — oo, imply that

. vy (ny) 1
1 b >
Htiigp loglogn, — log(B~1)

)

and this obviously implies (2).

1-shifted problem

In this section, we generalize a result of Wagstaff [10] for base 10, showing that for any base
b, every positive integer n reaches reach a fixed point or a cycle under iteration by S .

Theorem 7. Let b > 2. Then, for every positive integer n, the iterates of Siy starting at n
reach one of the following cycles:

(10), if b=2;
(2,...,b—1,10,) or (1(b—2)y), ifb> 3.



Proof. For ease of notation, let f denote Si; in this proof. First of all, notice that the
theorem is trivial for b = 2, since in this case f(n) is a power of 2 for every n, and then
f2(n) = 104, which is the only fixed point of f. From this point on, we assume that b > 3.

Assume first that n is of the form db* —1, where 2 < d < b (i.e., all the digits of n, possibly
with the exception of the leading digit, are equal to b — 1; the leading digit of n is d — 1; and
n has exactly k digits). In this case, f(n) =db* ' =n+1, and 2 < f(f(n)) < b= 10y, so
this number belongs to the cycle (2,3,...,10).

If n is not of the form above, let n = (dydi_1 - - - dp)p be the representation of n in base
b, and let j be the biggest index i such that ¢ < k and d; < b — 1. We can bound f(n) from
above by (dx+1)(d;+1)bF~!, which can be written as dpb"+d;0F =1+ b1 (1+dy(d; — (b—1))).

On the other hand, we have that n = Zf:o d;ib® > dib* + d;b*+t. If the term

VN1 + dy(dj — (b—1)))

is negative, we have f(n) < n. As d; < b—2, this term is nonnegative only if d; = b —2 and
d,, = 1. In this case, the bound for f(n) becomes equal to db* + (b — 2)b*~!. Furthermore, if
J < k —1, then the lower bound on n can be strengthened to

n > b4 (b—1)b" + (b —2)0

and hence f(n) < n. So we must have j = k — 1 to have f(n) > n. Also, if any digit of n
other than dj and dj_; is not zero, we have n > db*+ (b—2)b*~! > f(n). Therefore, f(n) <n
unless n is of the form 1(b — 2)000---0, = b¥ + (b — 2)b*~1. In this case, f(n) = 2(b — 1),
which implies that f(n) < n unless k = 1, which corresponds to the fixed point n = 1(b—2),.
This proves that f either reaches the fixed point 1(b — 2), or keeps decreasing until it enters
the cycle (2,3, ...,10s).

0

In the case b = 3, we are able to tell which integers reach the fixed point and which
integers reach the cycle. Namely, we have the following result.

Theorem 8. For everyn > 1, the sequence (S§5(n))es1 reaches the cycle (2,10s) if and only
if either n or 2#1s lacks the digit 1 in its ternary ezpansion; otherwise, it reaches (113).

Proof. Once more, let f denote S; 3. The result is clear for n € {1,2,103,113}. Let n > 125.
Notice that f(n) = 2#1(W3#2") 5o f(n) ends in #2(n) zeros in base 3, and hence f(f(n)) =
f(2#1),

If #1(n) = 0, then f(f(n)) = f(1) = 2. Also, if #1(2#'™) = 0, then f3(n) =
FFE#)) = fEAETD) = f(1) =2

On the other hand, assume that both #1(n) and #1(2#') are positive. We will prove
by induction on n (over those values such that #1(n) > 0 and 2#1(™) > 0) that, in this case,
(f*(n))r>1 reaches the cycle (113).

The result if trivial if n < 113. If n > 113, then f(f(n)) = f(2#). As 271 < n we
can use the induction hypothesis to prove that n reaches (113) if we have #1(2#1™) > 0 and
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#1(2#1(2#1(n))) > (. The first inequality is just part of the condition on n; the second comes
from the fact that #1(2#1() is even (an even number must have an even number of digits

#1271") i a power of four, and so it ends with a

1 in its ternary expansion), and hence 2
digit 1.

]

Remark 9. By Conjecture 1, the number of n such that #1(2"); = 0 is finite. A result
of Narkiewicz [8] says that the number of n up to N with this property is bounded by
1.62N™232 50 in particular their density in the set of positive integers is zero (this fact also
follows from a more general result of de Faria and Tresser [2, Corollary 3.7]).

As for persistence, similarly as in Theorem 5, we prove that Conjectures 1 and 4 imply
that there are integers of arbitrarily large persistence for S .

Theorem 10. Conjecture 1 implies that there are integers of arbitrarily large persistence
for the 1-shifted problem in base 3 and 4, and Conjecture 4 implies the same result for bases
greater than 4.

Proof. We split the proof into three cases:
(i) Base 3

Put f = S13. Conjecture 1 implies the following: for every € > 0, there exists N such
that 2" is e-equidistributed whenever m > N. To construct a number of persistence
greater than ¢, notice that, if a number a has exactly x digits 1 in its ternary expansion,
then f2(a) = f(2%). Take e = 1/6 and let N be the integer given by Conjecture 1 for
this value of €. Let m be such that m(1/6)"(log; 2)"~! > max{N, 3}.

We claim that the number n = 2™ has persistence larger than ¢. Let us denote, for
t > 1 by a; and b;, respectively, the numbers defined inductively in the following way:
2™ has a; digits 1 and b; digits 2 in its ternary expansion, and f(2%) = 2%+1 . 3%+1 for
every i > 1. As m > N, 2™ is e-equidistributed, so we have a; > (1/6)(logs 2)m. This
implies that f2(2™) = f(2%-3%) = f(2%) = 2%2.3%. Asa; > (1/6)logs2-m > N, the
number 2 is e-equidistributed, and this in turn implies that as > (1/6)logs(2) - a1 >
(1/6)*(logs 2)®>m. Inductively, we have that fi=1(2m) = 2%-1 . 3%t where a;_; >
(1/6)*"'(log; 2)""'m > 3, which implies that n = 2™ has persistence at least ¢, since
Theorem 7 shows that the elements of the cycle and the fixed point of f have at most
two digits.

(ii) Base 4

We consider the number n = 3™, where m(1/8)"!(log, 3)*"! > max{M, 4}, where M
is the maximum of the N obtained applying Conjecture 1 with (¢, F,a) = (4,{3},1)
and (q, F,a) = (4,{3},2), in both cases with ¢ = 1/8, and the proof of item (i) applies.
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(iii) Larger bases

Finally, for b > 5, let I’ be the set of primes smaller than b and F, = F' — {r}. We
apply Conjecture 4 for each prime divisor r of b and each proper divisor d of b, with F
being the set of primes considered, ¢ = b and a = d. Note that, by Bertrand’s postulate
(which states that, for every n > 1, there is a prime p such that n < p < 2n), there is
some prime s such that (b —1)/2 < s < b. In particular, s does not divide b (so that
F,. is nonempty for every prime r dividing b). Taking the maximum of the N given in
each application of the conjecture with a fixed € > 0, we get the following statement:
for every € > 0, there is N such that d Hpi cp, Di ' is e-equidistributed whenever a; > N
for some ¢ € {1,...,k}, where d is a proper divisor of b and r is a prime divisor of b.
Moreover, note that, for every n, one has f(bn) = f(n), since the expansion of bn and
n in base b differ only by one digit 0.

We claim that v1(n) > ¢, where n = ([, cp ,p:)" and m satisfies the inequality
m(1/(20)) 1 (log, 2)! > max{N, b}, where N is the integer given by the applications
of Conjecture 4 as above with ¢ = 1/(2b). As m > N, n is e-equidistributed, whence,
using a rough bound (I], cp ,ppi)™ = 27, we have f(n) = [T, < prime P, with
Bi > (1/b—e)#(n)y > (1/(20))(log, 2)m. The fact that f(ba) = f(a) for every a
implies that f(f(n)) = f(d Hpie . ;") for some proper divisor d of b and some prime
r dividing b. As «a; = f3; for every p; that does not divide b (because no power of p; can
be factored out into powers or divisors of b), we have a; > (1/(2b))(log, 2)m > N for
some i € {1,...,k}. Then the number

d I »

1<i<k

is e-equidistributed, and hence we have f(f(n)) =[], <4 prime pfg with
B> (1/20)#(d [T pi) = (1/(20))(log, 2)a; > (1/(2b))(log, 2)* - m
1<i<k

for every 7, and the argument can be repeated. Inductively, the exponents of the p; in
ft=1(n) are at least (1/(20))""*(log, 2)'~! - m. In particular,

ft—l(n) > 2(1/(2b))t’1(logb2)t’1~m > 2b > b2‘

Again, as the elements of the cycle and the fixed point of f have at most two digits,
this implies that n has persistence at least ¢.

]

An alternative proof of Theorem 10 in the case b = 3 would be to find an infinite
sequence (a,)n>o such that 2% has a,_; digits 1 in base 3 for every n > 1. In this case,
the integer 2% would have persistence equal to n plus the persistence of 2?0, The existence
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of such a sequence is a straightforward consequence of Conjecture 1, but we conjecture it
independently, as it may be much simpler to prove than the full statement of the original
conjecture. A computational search shows that the initial terms of such a sequence could be

2,4,8,24,96, 350, 1580, 7520, 35600, 168980,

since 2198980 has 35600 digits 1, 23550 has 7520 digits 1, and so on, and 22 is a fixed point
of S13. In fact, there is some computational evidence in favor of the following stronger
conjecture, which assures that one can find such a sequence starting from any sufficiently
large even number:

Conjecture 11. There is N such that, for every n > N, there is m such that 2™ has exactly
2n digits 1 in base 3.

Remark 12. Conjecture 11 is equivalent to the assertion that the subsequence of terms of
even order of A036461 contains all sufficiently large even numbers.

Just as we did for the Erdés-Sloane persistence, we can estimate the maximal growth of
v1p(n) as a function of n from above (unconditionally) and from below (using Conjecture 4
as in Theorem 10). More precisely, we have the result stated below. In its proof, we shall use
the following evident fact. If F'is any finite non-empty set and ¢ : F' — F'is a self-map, then
every x € F' is eventually mapped to a (fixed or) periodic point under ¢, and the number of
iterates that it takes for x to reach the periodic cycle is obviously bounded by the cardinality
of F.

Theorem 13. For each base b > 3, we have

2
lim sup v1.6(1) < ,
nsoo loglogn ~ log(a™1)

where a = logy (b — 1). Moreover, if Conjecture 4 holds, then we have

. 4! b(n) 1
1 : >
e’ loglogn = log (51)’ R

logy, 2

where 3 = =32=.

Proof. Let us write f = 51, in this proof. We treat the upper and lower estimates separately.

(i) Upper bound. Given n > b, write n = (didy - --d), (where k& < 1 + log, n; note that
this notation differs from the one in section 2) and let ¢ < k be the number of digits d;
that are equal to b — 1. Then f(n) = b*- P, where P =[], , ,(1+d;). This in turn
implies that f2(n) = f(P). But the number of digits of P in base b is at most

L+log, P=1+ > log,(1+d;) <1+ (k—{)a<1+ka,

d;<b—2
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(i)

where a = log; (b — 1) < 1. Hence we have
f2(n) _ f(P) < pitka < b1+(1+10gbn)o¢ — pltapa
By induction, it follows that
f2j < (b1+a)1+a+a2+~-~+aj_l nozj < b(1+a)/(1foz)naj7vj > 1.

Let jp be the smallest natural number such that n°® <2 ie.,
, log logn — loglog 2
Jo = 1 . (7)
log (a~1)
Then we have f%(n) € A={1,2,..., M}, where M = [2b("+*)/(1=)] "W claim that
A'is f?-invariant, i.e., f2(A) C A. Indeed, if a € A then
f2((1) < plteqe < pepre < plte <2b(1+a)/(1—a))0‘ _ 2ab(1+a)/(1—a) < M,

and so f%(a) € A as claimed. But now, by the simple remark preceding the statement of
this theorem, every a € A is eventually periodic, and if m € N is the smallest number
such that f?"(a) € Per(f?) C Per(f), then m < |A] = M. Summarizing, we have
proved that, starting from n > b: (i) after 2j, iterates under f, we reach some ag € A;
(ii) after j; < 2M further iterates, we reach a periodic cycle, i.e., f'(ag) € Per(f).
Therefore we have vy ,(n) < 2jp + 2M, and from (7) we deduce that

loglogn — loglog 2
m,b(n)gz( §08T — 08708 >+2(M+1).

log (1)

This shows that

2
lim sup V(1) < .
nooo loglogn ~ log (a~1)

and this is precisely (5).
Lower bound. Here we proceed just as in the proof of the lower bound in Theorem

mg
10. Once again, for each natural number ¢ we consider n; = <Hpi prime, pi<b, pifb pi> ,
where m; is the smallest positive integer such that

t—1
my (2%) (log, 2)"" > C = max{b, N},

and where N is given by Conjecture 4 taking ¢ = i Then, as we saw in the proof of
Theorem 10, the 1-shifted persistence of n; is at least ¢, and the same computations
performed in the proof of Theorem 6 yield

log, log, ny _ loglog, n,
logy, (671)  log (671
for some constant K. Dividing the resulting inequality in (8) by loglogn; and letting
t — oo, we arrive at (6) as desired.

vip(ng) >t > + K, (8)

O
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5.3 2-shifted problem

In this section, we show that Conjectures 1 and 4 imply that every integer reaches a cycle
or a fixed point under iteration by Sy;. Before stating the result precisely, we start with a
lemma.

Lemma 14. Let b > 5 be a positive integer. Then

logy, (b+1)
b

1. (b+1)! < b;

2. (b+ 1)los®=1) < p.
3. (b + 1)2logb(b—2)+10gb(b+1) < b3,
Proof. Taking logarithms and rearranging terms, the first inequality is equivalent to

b(log b)* — log(b+ 1)! - log(b + 1) > 0. (9)

We will use the following well-known upper bound for n!, valid for all positive integers n:
n! <e <E> Vvn.
e
Applying this bound to the left-hand side of inequality (9), we get

b(logb)? —log(b+ 1)! - log(b + 1)

> b(logh)? — (b+ 1)(log(b+ 1)) + blog(b+ 1) — w

By the mean value theorem, b(logb)? — (b + 1)(log(b + 1))* = —¢/(c) for some ¢ € (b,b+ 1),
where g(z) = z(logz)?. As ¢'(z) = (logz)? + 2log x is increasing, we get that b(logb)? —
(b+1)(log(b+1))* > —(log(b+ 1))? — 2log(b + 1). This implies that

3(log(b+ 1))?

b(logb)? —log(b+ 1)! - log(b + 1) > blog(b+ 1) — —2log(b+1).

Let h(b) = blog(b+ 1) — w —2(log(b+1)). It is readily checked that h(5) > 0.
Moreover, h'(b) = Mm‘ﬁ& > 0 for every b > 2. This implies that h(b) > 0 for all
b > 5 and concludes the proof of the first item.

The inequality of the second item is equivalent, taking logarithms and rearranging terms,

to
log(b— 1) log b

log b log(b+1)

Inequality (10) is a straightforward consequence of the fact that f(z) = o2

~ log(x+1)
for x > 1, which follows immediately from f'(x) = (x;r(i) E%g;é;ff)l;g -

(10)

is increasing
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Finally, the third inequality is equivalent to
log(b+ 1)(2log(b — 2) + log(b + 1)) < 3(logb)*. (11)

This can be proved using that log is a concave function and applying Jensen’s inequality to
2log(b—2) +log(b+ 1):

2log(b—2) +log(b+1) < 3log(b—1).

The left-hand side of (11) is, then, smaller than 3log(b—1)log(b+1). Inequality (10) implies
that this is less than 3(logb)? and concludes the proof. O

Theorem 15. Conjecture 1 (resp., Conjecture J) implies that for every n > 1, the iterates
of Sa3(n) (resp., Sap(n), for b>4) reach a cycle or a fized point.

Proof. We will prove the result for b = 3, b = 4 and b > 5 separately. In any case, to
show that the sequence of iterates starting at any positive integer stabilizes, we will prove
the following stronger statement: there exist integers Ny and k& and a constant 0 < ¢, < 1
(which depends only on b) such that, for every n > Nj, Sib(n) < n® (or, equivalently,

Sib(n) < C'-n% for some constant C' independent of n and 0 < ¢, < 1) for some 1 < j < k.
In the cases b = 3, b = 4 and b > 5, we will prove this statement with £ = 4, k = 3 and
k = 2, respectively.

(i) Base 3

First, put f = S3 to simplify the notation. We will use the following instance of
Conjecture 1, which corresponds to ¢ = 3, F' = {2} and a = 1: for every € > 0, there
exists N such that 2! is e-equidistributed in base 3 whenever ¢t > N.

Let ag, by, co denote, respectively, #0(n), #1(n),#2(n); and, for k > 1, define

aj, = #0<2bk72+ak71+20k71)
b = #1<2bk—2+ak—1+20k—1>

Cp = #2(2bk—2+ak—1+20k—1 )7

where we put b_; = 0. With this notation, we have

fk‘<n) — 2bk—2+ak—1+2ck—1 . 3bk—1

for every k > 1.

Let us write o = logy 2 ~ 0.631. Moreover, fix € = 0.001 and write § = 1/3 —e. Let N
be such that 2! is e-equidistributed in base 3 for every ¢t > N.

For any integer n, we have f(n) = 290+2¢0 . 3% and f?(n) = 2% f(200+20),

Let n > 33M be an integer, where M > N/(da)2. We know that ag+ by +co > logzn >
3M . This implies that either by > 2M or ag + ¢y > M.

15



Suppose first that ag + c¢o < M. Then by > 2M, and using the trivial bound f(m) <
4loesm+Lwhich holds for every m since each of the at most logy m + 1 digits of m is
mapped to a factor 2, 3 or 4 in f(m), we get, using that 3eFboteo=l <y < Fao+boteo,
that

f2(n) < 2b0f(2(10+200)
n —  3aotbotco—1
9bo . glogs(2#0T20)+1

- 3ao+bo+co—1
—c- 3(04—1)1)04—(2042—1)a0+(4a2—1)co

S c- <3b0>a—1+(4a2—1)/2

n \ a—1+(4a?-1)/2
<e (5w)

b

for some positive constant ¢, since 1 — 202, 1 —a > 0and 1 —4a? < 0. Asa— 1+
(40 — 1)/2 < 0, this concludes the proof in this case.

From now on, we may assume that ag +co > M. As M > N/(6a)?> > N, we know
that 29072 is e-equidistributed, i.e., a1, by, c; belong to ((1/3 — &)a(ag + 2¢o), (1/3 +
e)a(ag + 2¢p)). In particular, writing g for 1/3 + ¢, we have that aq, b1, ¢; are bounded
from above by

Ba(ag + 2¢o).

As f2(n) = 2botart2a . 3h e have f3(n) = 2b1 f(2btat2a) As a; > daag + 2¢p) >
daM > N, the number 2b0tai+2¢ ig c_equidistributed, i.e., the quantities as,bs, cs
belong to the interval ((1/3 — e)a(by + a1 + 2¢1), (1/3 + €)a(by + a1 + 2¢1)), and hence
are bounded from above by

ﬁO&(bo +ap + 2C1) S ﬂa(bo -+ 350&(@0 -+ 2C0))
= 36%a*(ag + 2¢) + Baby.

On the other hand, the numbers asy, by, ¢y are greater than da(by+ay +2¢;) > §%a?(ag+
2¢p) > N, so 2%2F2¢2t01 jg e_equidistributed. This implies that

as, by, cz < Ba(by + az + 2c2)
< Ba(Balay + 2¢y) + 98%a*(ag + 2¢) + 3Baby)
= B*a?(1+ 9Ba)(ag + 2¢) + 35°a’by.

Together, these estimates imply that

aby + az + 2¢c3) + by < a(38%a*(ag + 2cp) + Baby)+
(Ba+ 1)(B%a*(1 + 9Ba)(ag + 2¢p) + 35%aby)
= B%a?(3a + (3o + 1)(1 + 98a)) (ag + 2¢o) + Ba*(1 + 3(3a + 1)3)bo.
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Finally, this bound implies that

f4 (n) 9bataz+2cs 3173
n  3aotboteo—1
3a(b2+a3+263)+b3

=3 3ao+bo+co

352042(3a+(3a+1)(1+96a))(a0+200)+6a2(1+3(3o¢+1)6)b0

- 3ao+bo+co
— 3. 3(,82a2(3a+(3a+1)(1+96a))—1)a0+(,8(12(1+3(3o¢+1),8)—1)b0+(2ﬁ2a2(3a+(3a+1)(1+95a))—1)co'

This gives the result, since 520?(3a+(3a+1)(14+96a)) < 3 and Sa?(1+3(3a+1)3) < 1.

Base J

We now consider base 4. As usual, put f = S5 4 to ease the notation. We will prove the
following: for every sufficiently large integer n, one of the numbers f(n), f2(n), f3(n)
is at most cn® for some ¢ > 0 and 0 < ¢, < 1. We will apply Conjecture 4 twice, with
g=4, F ={3,5},a=1and ¢ =4, F = {3,5}, a = 2 to get the following statement:
for every € > 0, there is NV such that 37 -5Y and 2-37-5Y are e-equidistributed whenever
x> Nory>N.

For any integer n, if we put ag = #0(n), by = #1(n), co = #2(n) and dy = #3(n), we
have f(n) = 4leo/2l+e0 . 23 . 3bo . 5do and f2(n) = 2leo/2l+eo . f(2a0" . 3bo . 5do) swhere o
denotes the remainder of the integer x modulo 2.

Let ¢ = 0.001 and let n > 4% be an integer, where M > N/(2(1/4 — €)log, 3). We
know that ag+by+co+dy > log, n > 4M. This implies that either by > M, or dy > M,
or ag + co > 2M.

Suppose first that by < M and dy < M. Then ag + ¢g > 2M, and using the trivial
bound f(m) < 5™+ wwhich holds for every m since each of the at most log, m + 1
digits of m is mapped to a factor 2, 3, 4, or 5 in f(m), we get that

f2(n) _ 2loo/2teo . f(2% - 3 . 5h)
n AJao+bo+co+do—1
2ao/2+c0 . 5log4(2-3b0~5d0)+1

- Jao+bo+co+do
— ¢ . 4—3a0/4=co/2+(log, 5logy 3—1)bo+((logy 5)*~1)do

< (M) - (4n00) 7

< (M) - (42%)1/2,

where ¢(M) is some constant dependent on M only. This proves the claim in the first
case.
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(i)

From now on, we assume that by > M or dy > M. As M > N/(2(1/4—¢)log,3) > N,
we know that 2% - 3% . 5% is e-equidistributed, i.e., #d(2% - 3% . 5%) belongs to the
interval ((1/4 — ¢)log,(2% - 3% . 5%) (1/4 4 ¢)log,(2% - 3% . 5%)), for d = 0,1,2,3.
Put a; = #0(2% - 3% . 5%) by = #1(2% - 3b . 5%) ¢ = #2(2% - 3t . 5%) and
dy = #3(2% - 3% . 5%) In particular, a1, b1, ¢; and d; are bounded from above by
(1/4+¢)log, (2% - 3% . 5%0) < (1/4+ 2¢)log, (3% -5%) < Ba(by+dy) for M large enough
(namely, for (1/4 + ¢)log,(2 - 3M - 5M) < (1/4 + 2¢) log, (3™ - 5M) to hold), writing 3
for 1/4 + 2¢ and « for log, 5.

We have

fQ(n) — 2La0/2J+co . f(2a6 . 360 . 5do) — 2|_a0/2j+co+a1+2c1 . 3b1 . 5d1,
and then
f?’(n) — f(2\_a0/2j+00+a1+261 _3b1 _5d1> — 2L(\_ao/2j +co+a1+201)/2jf(2(mo/2j +co+ai+2cr1)’ .3b1 _5d1>'

Putting a, = #O(Q(Lao/2j+00+a1+201)/ . 3b . 5d1)’ by = #1(2(Lao/2j+00+a1+201)/ . 3b . 5d1)’
cy = #2(2Ua0/2lFeotar+2e)" gbi . 5d1) and dy = #3(2(le0/2Feotart2e) . 3br 5d1) e have

f3(n> S 2a0/4+co/2+a1/2+cl+a2+202 . 3b2 . 5d2. (12>

As by > (1/4—¢)log, (2% - 3% .540) > (1/4 —¢)log, (3% -5%) > 2M(1/4—¢)log, 3 > N,
the number 2(le0/2)+cotar+2e1)” 3b1 . 5d1 g ¢ equidistributed, i.e., as, ba, ¢ and dy belong
to ((1/4 — ) log, (2(lao/2lFerar+2e)” 3b1 . 5d1) (1 /4 4 £) log, (2(Lo0/2)+erar+2e)” . gbr . 5y,
This implies that as, by, co and dy can be bounded from above by the following expres-
sion: (1/44¢)log,(2(Leo/2l+eotart2e) 3b1 5d1) < (1 /44 22)a(by +dy) < 26%a%(by +dy).
Plugging these estimates for ay,...,d;, as,...,ds in (12), we get that

F3(n) _ Aco/S+eo/4+(3/4a8+30%>+40° 5%) (bo+do)
<

n - Jao+bo+co+do—1
— 4. 4—7a0/8—300/4+(3/4a6+3a2,82+4a3,82—1)(b0+d0)

S 4 - nea
for some 0 < 0 < 1 since 3a3/4 + 3a*3? + 4a3p% < 1.

Larger bases

Finally, we prove the result for b > 5. Let f denote S;;. We will prove that either
f(n) <c-n®or f2(n) < c-n® if n is large enough, for some ¢ > 0 and 0 < ¢, < 1.

We start applying Conjecture 4 a few times: for every prime p dividing b and for every
proper divisor d of b (i.e., a divisor which is less than b, including 1), we apply it for
q=0b,a=d, F,={r prime : r < b+1,r # p}. Taking the maximum of the N obtained
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by each application of the conjecture, we get the following statement: for every ¢ > 0,
there is IV such that, for every proper divisor d of b and every prime divisor p of b, the
number d[], F, q;* is e-equidistributed if any of the a; is at least N.

Let € > 0 be such that (b4 1)!0og(b+1)(/b+€) < b SQuch an ¢ exists by the first item of
Lemma 14 and by the fact that lim._g+ (b+1)!15198:0+D) = 1. Moreover, let n > b*M | with

M > N, where N is as in the paragraph above. For i € {0,...,b—1}, let n; denote the
number of digits ¢ in the base-b expansion of n. We know that Zf;é n; > logyn > 4M.

By the definition of f, we have f(n) = Hf;é (1 4+ 2)™. We may rewrite this number as
bt.d- Hqie E, ¢;", where t > 0 is an integer, d is a proper divisor of b and p is a prime
divisor of b. In particular, we have f(f(n)) = 2'f(d-[],cp, 4i"). Note that we have
t > ny_o, since all the n,_o powers of b are factored out to the term b'.

Suppose first that n,_y > M or ny_3 > M. Then the number d - Hqier g s e-
equidistributed, since no prime factor from b+ 1 or b — 1 is factored out in b or d
in the product b' - d - Hqier ¢;", as b is coprime with b — 1 and b + 1, and hence
a; > max{ny,_3,ny_1} > M for some i. The number of occurrences of every digit from
0 tob—1in f(n) belongs, then, to the interval ((1/b —¢)log,(d -], cp, ) (1/0+
g)logy(d - [1,,cr, @*)). This implies that

Fn) <2 (2 (b+ 1))V ladller, a;")
= 9. (b 1)1(/be) loms (5 TTiZg (142)")

2 ' € b=l log, (i
- (m> - (b4 1)1/ Tl oy (42

<1-(b+ 1)!(1/b+€) logy (b+1) 0= ns
< b Lizg i
= C- ncb
for some ¢ > 0, 0 < ¢, < 1, where the last inequality comes from the choice of ¢.

Suppose now, on the other hand, that n,_; < M and n,_3 < M. First, if n,_o < M,
as M <log,(n)/4 and Zf;ol n; < log, n, we have Z?;é n; > log,(n)/4. Then

f(n) _ TLig(i+2)

1
n hriso -1
b—3

_ 2 izo Mi Np—1
<. b—1 0 b+1
- b b

b2 -1 logy(n)/4
< ()




as desired, since log, <b2b—§1> < 0.

Finally, if ny_1,np_3 < M <log,(n)/4 and n,_o < M, then, applying the trivial bound
f(m) < (b+ 1)1H1°&™ and noting that t > n,_5 and Z?;; n; + np—o > logy(n)/2, we
get

f%n)<:2t~f@ﬁll%ggq?)
n p oo ni—1
_ ot . (b + 1)1+logb(d-HqieF,, ;")
- pizomi—1
2t (b 1)L+losy (TT=0 (1+2)")/6")

pizg mi—1

b—4
2 t b+ 1)10gb(b—2) 2i=o M b+1 np—2
< (52) (Y —) ()

(w+1W&@n>“3 (@+1W&WU>W1
Ty T

b—4
9\ -2 b4 1)logs(6—2)\ Zi=0 ™ b+ 1)logs(b=1) "o-3
oy (2) (LY ()

b b
((b + 1)los(b+D) ) -1
oy )

By the second item of Lemma 14, )= g inequality, together with the

simple fact that (b4 1)"°8:(=2) > 2 for b > 4, implies

f2(n)

n

bb (b + 1)loes(6-2) 2350 (b + 1)lose(b+1)\ ™=
< N (— ST
<040 (B5—) ()

b+1 2logy, (b—2)+logy, (b+1) logy (n) /4
Sb@+m((+) - ) |

where we used that nb,2+zg;§ > log,(n)/2 and ny_; < log,(n)/4 in the last inequality.
This completes the proof, since, by the third item of Lemma 14, the expression raised

to log, n in the last line above is smaller than 1, whence @ is bounded by b(b+1)-n?
for some v < 0.

]

Remark 16. The proof of Theorem 15 gives that Sy,(n) < n? for some v < 1 if n is large
enough. As in Theorem 13, this implies that the persistence of every number n under Sy,
is at most cloglogn for some constant c. It is not hard to see that, as before, there is some
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sequence of integers for which this is sharp up to a constant factor (i.e., there exists an
increasing sequence (ny),>1 of integers such that the persistence of ny is at least ¢’ log logny
for some ¢’ > 0 and every k).

5.4 The (4,5) problem diverges

Using a proof similar to the proof of Theorem 15, one can show that the sequence of iterates
of both S3 4 and S5 5 starting from every integer stabilizes (indeed, one can again prove that,
in case f = S34 or f = S35, for every sufficiently large n, f7(n) < n for some j € {1,2,3,4}).
On the other hand, our next result shows that, assuming Conjecture 4, Sy 5 is the smallest
instance where the opposite behavior occurs, namely the sequence of iterates starting from
every sufficiently large integer diverges.

Theorem 17. Conjecture 4 implies the following: there is an integer ng such that, for every
n > ng, the sequence of iterates (Sffj(n))kzo diverges to infinity.

Proof. Put f = S45. We will prove the following statement which obviously implies the
theorem: there is ng such that, for every n > ng, f°(n) > n.

We apply Conjecture 4 for g =5, a =1 and F' = {2,3, 7} to get the following statement:
for every € > 0, there is NV such that 2* - 3¥ - 7% is e-equidistributed whenever one of z, y, z
is at least N. In particular, the number 4% - 6Y - 7% - 8 is equidistributed whenever one of x,
y, z and w is at least N.

Take £ = 0.001, put 6 = 1/5 — € and let n > 5*+M* with M§3(logs 4)* > N, where N
is the integer given by the application of Conjecture 4 as in the paragraph above with this
value of €; and M is large enough as for the last inequality in (13) to hold.

Let ag, . . ., eo denote, respectively, #0(n), ..., #4(n); and, for k > 1, let ay, . . ., e, denote,
respectively, #0(4%—2F k-1 Gor—1 . 7de—1 . gek—1)  H4(4Pr-2Fak—1 . Gor—1 . 7dh-1 . 8k-1) where
we put b_; = 0. With this notation, we have

fk(n) — gbk—2tak—1 | 5bk—1 . GCk—1 . 7dk~—1 . §Ck—1

for every k£ > 1.
Assume first that one of ag, co, do, €g is at least M. As M > N/§3(logy4)® > N, this
implies that 4% . 6% . 79 . 8% is e-equidistributed. In particular, we have
ap,...,e; > dlogs(4% - 6% . 7% . g%)
= 0(ap logs 4 + cologs 6 + dy log; 7 + eg logs 8).
In turn, as ay, ..., e; > 0(ag+co+do+eg)logs 4 > N, this implies that 4%0+ar.ger.7d1.8e
is e-equidistributed, so
g, ..., ey > 0logs(4P0Tar . ger . 7o . gen)
= 0((bp + a1)logs 4 + 1 logs 6 + dy logy 7 + €1 logs 8)
= 0logs 4 - by + 6% logs 1344 (ag logs 4 + co logs 6 + d logs 7 + eg logs 8).
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As the choice of M guarantees that the as,...,es and as, ..., bs are greater than N, the
same reasoning can be applied two more times to get that

as, ... ez > 0logy (472 . 62 . 7% . g%)
= 0((by + az) logs 4 + ¢ logs 6 + da logy 7 + €5 logs 8)
> 5% logs 1344 1ogs 4 - by
+ 6%(logs 4 + 6(logs 1344)%)(ag logs 4 + cologs 6 + dologs 7 + eg logs 8)

and

Gy, ... eq > 0logg(4ba+as . ea . 7ds . gen)
= 0((by + a3) logs 4 + c3logs 6 + d3logs 7 + e3logs 8)
> 0%((logs 4)* + 6 logs 4(logs 1344))b
+ 6% logs 1344(2logs 4 + 6 (logs 1344)?).-
- (aglogs 4 + cologs 6 + do logs 7+ eg logs 8).

Finally, this implies that

f5(n) Abstaa . 564 . 6% . 7d4 . 8¢
n > Hao+bo+co+do+eo

( 462 1ogs 4(logs 4+ (logs 1344)%) | 579()0° logs 4 logs 1344(2 log; 4+ (logs 1344)%) ) ao+co+doteo

>
- b}

452 log; 1344 1logs 4 . 672052 logs 4(logys 4+5(logs 1344)2) bo
)

> 1,

as a straightforward computation shows that each of the expressions inside the parenthesis
are greater than 1 (indeed, the first and the second expression are greater than 1.14 and
1.06, respectively).

Suppose now, on the other hand, that each of ag, cq, dy, g is less than M. This implies
that by > M? > N, which in turn implies that 4%+ .61 .79 .8 is e-equidistributed. Hence,
we have ay, -+, ea > §logs(4Potar. 6o . 792 .8%1) > (§logs 4)by > N. Again, this implies that
ghrtaz . ge2 . 7d2 . 8e2 ig e_equidistributed and

as, ..., ez > 0logs (47792 . 6% . 7% . 8%) > §%log, 4logs 1344 - by > N.
Finally, this implies that

g, ... eq > 0logy (42279 . 6% . 7% . 8%) > §%log, 4(logs 4 + 6 (logs 1344)?)by,

22



and then

f5(n) fbstaa . 5b4 .6 - 7d4 . 8e4
n = 5a0+b0+60+d0+€0

bo
- <462 logs 4logs 1344 672062 logs 4(logys 4+5(logs 1344)2) > < 1 > aM

5 5

>

5 5

> 1, (13)

M?2
<462 logs 4logs 1344 | 672052 log;; 4(logy, 4+5(logs 1344)2) > ( 1 ) aM

for large M, as the expression being raised to M? is greater than 1 (approximately 1.06). [

5.5 Larger t and b

In this section, we consider the behavior of the ¢-shifted problem in base b when ¢ is bounded
by a function of b. As one would expect, the equidistribution conjectures imply that, if b is
very large compared to t, then the sequence of iterates starting from any integer stabilizes
in the t-shifted problem in base b. One the other hand, if ¢ is very close to b, then almost no
sequence stabilizes. Our next results give some estimates on the ranges of ¢ and b (both for
small and large b) where each of those behaviors appear. Again, we start with a technical
lemma.

Lemma 18. Let t and b be positive integers such that b >5 and t < b/4. Then

(i) blos®-1. (b+t71)‘<;gb<b+t*1> <1;

Log, (b+t—1)
.. bat—1)1 b
(i1) (((inl!) ) <b
Proof. (i) The inequality is equivalent, applying logarithms, to
logb - logt + (log(b+t — 1)) < 2(log b)*. (14)

The left-hand side of (14) is increasing with ¢, so bounded from above by log b-log(b/4)+
(log(5b/4))?. Expanding this expression, we get

2(log b)? + log(25/64) log b + (log(5/4))?,
which is smaller than 2(logb)? whenever b > ¢~ 108(/4)*/108(25/64) ~ 1 (5,
(ii) The inequality is equivalent, taking logarithms twice, to

(b+t—1)!

loglog(b+t — 1) + loglog (W

) < log b+ 2loglog b. (15)
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By the inequality of arithmetic and geometric means, we have that

(b+t—1)!

G D ekt

tr 1) 4+ b+t —1)\"
< ( : )

(b2t -1\’
B 2

_ (3 ’
4 Y
as t < b/4.

We also have b+t — 1 < 5b/4. Plugging these two estimates on the left-hand side of
(15) and using that loglog z is a concave and increasing function on its domain, we get
that

(b+t—1)! b
loglog(b+t — 1) 4 loglog RS < loglog(5b/4) + loglog(3b/4)
= log b + log log(5b/4) + loglog(3b/4)
5b/4 + 36/4)

<10gb+210g10g( 5

= log b+ 2loglogb.
O

Theorem 19. Conjecture 4 implies the following: for every prime numberb > 5 andt < b/4,
the sequence of iterates (Stk,b(n))kzl stabilizes for every positive integer n.

Proof. The proof follows the ideas of the proof of Theorem 15. Let ¢t and b be integers
such that 3 < ¢t < b/4 (the cases t = 1 and t = 2 were covered by Theorems 7 and
15, respectively). Again, we will prove that, for every sufficiently large integer n, either
f(n) <n%or f2(n) < n%, where f =S, and 0 < ¢, < 1.

We apply Conjecture 4 with ¢ = b, a = 1, F' = {p prime : p < b+t—1,p # b} to get the fol-
lowing statement: for every € > 0, there is IV such that the number Hpi prime:p; <bLi—1, pisth i
is e-equidistributed if any of the a; is at least N. Taking the maximum of the N obtained
by each application of the conjecture, we get the following statement: for every € > 0, there
is NV such that, for every proper divisor d of b and every prime divisor p of b, the number
d] g1 prime.gi <b-t—1.qi%p ¢ is e-equidistributed if any of the a; is at least N.

Let € > 0 be so small as to satisfy

1 ((b +t— 1)')(117+£) logy (b+t—1)

b (t—1)!

<1
b Y
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which is possible by the second item of Lemma 18. Moreover, let n > v?0~DM with M > N,
where N is as in the paragraph above. For i € {0,...,b — 1}, let n; denote the number of
digits ¢ in the base-b expansion of n. We know that Zf;é n; > log,n > 2(b— 1)M. This
implies that either n; > M for some ¢ #b —t or ny_y > (b—1)M.

By the definition of f, we have f(n) = [['Z(i + )", where n; is the number of digits i
of n in base b. Note that [[/_ (i +1)™ = b~ ~H?;é’#b_t(i +1¢)", and that b does not divide
the second product. Then we have f2(n) = "t - f(H?;Olji;éb_t(i +t)™)

Suppose first that n; > M for some ¢ # b—t. This implies that the number Hf;él #%(i—i-
t)™ is e-equidistributed, i.e., the number of occurrences of every digit from 0 to b— 1 belongs
to the interval ((1/b— ¢) logb(Hf;é#b_t(i + 1)), (1/b+¢) logb(Hf;&#b_t(i +t)™)). Hence,
as n > blico ni—1 it follows that

2
f2(n) <1 gt (e (4 b— 1)) ogy (T13 25,426 (i+6)")
non
Ths oo iy i(logy (i+t
= 1 . Pt logyt (b+t—1)! (58) Zizo i millogp(i44))
n (t—1)!
1 b4+t 1! (%—i—s) logy, (b+t—1) Z?;Ol,i;éb—t ni
< _.bnb—zIOgbt ( +1— )
n (t—1)!

L S0 0 it i
n 1 b t _ 1 ' (E+8) logb(b+t71) i=0,i£b—t
<o (T (z (%) )

The choice of € implies that the expression inside the second parenthesis in the last line
of (16) is b” for some v < 0, which completes the proof of this case, as log,(t) — 1 < 0 and
then (16) is bounded from above by b- b =" < b-nY" for some ' < 0.

Suppose now, on the other hand, that n, < M for every ¢« # b — ¢t. This implies, as
S in > 2(b— 1)M, that n,_, > (b — 1)M > Zﬁ;&#b% n;, and hence n,_; > log,(n)/2 >
Z?;é#b_t n;. Applying a trivial bound f(m) < (b+t — 1)1 ™ we get that

b—1
fin) _ 1 .
L N = . tnbft g
e bl W ) B GR)
i=0,i#£b—t
< l . -t log, t | (b 4t — 1)1+Z§’;é logy, (i+t)n;
n

b+t — 1)loss(b+t=1) > o itbt T
b

(b+t — 1)les®Hy ) logy (n),/2

< 2p? . plogs t=Dm—r ((

< 2b2 X (blogb(t)—l X ;

=20 -7,
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where, by the first item of Lemma 18, blog(®)—1 . (bﬂfl)lobgb(b“fl) < 1, whence v < 0. This

concludes the proof. O

The estimates in the proof of Theorem 19 can be applied asymptotically in b (instead
of for every b > 4) using Stirling’s formula (instead of a precise inequality for every n) to
improve the constant 1/4 in to approximately 0.316 for large b. Namely, the following result,
whose proof is very similar to the proof of Theorem 19 and will be omitted, holds:

Theorem 20. Conjecture 4 implies the following: let co be the solution of 2log(1 + ¢) +
clog(l + 1/c) = 1 in the interval (0,1) (co ~ 0.315999). Then, for every ¢ < ¢y, there is
by with the following property: for every prime number b > by and t < cb, the sequence of
iterates (Sy,(n))k=1 stabilizes for every positive integer n.

Remark 21. What we stated in Remark 16 holds for Theorems 19 and 20 as well, i.e.,
persistence is bounded by cloglogn for every n and some ¢, and there is an increasing
sequence of integers (ny)r>1 with persistence at least ¢’ log log ny, for some ¢ > 0 and every k.

On the other end of the spectrum, we have a divergence result, which we state now, after
a technical lemma.

Lemma 22. Let ¢ be the solution 2logc + log(c + 1) + clog(1 + 1/¢) = 1 in the interval
(0,1) (co =~ 0.865722). Then, for every c > co, there is by with the following property: Let
t and b be integers, with b > by and t > cb. If we put § = 1/b — 1/b%, then the following
imequalities hold:

dlogy t
. —1+b)!
(i) <(t(t——f)!) > > b;

),><b2>62<logb ",

g o t—1+b
(ii) 01t - <((t——1)'

Proof. We will prove that the logarithm to base b of the two expressions on the left-hand
sides of i) and i) are greater than 1 for large b. For that purpose, we use the following
logarithmic form of the well-known Stirling approximation:

logn! = nlogn —n+ O(logn).
(i) We have

logt
:5(logb)2 ((t—=140b)log(t —1+b)— (t—1)log(t — 1)
— b+ O(logb))
logt
= 5(10g b (blog(t —1+b) + (t —1)log(1 +b/(t — 1))
— b+ O(logh))
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log cb

> - (bl 1 log(1+1/c) — 1
_é(logb)2 (blog((c+ 1)b) 4+ cblog(1 + 1/c) — b+ O(logb))
> b 1+logc+10g(c+ 1)+ clog(l+1/c)—1 L0 1
log b blogb
> 1+logc+log(c~l—1)—|—clog(1+1/c)—1 Lo 1 ’
log b b

since b = 1 — 1/b. This expression is greater than 1 for large b as we have logc +
log(c+ 1)+ clog(1 4+ 1/¢) — 1 > logcy + log(co + 1) + colog(1 + 1/cg) — 1 > 2log ¢y +
log(co + 1) + ¢olog(1l +1/co) — 1 = 0.

(ii) We apply the bound obtained in the first part of the proof to get

log. | #9108t (t—1+0b)! (b—2)52(log; )2
&b 1)

logt> log (t—1+b)\ o=’
=90 b—2)6——1 R T
(logb) =200 Og”( ‘=1

1 1 log c 2 2 1 log ¢
>l-—= |1+ —= 1——)(1+-)(1+— -
=) () +(3) (005) (i)

' (1+ logc+log(c+1) +clog(1+1/c) — 1 L0 (1>)

log b b
:1+210gc—|—1og(c—|—1)—|—clog(1+1/c)—1+O 1 |
log b b

which is greater than 1 for large b since 2logc + log(c + 1) + clog(l + 1/¢) — 1 >
2log co + log(co + 1) + colog(l 4+ 1/¢y) — 1 = 0.

]

Theorem 23. Conjecture 4 implies the following: let ¢y be the solution 2logc+log(c+ 1)+
clog(1+ 1/c) =1 in the interval (0,1) (co =~ 0.865722). Then, for every c > ¢y, there exists
by with the following property: for every prime number b > by and positive integer t > cb,
the sequence of iterates (Sifb(n))kzl diverges for every sufficiently large integer n.

Proof. Fix ¢ > ¢y. Let by be the integer given by Lemma 22 for this ¢, and let ¢, b be integers
such that ¢ > ¢b and b > by.

We apply Conjecture 4 with ¢ = b, a = 1, F' = {p prime : p < b+t—1,p # b} to get the fol-
lowing statement: for every € > 0, there is NV such that the number [
is e-equidistributed if any of the a; is at least N.

Put f = S, We can write f(n) = [[2g(i + )" = b - H?;é’#b_t(i + )", As b
is a prime number, b { H?;Ol,#b_t(i + t)", and then f2?(n) = t"-t . f(H?;S,i#b_t(i + t)").

a;
pi prime:p; <b+t—1, p#bPi
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Let n} denote the number of digits i in Hf_é it t(i +t)". Then we may rewrite f*(n) =
gt T (i 6 = b e gt - TTZ0 Ly (6 )™

Let e = 1/b% and put 6 = 1/b—¢e. Let M > N/(dlog,2), where N is the integer given by
the application of Conjecture 4 as above with e = 1/b?, and M is large enough as to satisfy
that (17) is greater than 1. Let n > b~ DM+M* Lo ap integer. We will prove that f3(n) > n,
which implies that the sequence of iterates of f starting from any integer at least p(o—DM+M?
diverges.

Either n;, > M for some i # b —t or ny_y > M? > M > N. In the first case, this implies
that n} > §log,([]—y 0izp_i(E+E)" ) > (0log, 2) Z?;é#b_t n; > (6log,2)M > N. In any case,
the number ¢"-¢. szO,z 7éb_t(H—zf) i is e-equidistributed. This means that every digit from 0 to
b—1 appears at least 0 log, (£ [ [,_q 4 (4 +1)%) = 8y logy t+ S0 b T logy(i+1))
times in this number, and hence

b—1

fi(n) = f(b"i—t e [ G+ t)”ﬁ)
i=0,i#b—t
b—1
— s . f(t"bt : H (i + t)ni)
i=0,i#b—t

>t (t(t 4 1) (b4t — 1))0m-tloss 3000 bt 15 1085 (1))
B 1N (b 1430020 sap_y ) logy t
s i, (=T OBt
- (t—1)!
Suppose first that n; > M for some i % b—t. Then HZ 0.t t(z—l—t)”i is e-equidistributed,

which implies that n} > §log,([]'—y 0.zt (E T )M > dlog,t 3070 0z T for every 1 < <
b — 1. In this case, bound (16) implies, together with Lemma 22, that

b—1 ni
f3( ) > télogbt (t — 14+ b) (b—2)52%(log, t)? Zi:o,i#b—t (t 14 b)' (6logy t)ynp—¢
n) > (t—1)! E— 1)

b—1
> bzi:O,i;&bft ni+np—t

(16)

>n.

Flnally, if n; < M for every i # b —t, then n,_; > M? Moreover, we have n, <
logb(Hz 0.izp_t (1 T 1)) < blog,(20) M for every 0 <4 < b— 1, and then, using (16), we get
that

f? (n) > 1 1%t (t—1+0b)! 8(np—t 3270 ipp—r 75) 08y
no o n (t—1)!
_ 1\ (0logy t)my—
< 1 (t—140b)!
—n (t—1)
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1 (t_1+b>! A b‘Z‘?:& i#b—t T

1 [(t—1+b)\ 0! " o
(5 () "

> 1,

if M is large enough (since, by Lemma 22, the base of M? in the last line of (17) is greater
than 1). This concludes the proof.
O

Remark 24. As we saw before (in Theorems 19 and 20), if one applies bounds for n! that
hold for every n instead of the asymptotic Stirling formula, it is possible to get a result of the
following form, with ¢ being a constant greater than ¢y in Theorem 23: let b > 7 be a prime
and t > c¢b. Conjecture 4 implies that, for every sufficiently large integer n, the sequence of
iterates (Sy,(n))x>1 diverges to infinity.

6 Concluding remarks

As we made clear from the beginning, most of the main results in the present paper (Theo-
rems 5, 10, 15, 17, 19 and 23) are conditional on the validity of Conjecture 1 or 4. There is
ample experimental evidence in favor of Conjecture 1, and further support would be provided
if one could prove our main results unconditionally. Conversely, of course, if any one of these
unconditional statements were proved to be false, then Conjecture 1 (or 4) would have to be
false. However, given the computational evidence and robust heuristics available [2], we feel
confident that Conjectures 1 and 4 must be true.
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