An Identity for Generalized Bernoulli Polynomials

Redha Chellal^1 and Farid Bencherif LA3C, Faculty of Mathematics USTHB Algiers Algeria

   rchellal@usthb.dz
chellalredha4@gmail.com
  fbencherif@usthb.dz

Mohamed Mehbali Centre for Research Informed Teaching London South Bank University London United Kingdom

mehbalim@lsbu.ac.uk

Abstract Recognizing the great importance of Bernoulli numbers and Bernoulli polynomials in various branches of mathematics, the present paper develops two results dealing with these objects. The first one proposes an identity for the generalized Bernoulli polynomials, which leads to further generalizations for several relations involving classical Bernoulli numbers and Bernoulli polynomials. In particular, it generalizes a recent identity suggested by Gessel. The second result allows the deduction of similar identities for Fibonacci, Lucas, and Chebyshev polynomials, as well as for generalized Euler polynomials, Genocchi polynomials, and generalized numbers of Stirling.

1Corresponding author.

1 Introduction

Let N and C denote, respectively, the set of positive integers and the set of complex numbers. In his book, Roman [41, p. 93] defined generalized Bernoulli polynomials B^{(α)}n (x) as follows: for all n ∈ N and α ∈ C, we have ∞∑ n=0 B^{(α)}_n (x) t^n n! = ( t e^t − 1

)_α

e^{tx}. (1)

The Bernoulli numbers B_n, classical Bernoulli polynomials B_n(x), and generalized Bernoulli numbers B^{(α)}n are, respectively, defined by

B_n = B_n(0), B_n(x) = B^{(1)}_n (x), and B^{(α)}_n = B^{(α)}_n (0). (2)

The Bernoulli numbers and the Bernoulli polynomials play a fundamental role in various branches of mathematics, such as combinatorics, number theory, mathematical analysis, and topology. Dilcher and Slavutskii [20] listed numerous publications on the properties of Bernoulli numbers and Bernoulli polynomials.

In this paper, we are mainly interested in evaluating the sum S^{(α)}_{n,ℓ,r}(x, y, z) defined by

S^{(α)}_{n,ℓ,r}(x, y, z) = n+r∑ k=0 ( n + r k )( ℓ + k + r r ) x^{n+r−k}B^{(α)}_{ℓ+k}(y)

+ (−1)^{ℓ+n+r+1} ℓ+r∑ k=0 ( ℓ + r k )( n + k + r r ) x^{ℓ+r−k}B^{(α)}_{n+k}(z), (3)

where n, ℓ, and r are non-negative integers.

In 2011, Zekiri and Bencherif [53] proved, for r odd, that

S^{(1)}_{n,n,r}(1, 0, 0) = 0. (4)

In 2012, Bencherif and Garici [10] improved Eq. (4), for all non-negative integers ℓ, and showed that S^{(1)}_{n,ℓ,r}(1, 0, 0) = 0. (5) In 2013, using umbral calculus, Gessel [8, Thm. 2, p. 6] generalized the result above by proving the following explicit formula for the sum S^{(1)}_{n,ℓ,r}(m, 0, 0):

S^{(1)}_{n,ℓ,r}(m, 0, 0) = (r + 1) m−1∑ k=1 r+1∑ j=0 (−1)^{ℓ+j−1} ( n + r j )( ℓ + r r + 1 − j ) k^{ℓ+j−1}(m − k)^{n+r−j}, (6)

for all integers m ≥ 1.

By considering the special case where ℓ = n and r is odd, from Eq. (6), Gessel [8] deduced the following formula: 1 2 S^{(1)}_{n,n,r}(m, 0, 0) = n+r∑ k=0 m^{n+r−k} ( n + r k )( n + k + r r ) B_{n+k}

= 1 2 (r + 1) m−1∑ k=1 r+1∑ j=0 ( n + r j )( n + r r + 1 − j ) k^{j+n−1}(k − m)^{n+r−j}. (7)

The Relations (5), (6), and (7) are, in fact, the synthesis of a long journey of research discussed in the third section.

This paper briefly reviews some properties of generalized Bernoulli polynomials, as well as two related lemmas that help to prove the result presented in the second section. The main result proposes a simplified and useful expression for the sum S^{(α)}_{n,l,r} (x, y, z) where x+y+z−α is a non-negative integer. The result is stated and proven in the fourth section. Then the fifth section provides some applications related to the main theorem. In the last section, we establish similar identities for Fibonacci, Lucas polynomials and more.

2 Some properties of the generalized Bernoulli polynomials and lemmas

Let us consider the three following operators defined over any endomorphism of the vector space C [x]. The classical derivation operator D, the identity operator I, and the finite difference operator Δ are respectively defined by

I(x^n) = x^n and Δ(x^n) = (x + 1)^n − x^n, n ∈ N. (8)

Generalized Bernoulli polynomials can be expressed as a sequence of Appell polynomials [5, 11]. These polynomials satisfy the following well-known properties for which the proofs are straightforward [41]

B^{(α)}_0 (x) = 1, (9) D(B^{(α)}_n (x)) = nB^{(α)}_{n−1}(x), n ≥ 1, (10)

B^{(α)}_n (x + y) = n∑ k=0 ( n k ) y^{n−k}B^{(α)}_k (x), (11)

Δ(B^{(α)}_n (x)) = D(B^{(α−1)}_n (x)), (12) B^{(α)}_n (α − x) = (−1)^nB^{(α)}_n (x). (13)

For every α ∈ C, let us consider the endomorphism Ω_α of C [x] defined by

Ω_α(x^n) = B^{(α)}_n (x), n ∈ N. (14)

Lemma 1. For every non-negative integer n and for all complex numbers α and γ, we have Ω_α((x + γ)^n) = B^{(α)}_n (x + γ). (15) Proof. Just by using Property (11) for y = γ, it follows that

Ω_α((x + γ)^n) = Ω_α

(_n∑ k=0 ( n k ) γ^{n−k}x^k ) = n∑ k=0 ( n k ) γ^{n−k}B^{(α)}_k (x) = B^{(α)}_n (x + γ). (16)

The operators Ω_α, Δ, and D satisfy some remarkable relations that are mentioned in the following lemma.

Lemma 2. For every α ∈ C, we have D ∘ Ω_α = Ω_α ∘ D, (17) Ω_α ∘ Δ = Ω_{α−1} ∘ D. (18) Proof. 1. It is sufficient to verify that the equality (D ∘ Ω_α)(x^n) = (Ω_α ∘ D)(x^n) is true for all non-negative integers n. For n = 0, the property is obvious since B^{(α)}_0 (x) = 1 and thus (D ∘ Ω_α)(x^0) = 0 = (Ω_α ∘ D)(x^0). For every n ≥ 1, we have (D ∘ Ω_α)(x^n) = D(B^{(α)}_n (x)) = Ω_α(nx^{n−1}) = (Ω_α ∘ D)(x^n). (19)

2. By using Lemma 1, for γ = 1, Equations (12) and (17), for all integers n ≥ 0, it follows that (Ω_α ∘ Δ)(x^n) = Ω_α((x + 1)^n − x^n) = B^{(α)}_n (x + 1) − B^{(α)}_n (x) = Δ(B^{(α)}_n (x)) = D(B^{(α−1)}_n (x)) = (D ∘ Ω_{α−1})(x^n) = (Ω_{α−1} ∘ D)(x^n).

Abramowitz and Stegun [1] presented the well-known following properties of classical Bernoulli numbers and Bernoulli polynomials:

B_n(x + 1) = n∑ k=0 ( n k ) B_k(x)

= B_n(x) + nx^{n−1}, n ≥ 1, (20) n∑ k=0 ( n k ) B_k = B_n + δ_{n,1}, (21)

(−1)^nB_n = B_n + δ_{n,1}, (22) where δ_{i,j} is Kronecker’s symbol taking the value 1 if i = j and 0 otherwise. Notice that Eq. (22) is equivalent to

B_1 = − 1 2 and B_{2n+1} = 0, n ≥ 1. (23)

By using the relations above, we can calculate the first Bernoulli numbers and Bernoulli polynomials.

3 Literature review

One notices that Relations (6) and (7) proven by Gessel, can be reformulated in a more useful form for this study. Changing k to m − k in the right side of Relation (6), one obtains the following identity:

S^{(1)}_{n,l,r}(m, 0, 0) = (r + 1) m−1∑ k=1 r+1∑ j=0 ( n + r j )( ℓ + r r + 1 − j ) k^{n+r−j}(k − m)^{ℓ+j−1}. (24)

So, noting that for all integers r and s such that r + s is even, we deduce the following property._{m−1} ∑ k=1 (k^r(k − m)^s − k^s(k − m)^r) = 0, (25)

Aïder and Bencherif [4] proposed a formula equivalent to Gessel’s identity, which can be written as follows: n+r∑ k=0 m^{n+r−k} ( n + r k )( n + k + r r ) B_{n+k} = m−1∑ k=1 p_r(n, m, k), (26)

where

p_r(n, m, k) = r + 1 2 ( n + r_{r+1} 2 )_2

(k(k − m))^{n+ r−12}

+ (r + 1) r−1 2∑ j=0 ( n + r j )( n + r r + 1 − j ) k^{n+r−j}(k − m)^{n+j−1}. (27)

In what follows, we show that Gessel’s relations (6) and (7) and their equivalent relations (24) and (26) generalize numerous identities involving Bernoulli numbers. Therefore, from Equations (21) and (22), Bencherif and Garici [10] stated the following well-known property: n∑ k=0 ( n k ) B_k = (−1)^nB_n, (28) which can be written as S^{(1)}_{n,0,0}(1, 0, 0) = 0. (29)

Eq. (28) means that the sequence ((−1)^nB_n)_{n≥0} is self-dual (in other words, a Cesaro sequence) [10, 16, 18, 35, 46, 47, 52] and [33, p. 256]. Gould [24] also presented various explicit formulae for Bernoulli numbers. However, several authors have sought other recurrence relations that would make simpler Bernoulli numbers computation. Thus, in 1880 Lucas [32] proved, by using symbolic calculation, the following relation that he deemed important: n∑ k=0 ( n k ) B_{ℓ+k} + (−1)^{ℓ+n+1} ℓ∑ k=0 ( ℓ k ) B_{n+k} = 0, (30)

which can be written as S^{(1)}_{n,ℓ,0}(1, 0, 0) = 0. (31)

This relation therefore constitutes a special case of Eq. (5). Lucas then noticed that for the special case where ℓ = n + 1, the Eq. (31) becomes

(n + 1)S^{(1)}_{n,n+1,0}(1, 0, 0) = n+1∑ k=0 ( n + 1 k ) (n + k + 1)B_{n+k} = 0, (32)

furthermore, we deduce that for n ≥ 1 n∑ k=0 ( n + 1 k ) (n + k + 1)B_{n+k} = 0. (33)

According to Lucas, Eq. (33) is a great use for the computation Bernoulli numbers. It permits the expression of the Bernoulli number B_{2n} just by using Bernoulli numbers B_j for n ≤ j ≤ 2n − 1, which requires less computation than by applying the following relation deduced from Eq. (21)

B_{2n} = −1 2n + 1

2n−1∑

j=0 ( 2n + 1 j ) B_j .

This latter assumes the knowledge of Bernoulli numbers B_j for 0 ≤ j ≤ 2n − 1. In fact, Property (33) was also discovered in 1827 by Von Ettingshausen [21] before being rediscovered in 1877 by Seidel [43]. Lucas proved Relation (30) using symbolic calculation or umbral calculus as shown in the articles of Agoh [2] and Gessel [22]. This relation has been the subject of intensive research. After Lucas, several authors have proved Eq. (33) again, using different methods. Then, Nielsen [37] proved the same relation again in 1923, as Kaneko [29] did in 1995. Kaneko provided two different proofs of Relation (33), one complicated one based on the theory of continued fractions applied to formal series, and the second much simpler one due to Zagier, based on an involutive transform of sequences. The relation was later proven again in 2000 by Satoh [42], then in 2001 by Chang and Ha [15, Corollary. 1 (a), p. 472], and afterward in 2009 by Cigler [19].

Recall that in 1971, Carlitz [13] already wondered whether Relation (30) could be deduced from only Eq. (21). A year later, in response to Carlitz’s problem, Shannon [44] proved by using Eq. (23) by induction on m and n. In 2005, Vassilev and Missana [49] demonstrated the following relation:

n−1∑ k=0 ( n k ) B_{ℓ+k} + (−1)^{ℓ+n+1} ℓ−1∑ k=0 ( ℓ k ) B_{n+k} = 0, for n ≥ 1 and ℓ ≥ 1, (34)

which can be written as

S^{(1)}_{n,ℓ,0}(1, 0, 0) − (1 − (−1)^{ℓ+n})B_{n+ℓ} = 0, for n ≥ 1 and ℓ ≥ 1, (35)

which is equivalent to Eq. (30). Their proof refers to the symmetry of polynomials of two variables involving Bernoulli numbers, introduced in [48].

In 2007, Chu and Magli [18] again proved Eq. (30) by exploiting Eq. (28). The same identity had been shown in 2009 by Chen and Sun [17] via a computational algebraic approach, using an extension of Zeilberger’s algorithm. In 2012, Bencherif and Garici [10] proved Eq. (30) by using Eq. (28). In 2014, Gould and Quaintance [23], by studying some properties of the binomial transform of a sequence, obtained the same result. In the same year, Prodinger [40] presented a short proof based on a special case of generating functions. A year later, Neto [36] managed to get the same result by exploiting some properties of the Zeon algebra. In the same year, Zekiri and Bencherif [51] attained a more general result, by applying the umbral calculus.

Recall that in 2000, Agoh [2, Eq. (4.3), p. 210] showed the generalization of Eq. (31)

S^{(1)}_{n,ℓ,r}(1, 0, 0) = 0 (36)

by using congruences and umbral calculus. In the following year, Momiyama [34] proved a formula equivalent to Eq. (36) for r = 1, by applying a q-adic method. Shortly after, in 2003, in his article on the applications of classical umbral calculus, Gessel [22] produced the generalized Eq. (32), which he called Kaneko’s identity. First, Gessel began by examining the relation below, which is none other than Formula (24) when r = 0:

S^{(1)}_{n,ℓ,0}(m, 0, 0) = m−1∑ k=1 ((n + ℓ)k − mn)k^{n−1}(k − m)^{ℓ−1}. (37)

Then, by using the following property,

(n + 1)S^{(1)}_{n,n+1,0}(m, 0, 0) = n+1∑ k=0 m^{n+1−k} ( n + 1 k ) (n + k + 1)B_{n+k}, (38)

he obtained the following generalization of Kaneko’s identity:

n+1∑ k=0 m^{n+1−k} ( n + 1 k ) (n + 1 + k)B_{n+k} = m−1∑ k=1 p_1(m, n, k), (39) which is exactly Formula (26) when r = 1.

In 2009, Chen and Sun [17] proved, by using an extension of Zeilberger’s algorithm, that

n+3∑ k=0 m^{n+3−k} ( n + 3 k )( n + k + 3 3 ) B_{n+k} = m−1∑ k=1 q(m, n, k). (40)

Then, Chen and Sun provided the expression q(m, n, k), which can be written as follows:

q(m, n, k) = p_3(m, n, k) + ( n + 3 3 ) (3n + 11)(k^{n+2}(k − m)^n − k^n(k − m)^{n+2}).

Recalling Eq. (25), one notices that

m−1∑ k=1 q(m, n, k) = m−1∑ k=1 p_3(m, n, k). (41)

Equality (40) is equivalent to Formula (26) for r = 3.

4 Main result

The following theorem provides some simplified expressions of S^{(α)}_{n,ℓ,r}(x, y, z) for x+y+z−α = s where s is a non-negative integer. Then it leads to interesting identities for s = 0 or α = 1.

Theorem 3. For all complex numbers α, λ, and for all non-negative integers l, n, r, and s, we have

n+r∑ k=0 λ^{n+r−k} ( n + r k )( ℓ + k + r r ) B^{(α)}_{ℓ+k}(x)

+ (−1)^{ℓ+n+r+1} ℓ+r∑ k=0 λ^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) B^{(α)}_{n+k}(α + s − λ − x)

= Ω_{α−1}(

D^{r+1} r! s∑ k=1 (x − k)^{ℓ+r}(x + λ − k)^{n+r}). (42)

Proof. Let us consider the polynomial P (x) defined by

P (x) = s∑ k=1 P_k(x)

where P_k(x) =

D^r r! ( (x − k)^{ℓ+r}(x + λ − k)^{n+r} ) .

One notices that the right side of Eq. (42) is equivalent to (Ω_{α−1} ∘ D)(P (x)), and from Lemma 2, one has (Ω_{α−1} ∘ D)(P (x)) = (Ω_α ∘ Δ)(P (x)). To prove Theorem 3, it suffices to show that (Ω_α ∘ Δ)(P (x)) equals to the left side of Eq. (42). For this, one notes the equality P_k(x + 1) = P_{k−1}(x) and thus

(Ω_α ∘ Δ)(P (x)) = Ω_α

(_s∑ k=1 (P_{k−1}(x) − P_k(x)) ) = Ω_α(P_0(x)) − Ω_α(P_s(x)). (43)

One has

P_0(x) =

D^r r! x^{ℓ+r}(x + λ)^{n+r} = D^r r! n+r∑ k=0 λ^{n+r−k} ( n + r k ) x^{ℓ+k+r}

= n+r∑ k=0 λ^{n+r−k} ( n + r k )( ℓ + k + r r ) x^{ℓ+k} and P_s(x) =

D^r r! ((x + λ − s) − λ)^{ℓ+r}(x + λ − s)^{n+r} = D^r r! n+r∑ k=0 (−λ)^{ℓ+r−k} ( ℓ + r k ) (x + λ − s)^{n+k+r}

= (−1)^{ℓ+n+r} n+r∑ k=0 λ^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) (−1)^{n+k}(x + λ − s)^{n+k}.

Equations (13) and (15) yield

Ω_α(P_0(x)) = n+r∑ k=0 λ^{n+r−k}n + rk ( ℓ + k + r r ) B^{(α)}_{ℓ+k}(x) (44) and Ω_α(P_s(x)) = (−1)^{ℓ+n+r} n+r∑ k=0 λ^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) (−1)^{n+k}B^{(α)}_{n+k}(x + λ − s)

= (−1)^{ℓ+n+r} ℓ+r∑ k=0 λ^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) B^{(α)}_{n+k}(α + s − λ − x). (45)

By using Equations (43), (44), and (45), it follows that (Ω_α ∘ Δ)(P (x)) is indeed equal to the left side of Eq. (42). This completes our proof.

5 Applications

As already seen in the previous section, Theorem 3 is an extension of Gessel’s formula, since it generalizes several identities involving Bernoulli numbers. In this section, we illustrate how Theorem 3 allows us to obtain more identities involving Bernoulli polynomials. For this purpose, noticing that by using Eq. (13), one has

B^{(α)}_{n+k}(x) = (−1)^{n+k}B^{(α)}_{n+k}(α − x)

and thus S^{(α)}_{n,l,r}(x, y, z) given by Eq. (3) becomes as follows:

S^{(α)}_{n,l,r}(x, y, z) = n+r∑ k=0 ( n + r k )( ℓ + k + r r ) x^{n+r−k}B^{(α)}_{ℓ+k}(y)

(−1)^{ℓ+r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) x^{ℓ+r−k}B^{(α)}_{n+k}(α − z).

Also note that Eq. (42) can be formulated as follows:

S^{(α)}_{n,l,r}(λ, x, α + s − λ − x) = Ω_{α−1} ( D^{r+1} r! s∑ k=1 (x − k)^{ℓ+r}(x + λ − k)^{n+r} ) . The left side of Eq. (42) can be written as

n+r∑ k=0 λ^{n+r−k} ( n + r k )( ℓ + k + r r ) B^{(α)}_{ℓ+k}(x)

− ℓ+r∑ k=0 (−1)^{ℓ+r+k}λ^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) B^{(α)}_{n+k}(x + λ − s).

By applying Leibniz’s formula for α = 1, the left side of Eq. (42) can be written as follows:

(r + 1) s∑ k=1 r+1∑ j=0 ( n + r j )( ℓ + r r + 1 − j ) (x − k)^{l+j−1}(x + λ − k)^{n+r−j}

and equals zero if s = 0.

5.1 Generalization of Gessel’s formula to classical Bernoulli polynomials

For α = 1, we have B^{(1)}n (x) = B_n(x) and Ω_{α−1} = Ω_0 = I. Recalling Theorem 3, for α = 1, λ = m, and s = m − 1 where m is a non-negative integer, leads us to the following corollary, which is a generalization of Gessel’s theorem set in [8].

Corollary 4. For every non-negative integers ℓ, n, r, and m, we have

n+r∑ k=0 m^{n+r−k} ( n + r k )( ℓ + k + r r ) B_{ℓ+k}(x)

+ (−1)^{ℓ+n+r+1} ℓ+r∑ k=0 m^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) B_{n+k}(−x)

= (r + 1) m−1∑ k=1 r+1∑ j=0 ( n + r j )( ℓ + r r + 1 − j ) (x − k)^{ℓ+j−1}(x + m − k)^{n+r−j}. (46)

Replacing x by 0 in Eq. (46), we actually find Formula (6) thanks to Gessel. One notes that He [27] found, in 2014, the Gessel formula by using q-numbers and Bernoulli polynomials.

5.2 Nielsen’s identity (1923)

First, let us consider the formula proposed by Nielsen [37] and published in 1923, where Bernoulli numbers and polynomials are differently defined but they match our notation (−1)^{n−1}B_{2n} and^{Bn(x+1)}_{n!} respectively. Then, the equation in [37, Eq. (10), p. 182] can, with an adjusted notation, be stated as follows:

n+r∑ k=0 (1 − 2β)^{n+r−k} ( n + r k )( ℓ + k + r r ) B_{ℓ+k}(x + β)

− ℓ+r∑ k=0 (−1)^{ℓ+r+k}(1 − 2β)^{ℓ+r−k} ( ℓ + r k )( n + k + r r ) B_{n+k}(x − β) = D^{r+1} r! ( (x + β − 1)^{ℓ+r}(x − β)^{n+r} ) . (47)

By using Eq. (13), Formula (47) can be written as

S^{(1)}_{n,ℓ,r}(1 − 2β, x + β, 1 − x + β) =

D^{r+1} r! ( (x + β − 1)^{ℓ+r}(x − β)^{n+r} ) , which is true according to Theorem 3.

5.3 Agoh’s identities (2000)

In 2000, Agoh [2] investigated linear recurrences for Bernoulli numbers and Bernoulli polynomials. He derived many identities including the two following equations, [2, Eq. (3.2)(i), p. 205] and [2, Eq. (3.4)(i), p. 207]: n∑ k=0 m^{n−k} ( n k ) B_{ℓ+k}(x) − ℓ∑ k=0 (−m)^{ℓ−k} ( ℓ k ) B_{n+k}(x)

= n m−1∑ k=0 (x + k)^{n−1}(x − m + k)^ℓ + ℓ m−1∑ k=0 (x + k)^n(x − m + k)^{ℓ−1} (48) and n+r∑ k=0 ( n + r k )( ℓ + k + r r ) B_{ℓ+k}(x)

+ (−1)^{ℓ+r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) B_{n+k}(x)

= (n + r) r∑ k=0 ( n + r − 1 k )( ℓ + r r − k ) x^{n+r−k−1}(x − 1)^{ℓ+k}

+ (ℓ + r) r∑ k=0 ( ℓ + r − 1 k )( n + r r − k ) x^{n+k}(x − 1)^{ℓ+r−k−1}. (49)

Theorem 3 allows us to directly obtain these two identities. Indeed, according to this theorem, for all non-negative integers m, we have

S^{(1)}_{n,ℓ,0}(m, x, −x) = D

(_m∑ k=1 (x − k)^ℓ(x + m − k)^n ) . (50)

Changing k to m − k in Eq. (50), one has D (_m∑ k=1 (x − k)^ℓ(x + m − k)^n ) = D (_{m−1}∑ k=0 (x + k)^n(x − m + k)^ℓ )

= n m−1∑ k=0 (x + k)^{n−1}(x − m + k)^ℓ

+ ℓ m−1∑ k=0 (x + k)^n(x − m + k)^{ℓ−1}, and this is just Eq. (48). For β = 0, and by noticing that the right side of Eq. (47) can be rewritten as D^r r! ( (n + r)x^{n+r−1}(x − 1)^{ℓ+r} + (ℓ + r)x^{n+r}(x − 1)^{ℓ+r−1} )

= (n + r) r∑ k=0 ( n + r − 1 k )( ℓ + r r − k ) x^{n+r−k−1}(x − 1)^{ℓ+k}

+ (ℓ + r) r∑ k=0 ( ℓ + r − 1 k )( n + r r − k ) x^{n+k}(x − 1)^{ℓ+r−k−1},

one obtains, with an adjusted notation, Eq. (49). It should be noted that for r ∈ {0, 1}, Eq. (49) becomes the following formulae [3, Cor. 3.4, Eq. (3.9), Eq. (3.10), p. 163] which is what Agoh found in 2017, through a different method: n∑ k=0 ( n k ) B_{ℓ+k}(x) − ℓ∑ k=0 (−1)^{ℓ−k} ( ℓ k ) B_{n+k}(x) = ( (n + ℓ)x − n ) x^{n−1} ( x − 1

)_{ℓ−1}

and n+1∑ k=0 ( n + 1 k ) (ℓ + k + 1)B_{ℓ+k}(x) − ℓ+1∑ k=0 (−1)^{ℓ+1−k} ( ℓ + 1 k ) (n + k + 1)B_{n+k}(x) = ( (n + ℓ + 2)(n + ℓ + 1)x^2 − 2(n + 1)(n + ℓ + 1)x + (n + 1)n ) x^{n−1} ( x − 1

)_{ℓ−1} . 5.4 Chang and Ha’s identity (2001)

In 2001, Chang and Ha [15] obtained a class of recurrence relations for the Bernoulli numbers that includes the Kaneko formula (33). Among these identities, we can find the following relations due to Chang and Ha [15, Cor. 1.b, p. 472]: 2n∑ k=n ( n + 1 k − n ) (k + 1)

B_k 2^k

= (−1)^n n + 1 2^{2n+1}

, n ≥ 1. (51)

Below, we show that Theorem 3 allows us to retrieve Eq. (51). From Theorem 3

S^{(1)}_{n,n,r} ( 2 − 2β, β + x, β − x ) = ( r + 1

) D^{r+1} (r + 1)! ( x^2 − (β − 1)^2

)_{n+r} . For x = 0 and r odd, one deduces that 2 n+r∑ k=0 (2 − 2β)^{n+r−k} ( n + r k )( n + k + r r ) B_{n+k}(β)

= (−1)^{n+ r−12} (r + 1) ( n + r_{r+1} 2 ) (β − 1)^{2n+r−1}.

Then for β = 0, we have n+r∑ k=0 ( n + r k )( n + k + r r ) B_{n+k} 2^{n+k} = (−1)^{n+ r−1}2 (r + 1) 2^{2n+r+1} ( n + r_{r+1} 2 ) . (52)

For r = 1, changing k to k − n in Eq. (52), we obtain Eq. (51).

5.5 Sun’s identities (2003)

In 2003, Sun [47] derived a general combinatorial identity in terms of polynomials with dual sequences of coefficients as he deduced combinatorial identities involving Bernoulli polynomials, including following relations: [47, Thm. 1.2, Eq. (1.15), Eq. (1.16), p. 712] and [47, Remark. 1.2, Eq. (1.18) p. 713], where z = 1 − x − y.

(−1)^n n∑ k=0 ( n k ) x^{n−k}B_{ℓ+k}(y) = (−1)^ℓ ℓ∑ k=0 ( ℓ k ) x^{ℓ−k}B_{n+k}(z) = 0, (53)

(−1)^n n∑ k=0 ( n + 1 k ) (ℓ + k + 1)x^{n+1−k}B_{ℓ+k}(y)

+ (−1)^ℓ ℓ∑ k=0 ( ℓ + 1 k ) (n + k + 1)x^{ℓ+1−k}B_{n+k}(z)

= (−1)^n(n + ℓ + 2) ( (B_{n+ℓ+1}(x + y)) − B_{n+ℓ+1}(y) ) , (54) n∑ k=0 ( n + 1 k ) (n + k + 1)(1 − 2x)^{n−k+1}B_{n+k}(x) = −2(n + 1)B_{2n+1}(x). (55)

Theorem 3 allows us to deduce the three identities above. Indeed, the theorem states that S^{(1)}_{n,ℓ,r}(x, y, z) = 0 for x + y + z = 1. And for r = 0, it gives Eq. (53). Chen and Sun [17, Thm. 5.1, p. 2121] proved this equation. If r = 1, it becomes a relation from which Eq. (54) can be derived. One notices that B_{n+k}(z) = B_{n+k}(1 − x − y) = (−1)^{n+k}B_{n+k}(x + y).

Finally, by Theorem 3, we also have^1_2 S^{(1)}_{n,n,1}(1 − 2x, x, x) = 0, i.e., Eq. (55). Note that, in 2016, Pita [39] also proved Eq. (53).

5.6 Wu, Sun, and Pan’s identities (2004)

In 2004, by studying some formal power series, Wu, Sun, and Pan [50] obtained the following identities [50, Thm. 2, Eq. (6), Eq. (8), p. 3]:

(−1)^n n∑ k=0 ( n k ) B_{ℓ+k}(x) = (−1)^ℓ ℓ∑ k=0 ( ℓ k ) B_{n+k}(−x), (56) and (−1)^n n∑ k=0 ( n + 1 k ) (ℓ + k + 1)B_{ℓ+k}(x) + (−1)^ℓ ℓ∑ k=0 ( ℓ + 1 k ) (n + k + 1)B_{n+k}(−x)

= (−1)^n(n + ℓ + 2)(n + ℓ + 1)x^{n+ℓ}. (57)

These identities can be obtained promptly by using Theorem 3, especially if we have S^{(1)}_{n,ℓ,r}(1, x, −x) = 0. Replacing r by 0 in Theorem 3, we obtain Eq. (56); however, if r = 1, Equations (13), (20), and Theorem 3 lead to Eq. (57).

5.7 Chen’s identity (2007)

A sequence (b_n)_{n≥0} is called a “binomial transform” of another sequence (a_n)_{n≥0} if and only if b_n =

∑_n k=0 (_n k ) a_k.

In 2007, Chen [16] proposed a general identity for such pairs of sequences from which he deduced several identities for Bernoulli numbers and polynomials. One of these identities is the relation [16, Thm. 5.3, Eq. (5.7), p. 149]:

n+r∑ k=0 ( n + r k )( ℓ + k + r r ) y^{n+r−k}B_{ℓ+k}(x)

= ℓ+r∑ k=0 ( ℓ + r k )( n + k + r r ) (−y)^{ℓ+r−k}B_{n+k}(x + y), (58)

which can be written as S^{(1)}_{n,ℓ,r}(y, x, 1 − x − y) = 0. This can be obtained directly from Theorem 3. Note that, in 2010, He and Zhang [26] also proved Eq. (58).

5.8 Neto’s identity (2015)

In 2015, Neto [36] provided a short proof of Eq. (30) using Zeon algebra, and then proved the analogous identity for the Bernoulli numbers of higher order: n∑ k=0 x^{n−k} ( n k ) B^{(x)}_{ℓ+k} = (−1)^{n+ℓ} ℓ∑ k=0 x^{ℓ−k} ( ℓ k ) B^{(x)}_{n+k}. (59)

This identity can be written as S^{(x)}_{n,ℓ,0}(x, 0, 0) = 0, which can be obtained immediately from Theorem 3. In fact, it is interesting to express Relation (59) by using Stirling polynomials. Indeed, Stirling polynomials σ_n(x) are defined in [25] by ( te^t e^t − 1

)_x = x ∞∑ n=0 σ_n(x)t^n.

One has n!xσ_n(x) = (−1)^nB^{(x)}_n . (60)

B^{(x)}n are the generalized Bernoulli numbers, which are also called Nörlund polynomials [9].

More generally, from Theorem 3, we have

S^{(x)}_{n,ℓ,r}(x, 0, 0) = 0, (61)

for all non-negative integers r. By Equations (60) and (61), one has

n+r∑ k=0 (−1)^k ( n + r k ) (ℓ + k + r)!x^{n+1+r−k}σ_{ℓ+k}(x)

+ (−1)^{r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k ) (n + k + r)!x^{ℓ+1+r−k}σ_{n+k}(x) = 0.

For r odd and n = ℓ, one obtains

n+r∑ k=0 (−1)^k ( n + r k ) (n + k + r)!x^{n+r−k}σ_{n+k}(x) = 0.

6 Identities for other polynomials

In the previous paragraphs, we have shown that Theorem 3 generalizes several well-known identities involving Bernoulli numbers and Bernoulli polynomials proven by numerous authors through various methods. The following theorem is useful because similarly to Theorem 3, it allows us to establish analogous identities for particular sequences such as Fibonacci and Lucas polynomial sequences.

Theorem 5. Let (w_n)_{n≥0} be a sequence such that exponential generating function S_w(t) = ∑_∞

n=0 w_n^{tn}_{n!} satisfies S_w(t) = εe^{λt}S_w(−t) where ε = ±1 and λ ∈ C. Then for all non-negative integers n, ℓ, and r, we have

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) λ^{n+r−k}w_{ℓ+k}

+ (−1)^{r+1}ε ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) λ^{ℓ+r−k}w_{n+k} = 0. (62)

Proof. Let L_w be a linear transformation defined over polynomial space in x specifying its action on monomials as follows: L_w ( x^k ) = w_k.

The relation S_w(t) = εS_w(−t) is equivalent to

w_n = ε ∑ (−1)^k ( n k ) λ^{n−k}w_k, n ≥ 0, (63)

which can be written as x^n − ε(λ − x)^n ∈ ker L_w, n ≥ 0.

By linearity, any polynomial P (x), by the previous conditions satisfies

P (x) − εP (λ − x) ∈ ker L_w.

Let us consider P (x) = x^{ℓ+r}(λ − x)^{n+r} and note that P (λ − x) = x^{n+r}(λ − x)^{ℓ+r}. Then one obtains D^r r! ( P (x) ) = n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) λ^{n+r−k}x^{ℓ+k} and D^r r! ( P (λ − x) ) = ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) λ^{ℓ+r−k}x^{n+k}.

Thus, by combining the previous formulae, we find Relation (62) of Theorem 5.

6.1 Identities for Fibonacci and Lucas polynomials

The bivariate polynomials of Fibonacci and Lucas ( u_n(x, y) ) n≥0 and ( v_n(x, y) ) n≥0 are defined in [6] by

u_n(x, y) = xu_{n−1}(x, y) + yu_{n−2}(x, y) and v_n(x, y) = xv_{n−1}(x, y) + yv_{n−2}(x, y)

for n ≥ 2 with u_0(x, y) = 0, u_1(x, y) = 1, v_0(x, y) = 2, v_1(x, y) = x. It is well-known that we have u_n(x, y) = ( α(x, y)

)_n − ( β(x, y)

)_n

α (x, y) − β (x, y)

, v_n(x, y) = ( α(x, y)

)_n + ( β(x, y)

)_n

where α(x, y) = 1 2 ( x + √ x^2 + 4y ) and β(x, y) = 1 2 ( x − √ x^2 + 4y ) . Let us consider the sequences u^∗ = ( u_{sn}(x, y) ) n and v^∗ = ( v_{sn}(x, y) ) n where s is a nonnegative integer. This implies that

S_u∗ (t) = −e^{vs (x,y)t}S_u∗ (−t) and S_v∗ (t) = e^{vs(x,y)t}S_v∗ (−t).

Applying Theorem 5 leads to the following corollary:

Corollary 6. Let n, ℓ, r, and s be non-negative integers. Then

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) ( v_s(x, y)

)_{n+r−k} u_s(l + k)(x, y)

+ (−1)^r ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) ( v_s(x, y)

)_{ℓ+r−k} u_{s(n+k)}(x, y) = 0, (64)

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) ( v_s(x, y)

)_{n+r−k} v_s(l + k)(x, y)

− (−1)^r ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) ( v_s(x, y)

)_{ℓ+r−k} v_{s(n+k)}(x, y) = 0. (65)

Corollary 6 generalizes identities involving Fibonacci and Lucas numbers [30] mentioned in [10] and [18]. As it provides identities for several sequences of integers, such as the Fibonacci sequence (F_n)_{n≥0} = (u_n(1, 1))_{n≥0}, the Lucas sequence (L_n)_{n≥0} = (v_n(1, 1))_{n≥0}, the sequence of Pell numbers (P_n)_{n≥0} = (u_n(2, 1))_{n≥0}, the sequence of Pell-Lucas numbers (Q_n)_{n≥0} = (v_n(2, 1))_{n≥0}, the sequence of Jacobsthal numbers (J_n)_{n≥0} = (v_n(1, 2))_{n≥0}, and the sequence Jacobsthal-Lucas numbers (j_n)_{n≥0} = (v_n(1, 2))_{n≥0} appear respectively in the OEIS (On-Line Encyclopedia of Integer Sequences) [45] as A000045, A000032, A000129, A002203, A001045 and A014551 and also the sequences (F_{2n})_{n≥0}, (L_{2n})_{n≥0}, (P_{2n})_{n≥0}, (Q_{2n})_{n≥0}, (J_{2n})_{n≥0}, and (j_{2n})_{n≥0} respectively as A001906, A005248, A001542, A003499, A002450, and A052539 in the OEIS.

6.2 Identities for Chebyshev polynomials

We can also apply Theorem 5 to Chebyshev polynomials of the first kind T (x) = (T_n(x))_{n≥0} and to Chebyshev polynomials of the second kind U(x) = (U_n(x))_{n≥0} defined recursively in [31, 7] by

T_n(x) = 2xT_{n−1}(x) − T_{n−2}(x) and U_n(x) = 2xU_{n−1}(x) − U_{n−2}(x)

for n ≥ 2 with T_0(x) = 1, T_1(x) = x, U_0(x) = 1, and U_1(x) = 2x. Clearly

T_n(x) = 1 2 v_n(2x, −1) and U_n(x) = u_{n+1}(2x, −1).

By applying Corollary 6, we deduce the following relations: n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) (2T_s(x))^{n+r−k}T_s(ℓ + k)(x)

− (−1)^r ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) (2T_s(x))^{ℓ+r−k}T_s(n + k)(x)

= 0. (66) n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) ( 2T_s(x)

)_{n+r−k} U_{s(ℓ+k)−1} (x)

+ (−1)^r ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) ( 2T_s(x)

)_{ℓ+r−k} U_{s(n+k)−1}(x)

= 0, (67)

where n, ℓ, and s are positive integers.

6.3 Identities for generalized Euler polynomials

Generalized Euler polynomials E^{(α)}n (x) [41, p. 102] are defined, for α ∈ C, by

S_E(α) (t) = ∞∑ n=0 E^{(α)}_n (x) t^n n! = ( 2 e^t + 1

)_α

e^{tx}.

One has S_E(α) (t) = e^{(2x−α)t}S_E(α) (−t).

By applying Theorem 5, one obtains the following identity:

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) (2x − α)^{n+r−k}E^{(α)}_{ℓ+k}(x)

+ (−1)^{r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) (2x − α)^{ℓ+r−k}E^{(α)}_{n+k}(x)

= 0. (68)

6.4 Identity for generalized Genocchi polynomials

Generalized Genocchi polynomials G^{(m)}n (x) are defined, for m ∈ N, by ∞∑ n=0 G^{(m)}_n (x) t^n n! = ( 2t e^t + 1

)_m

e^{tx}.

One has S_G(m) (t) = (−1)^me^{(2x−m)t}S_E(α) (−t).

Theorem 5 leads to

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) (2x − m)^{n+r−k}G^{(m)}_{ℓ+l} (x)

+ (−1)^{m+r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) (2x − m)^{ℓ+r−k}G^{(m)}_{n+k}(x)

= 0. (69)

6.5 Identities for generalized Stirling numbers of the second kind

The Stirling numbers of the second kind appear in the OEIS as A008277, are defined by the explicit formula [25]

S(n, m) =

(−1)^m m! m∑ j=0 (−1)^j ( m j ) j^n.

The first generalization of these numbers was provided by d’Ocagne [38] and Carlitz [14]:

S^{(α)}(n, m) =

(−1)^m m! m∑ j=0 (−1)^j ( m j ) (α + j)^n.

These numbers are connected with generalized Bernoulli polynomials [11]:

S^{(α)}(n + m, m) = ( n + m m ) B^{(−m)}_n (α).

We are interested in the generalized Stirling numbers [12], which are defined by

S^{(α)}(n, m, s) =

(−1)^m m! m∑ j=0 (−1)^j ( m j ) (α + sj)^n.

Note that S^{(α)}(n, m, 1) = S^{(α)}(n, m) and S^{(0)}(n, m, 1) = S(n, m).

For m and s fixed, let us consider the sequence (w_{m,s})_n = (S^{(α)}(n, m, s))_n, for which the generating function is_∞ ∑ n=0 S^{(α)}(n, m, s) t^n n! = 1 m! e^{αt}(e^{st} − 1)^m.

One has S_{wm,s} (t) = (−1)^me^{(2x+ms)t}S_{wm,s} (−t).

Applying Theorem 5, we obtain the following identity:

n+r∑ k=0 (−1)^k ( n + r k )( ℓ + k + r r ) (2x + ms)^{n+r−k}S^{(α)}(ℓ + k, m, s)

+ (−1)^{m+r+1} ℓ+r∑ k=0 (−1)^k ( ℓ + r k )( n + k + r r ) (2x + ms)^{ℓ+r−k}S^{(α)}(n + k, m, s)

= 0. (70)

7 Conclusion

The study permits the development of two important results. The first one proposes an identity allowing the generalization of various relations related to classical Bernoulli numbers and Bernoulli polynomials, in addition to Gessel’s recent identity. The second result allows the deduction of similar identities for Fibonacci, Lucas, and Chebyshev polynomials as well as for the generalized Euler, Genocchi polynomials, and generalized Stirling numbers.

8 Acknowledgments

The authors would like to thank the referee and the editor for their valuable comments and suggestions.

References

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Bureau of Standards, Applied Math. Series, Vol. 55, 10th Printing, 1972.

[2] T. Agoh, Recurrences for Bernoulli and Euler polynomials and numbers. Expo. Math.

18 (2000), 197–214.

[3] T. Agoh, Shortened recurrence relations for generalized Bernoulli numbers and polynomials, J. Number Theory 176 (2017), 149–173.

[4] A. Aïder and F. Bencherif, On a generalization of the analog of a theorem of Chen and Sun, Congrès des Mathématiciens Algériens, CMA’2012, Annaba, 2012.

[5] P. Appell, Sur une classe de polynômes, Ann. Sci. Ec. Norm. Supér. 9 (2) (1880) 119– 144.

[6] H. Belbachir and F. Bencherif, On some properties of bivariate Fibonacci and Lucas polynomials, J. Integer Sequences 11 (2008), Article 08.2.6.

[7] H. Belbachir and F. Bencherif, On some properties of Chebyshev polynomials, Discuss.

Math. Gen. Algebra Appl. 28 (1) (2008), 121–133.

[8] H. Belbachir and M. Rahmani, On Gessel-Kaneko’s identity for Bernoulli numbers.

Appl. Anal. Discrete Math. 7 (2013), 1–10.

[9] F. Bencherif, Sur une propriété des polynômes de Nörlund, Actes des Rencontres du C.I.R.M., 2 (2010) 71–77.

[10] F. Bencherif and T. Garici, Suites de Cesàro et nombres de Bernoulli, Actes de la Conférence “Fonctions L et Arithmétique”, Publ. Math. Besançon Algèbre Théorie Nr., 2012/1, Presses Univ. Franche-Comté, Besançon, 2012, pp. 19–26.

[11] F. Bencherif, B. Benzaghou, and S. Zerroukhat, Une identité pour des polynômes d’Appell, C. R. Math. Acad. Sci. Paris 355 (2017), 1201–1204.

[12] N. P. Cakec, V. Gradimir, and V. Milovanovic, On generalized Stirling numbers and polynomials, Math. Balkanica 18 (2004), 241–248.

[13] L. Carlitz, Problem 795, Math. Mag. 44 (1971), 106.

[14] L. Carlitz, Weighted Stirling numbers of the first and second kind, II, Fibonacci Quart.

18 (1980), 242–257.

[15] C.-H. Chang and C.-W. Ha, On recurrence relations for Bernoulli and Euler numbers, Bull. Aust. Math. Soc. 64 (2001), 469–474.

[16] K. W. Chen, Identities from the binomial transform, J. Number Theory 124 (2007), 142–150.

[17] W. Y. C. Chen and L. H. Sun, Extended Zeilberger’s algorithm for identities on Bernoulli and Euler polynomials, J. Number Theory 129 (2009), 2111–2132.

[18] W. Chu and P. Magli, Summation formulae on reciprocal sequences, European J. Combin. 28 (2007), 921–930.

[19] J. Cigler, q-Fibonacci polynomials and q-Genocchi numbers. Preprint, 2010. Available at https://arxiv.org/abs/0908.1219v3.

[20] K. Dilcher and I. Sh. Slavutskii, A Bibliography of Bernoulli Numbers. Available at

http://www.mscs.dal.ca/~dilcher/bernoulli.html.

[21] A. V. Ettingshausen, Vorlesungen Über die Höhere Mathematik, Vol. 1, Verlag Carl Gerold, Wien, 1827.

[22] I. M. Gessel, Applications of the classical umbral calculus, Algebra Universalis 49 (2003), 397–434.

[23] H. W. Gould and J. Quaintance, Bernoulli numbers and a new binomial transform identity, J. Integer Sequences 17 (2014), Article 14.2.2.

[24] H. W. Gould, Explicit formulas for Bernoulli numbers, Amer. Math. Monthly 79 (1972), 44–51.

[25] R. L. Graham, D. E. Knuth, and O. Patashnik. Concrete Mathematics, Addison-Wesley, 2nd edition, 1994.

[26] Y. He and W. P. Zhang, Some symmetric identities involving a sequence of polynomials.

Electron. J. Combin. 17 (2010), Article #N7.

[27] Y. He, Some results for Carlitz’s q-Bernoulli numbers and polynomials, Appl. Anal.

Discrete Math. 8 (2014), 304–319.

[28] K. Ireland and M. Rosen, A Classical Introduction to Modern Number Theory, 2nd ed., Springer, 1990.

[29] M. Kaneko, A recurrence formula for the Bernoulli numbers, Proc. Japan Acad. Ser. A Math. Sci. 71 (1995), 192–193.

[30] T. Koshy, Fibonacci and Lucas Numbers with Applications, Wiley, 2001. [31] T. Koshy, Pell and Pell-Lucas Numbers with Applications, Wiley, New York, 2014. [32] E. Lucas, Sur les nouvelles formules de MM. Seidel et Stern, concernant les nombres de Bernoulli, Bull. Soc. Math. France 8 (1880) 169–172.

[33] E. Lucas, Theorie des Nombres, Vol. 1, Gauthier-Villars, Paris, 1891. Republished by A. Blanchard, Paris, 1961 and by J. Gabay in 1991.

[34] H. Momiyama, A new recurrence formula for Bernoulli numbers, Fibonacci Quart. 39 (2001), 285–288.

[35] Y.-P. Mu, Symmetric recurrence relations and binomial transforms, J. Number Theory 133 (2013), 3127–3137.

[36] A. F. Neto, Carlitz’s identity for the Bernoulli numbers and Zeon algebra, J. Integer Sequences 18 (2015), Article 15.5.6.

[37] N. Nielsen, Traité Élémentaire des Nombres de Bernoulli. Gauthier-Villars, 1923. [38] M. d’Ocagne, Sur une classe de nombres remarquables, Amer. J. Math. 9 (1887) 353– 380.

[39] C. Pita, Carlitz-type and other Bernoulli identities, J. Integer Sequences 19 (2016), Article 16.1.8.

[40] H. Prodinger, A short proof of Carlitz’s Bernoulli number identity, J. Integer Sequences 17 (2014), Article 14.4.1.

[41] S. Roman, The Umbral Calculus, Academic Press, 1984.

[42] J. Satoh, A recurrence formula for q-Bernoulli numbers attached to formal group, Nagoya Math. J. 157 (2000), 93–101.

[43] L. Seidel, Über eine einfache Entstehungsweise der Bernoullischen Zahlen und einiger verwandten Reihen, Sitzungsber. Münch. Akad. Math. Phys. (1877), 157–187.

[44] A. G. Shannon, Solution of Problem 795, Math. Mag. 45 (1972), 55–56.

[45] N. J. A. Sloane et al., The On-Line Encyclopedia of Integer Sequences, published electronically at https://oeis.org, 2020.

[46] Z. H. Sun, Invariant sequences under binomial transformation, Fibonacci Quart. 39 (2001) 324–333.

[47] Z. W. Sun, Combinatorial identities in dual sequences, European J. Combin. 24 (2003) 709–718.

[48] P. Vassilev and M. Vassilev-Missana, On the sum of equal powers of the first n terms of an arbitrary arithmetic progression, Notes on Number Theory and Discrete Mathematics 11 (2005), 15–21.

[49] P. Vassilev and M. Vassilev-Missana, On one remarkable identity involving Bernoulli numbers, Notes on Number Theory and Discrete Mathematics 11 (2005), 22–24.

[50] K.-J. Wu, Z.-W. Sun, and H. Pan, Some identities for Bernoulli and Euler polynomials, Fibonacci Quart. 42 (2004), 295–299.

[51] A. Zekiri and F. Bencherif, Courte preuve d’une identité comportant les nombres de Bernoulli. Preprint, 2015. Available at https://arxiv.org/abs/1506.08112.

[52] A. Zekiri, F. Bencherif, and R. Boumahdi, Generalization of an identity of Apostol, J.

Integer Sequences 21 (2018), Article 18.5.1.

[53] A. Zekiri and F. Bencherif, A new recursion relationship for Bernoulli numbers. Ann.

Math. Inform. 38 (2011), 123–126.

2010 Mathematics Subject Classification: Primary 11B68; Secondary 05A10, 11B65. Keywords: Bernoulli polynomial, Bernoulli number, identity.

(Concerned with sequences A000032, A000045, A000129, A001045, A001542, A001906, A002203, A002450, A003499, A005248, A008277, A014551, and A052539.)

Received June 30 2020; revised versions received July 19 2020; October 14 2020; November 16 2020; November 18 2020. Published in Journal of Integer Sequences, November 24 2020.

Return to Journal of Integer Sequences home page.