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Abstract

If p > 5 is a prime, then Wolstenholme’s congruence stipulates that (2;’:11) =1

(mod p*). New generalizations of this congruence to Lucasnomials (mod U2V, /V1)
are given, where U and V are a pair of Lucas sequences.

1 Introduction

The binomial coefficient congruence

valid for all primes p > 5, was established by Wolstenholme [21] in 1862.
Glaisher (]9, p. 21], [10, p. 33]) later gave the slightly more general congruence

(57 =t e !

for all nonnegative integers k and all primes p > 5.
An interest in finding an analogue, or a generalization of the Wolstenholme or the Glaisher

congruences for Lucasnomials appears in various papers [2, 4, 12, 13, 14, 19].
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If A = (an)n>0 is a sequence of integers, a, # 0 for n > 0, then generalized binomial
coefficients, (7:) " with respect to A are defined for m > n > 0 to be

m . Ay Qpy—1 -+ - Qpy—p4-1
n) 4 Aplp_1...01
ifm>n2>1 and 1if n =0.

Lucasnomials (’:)U are generalized binomial coefficients defined with respect to a funda-
mental Lucas sequence U. They turn out always to be integers. Given two nonzero integers
P and Q, the fundamental Lucas sequence U = U(P, Q) is the second-order linear recurring
sequence that satisfies the recursion

Un+2 - PUTH-I - QUn) (3)

for all integers n, and has initial conditions Uy = 0 and U; = 1.

If U, # 0 for all n > 1, then U is said to be nondegenerate. A necessary and sufficient
condition for U to be nondegenerate is that U, # 0. Lucas sequences U are divisibility
sequences, i.e., they satisfy

m|n = U, | U,,

forall n > m > 1. If ged(P, Q) = 1, then U(P, Q) is called regular. If U is regular, then it
satisfies
ng(Umy Un) = |Ugcd(m,n)|7

for all nonnegative m and n, not both zero. A sequence with this property is a strong
divisibility sequence. A prime p is regular with respect to U(P,Q) if p 1 ged(P, Q). An
integer m is said to be regular if all its prime factors are regular. A special prime is one that
divides ged(P, Q). By extension an integer m is said to be special if all its prime factors are
special. If m > 2 is an integer, then the rank, p = p(m), of m is the least t > 2 for which
m | U;. It is guaranteed to exist if ged(m, Q) = 1. If ged(m, Q) = 1, then the rank p satisfies

m| U, < p|n.

If pt Q is an odd prime, then p(p) is a divisor of p— (D | p), where D = P?—4Q and (D |p) is
the Legendre character of D with respect to p. The rank of p is mazimal if p(p) = p— (D | p).
To every Lucas sequence U(P, (@), there is an associate, or companion Lucas sequence V'
which satisfies the same recursion (3), but has initial values Vo =2, V; = P. If D # 0 and
a and B3 denote the zeros of 22 — Pz + @, then for all n > 0

a — Bn

b =g
a—p

We won’t say much more about Lucas sequences, but refer interested readers to the original

Lucas memoir [16], and to Chapter 4 of the book [20]. The reason why it is not unreasonable,
with luck, to expect properties of ordinary binomial coefficients to extend to Lucasnomials

and V, =a"+[". (4)
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is that binomial coefficients are special Lucasnomials. Indeed, the binomial coefficients are
the Lucasnomials attached to the fundamental Lucas sequence U, (2,1) = n.

In [4], one finds two distinct generalizations of (2) for Lucasnomials. The first, which
appeared in a weaker form in [19, Lemma 6], received a fully detailed proof and is stated
below as a theorem. It is actually a concatenation of Theorems 3 and 7 in [4].

Theorem 1. Let U = U(P,Q) be a fundamental Lucas sequence with parameters P and Q.
If a prime p > 3, p1 Q, has rank p in U(P,Q), then the congruence

(),

holds for all integers k > 0 with

(=1 QM2 (mod ), (5)

v=2+[p>5]-[p is mazimal |.

In the statement of the theorem we made use of the Iverson symbol [—|, where [P] is 1,
if P is a true statement, and [P] is 0 otherwise. That is,

{3, if p is maximal and p > 3;
UV =

2, otherwise.

In stating Theorem 1, one would expect the Lucas sequence U to be nondegenerate.
However, with the convention that two zero-terms, one in the numerator, the other in the
denominator of a Lucasnomial, cancel out as 1, the theorem holds even in the degenerate
case [4].

The second generalization, [4, Thm. 9], went as follows:

Theorem 2. Suppose U(P,Q) is a nondegenerate reqular fundamental Lucas sequence and
p >3 1s a prime. Then

<(k;—|—1)p—1

— kp(p—1)/2 2
o1 )U:QP(P )2 (mod UY),

for all k > 0.

When |U,| > 1, p is the rank of U,. Thus, as mentioned in [4], if |U,| is prime, then
Theorem 2 follows from Theorem 1. Indeed, the hypotheses of Theorem 2 entail that if |U,|
is prime, then U, { Q. For if U, | @, then, by (3), U, = PP~! (mod U,), implying that
U, | P. This would contradict the regularity of U. For U(1,—1), i.e., for the Fibonacci
sequence, the congruence in Theorem 2 follows from the statement of a problem posed by
Ohtsuka [18]. Mention was made in [4] that the published solution to the Ohtsuka problem
[3] can be turned into a general proof of Theorem 2. This note provides a proof of Theorem
3, a more general theorem and a stronger congruence than Theorem 2, which, when U is
the Fibonacci sequence, reduces to the initial problem [18] posed by Ohtsuka. We point out
that the congruence holds irrespective of the regularity of U (P, Q).
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Theorem 3. Suppose U(P, Q) is a nondegenerate fundamental Lucas sequence and p > 3 is
a prime. Then the congruence

(k+Lp—1\ _ _
( i = Q=D (mod U2V, /P),

holds for all k > 0, where V (P, Q) is the companion Lucas sequence associated with U.

Remark 4. Theorem 3 does not hold with the modulus U;VP. For instance, with P =5, Q) = 1
and p = 5, we find that (21’*1)[] = 153318506 # 1 (mod U2V,). Here, U2V5 = 766 592 525,

p—1
whereas U2V5/P = 153 318 505.
Theorem 3 implies a stronger version of Theorem 2 where U(P, Q) need not be regular,
which is worth pointing out and stating.

Theorem 5. Suppose U(P, Q) is a nondegenerate fundamental Lucas sequence and p > 3 is
a prime. Then for all k > 0

((k +1)p — 1) — Qkp(p—l)/2 (mod U2).

p—1 U P

Section 2 gives a proof of Theorem 3. We proceed roughly as follows. Put M, =
U,Ugp /P = UZ?V;?/P. Let R, be the largest regular integer factor of M,, i.e., the largest
factor of M, prime to ged(P, Q). Then M, = R,S,, where S, is the largest special factor
of M,. To prove the congruence of Theorem 3 modulo R,, we will use a generalization of
the non-published proof of Ohtsuka, who took the kind initiative to send it to the author in
February 2015. Actually, for the prime p = 3, this approach immediately gives the congru-
ence modulo Mj. (Two alternatives would have been either to use a generalization of the
published solution [3] to Ohtsuka’s problem [18], or to use Theorem 1. The first alternative
is longer. The second can only yield the congruence modulo gcd(UIf, R,).) To prove the
congruence of Theorem 3 modulo S,, given a special prime ¢ it will suffice to show that both
integers ((kzljﬁ’_l)U and Q"®~1/2 have a g-adic valuation at least as high as that of M,. We
are able to prove the congruence modulo S, in all cases because a full description [6] of the
g-adic valuation of the terms of Lucas sequences exists. (Throughout the paper, if m is an
integer, v,(m) denotes its ¢g-adic valuation.) Actually, by Remark 19 of Section 4, proving
the regular case only would have been sufficient to imply Theorem 3 in its full generality.

Section 3 gives some further results: In Proposition 16, we find a few instances of pairs
(U(P,Q),p) when Theorem 3 holds with respect to the modulus U3V, /P.

Note that the congruence of Glaisher (2) gives

(T) (mod p?).

() =505

It was generalized further [8] as follows: if p > 5 is prime and ¢ and k are nonnegative

integers, then
kp\ _ (k N
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Kimball and Webb [15] gave an analogue of (6) for Fibonomials, i.e., Lucasnomials with
respect to the Fibonacci sequence U(1, —1), but modulo p?>. However, a Lucasnomial gener-
alization of (6) along the line of Theorem 1 modulo p? exists [4, Thm. 13]. We give another,
in line with Theorem 3, in Theorem 17.

Section 3 contains yet another proof of Theorem 3 for the case p = 3. This proof
generalizes the proof given in the published solution [3] of Ohtsuka’s problem [18].

The referee made some numerical experiments that suggested that a polynomial version
of Theorem 3 might hold in the ring Z[P, Q] and that this polynomial version might also hold
for p = 2 whenever 4 divides k. We added a new section to the paper to address the referee’s
questions. Section 4 contains Theorems 18 and 20 which prove the referee’s observations to
be exact.

2 Proof of Theorem 3

We begin with a generalized Cassini identity. This identity is proved [11] in a long and
indirect manner using matrices and, probably, in other places as well. We give a very short
and direct proof which uses the formulas (4) in the next lemma.

Lemma 6. Suppose U(P,Q) is a fundamental Lucas sequence with nonzero discriminant
D = P? —4Q. Then, for all r >0, we have the identity

Uan - UcUd - QT(UG—TUZJ—T‘ - Uc—rUd—r)a
provided a + b = ¢+ d.

Proof. The quantity U;U,,_y — Q"U,_,.U,_;_, is independent of ¢. Indeed, if o and § are the
distinct zeros of 22 — Pz + @, then using Q = a3 we obtain

D(UtUn—t o QTUt—’rUn—t—r) —_ (O[t o /Bt)(an—t o Bn—t) o Q’r(at—r o Bt—r)<an—t—7‘ o Bn—t—r)
_ (Ckn 4 /Bn - Oétﬁnft o ﬁtan7t> - Qr(an72r 4 Bn72r> 4 Qr(atfrﬁnftfr 4 Btfroénftfr)
=V, - QTVH—QT'

Therefore, for all integers t and s, we see that
UtUn—t - QrUt—rUn—t—r = UsUn—s - QrUs—rUn—s—m
which yields the identity on putting a =t,b=n—t,c=sand d =n — s. m

Lemma 7. For all odd primes p and all integers k > 1, we have

—1)/2
((k +1)p— 1) _ (pH (UkpU(k+l)p N Qkp>
p— 1 U im1 UiUp_Z'



Proof. By Lemma 6, we see that
Utks1yp-iUkp+i = Uk 1)pUkp = Q@ (Up—ili — Upl).
Thus,
Ut 1)p—iUrpri = U 1)pUnp + QUi U;.
Therefore,

1 —1)/2
(k+1)p—1 _ h Ukp+i _ (pl—[)/ Utk+1)p—iUkp+i
p—1 U Ui Up—iUi

=1 i=1

~1)/2
v U(k+1)pUkp + QkpUpfiUi

i=1 Up-iUs
(p—1)/2
T (DY | e
. UiUpfi .
=1
m
Lemma 8. Theorem 3 holds for p = 3.
Proof. By Lemma 7, we obtain
E+1)p—1 -
(F5URTY) = Unlinen /P @7 = Q7 = @7 mod o),
U
for p = 3 since Uy = P and U,Uy, divides Uy,Ugq1)p, where M, = U,Us,/P. O

Lemma 9. Suppose ¢t Q is a prime. Then, for alln >0, q1 ged(Upi1,Uy).

Proof. 1f not, there must exist a minimal integer m > 1 such that ¢ divides U, and U, ;.
Since ¢ t ged(Uy, Us), it must be that m > 2. But as QU,,—1 = PU,, — U,,41 and ¢ 1 Q, we
see that q | Upy,—1. Thus, q | ged(Up—1, Uy,), which contradicts the minimality of m. ]

Lemma 10. Let q be a reqular prime with respect to U(P,Q). Then, for all m > n > 0,
ged(Un, Uy) and Ugea(m,n) share the same g-adic valuation.

Proof. 1f q | Q, then ¢ 1 U, for any n > 0. Thus, the result holds in this case. Suppose
q 1 Q. Certainly, because U is a divisibility sequence, the g-adic valuation of Ugeq(mn) is less
than or equal to the g-adic valuation of ged(U,,, U,). Assume ¢° | ged(U,,, U, ). Then by the
Lucas identity

Um = n+1Um—n - QUnUm—n—h

we see that ¢° | U, 1Upn_n. Since ¢ 1 Q we know by Lemma 9 that ¢ does not divide U, ;.
Thus, ¢' | Up_n. Therefore, ¢° | U,, where r is the first remainder in the Euclidean division
of m by n. Reiterating the reasoning with n and r in place of m and n and, further, with
any two successive remainders in the Euclidean division algorithm of m by n we find that ¢*
divides Uged(m,n)- O



Theorem 11. The congruence of Theorem 3 holds modulo R,, where R, is the reqular part
Of Mp = Upng/P.
Proof. Both Up,Uq1), and U;U,_; are divisible by U; = P so that
UrpU(k11)p _ UkpU(k+1)p/P
UU,—; UU,—i/P
By Lemma 7, the theorem will hold if we show that for all i, 1 <i < (p —1)/2, U;U,—;/P
and R, are coprime integers. Let ¢ be a prime factor of R,. Since ¢ and p — i are coprime,
Lemma 10 tells us that ¢ 1 ged(U;, U,—;). Thus, with the notation m ~; n meaning that
vy(m) = v,(n), we obtain
ng(UiUp_i, Upng) ~q ng(Um Upng) . ng(Up_i, Upng)
~q 8cd(Us, Usp) - ged(Up—i, Unyp)
~qy U1Uy = P

Therefore, ged(U;U,—i/ P, M,)) ~, 1. O

We now consider the congruence of Theorem 3 modulo special primes. Hence, throughout
the remainder of this section ¢ designates a special prime of U(P,Q) with P = ¢°P’ and
Q=¢Q,a>1,b>1and ¢t P'Q.

The g-adic valuation of the terms U,, (n > 1), is simplest in the case b > 2a. In this
case, we have [6, Thm. 1.2] for all n > 1

v (U,) = (n —1)a. (7)

Lemma 12. Suppose U(P, Q) is a fundamental Lucas sequence and p > 5 is a prime. If q
a special prime with b > 2a, then for all k > 0

((k +1)p— 1) = Qkp(p—l)/2 (mod qvq(Mp)%
p—1 U
where M, = U,Us,,/P.
Proof. By (7), vy(M,) = (p — 1)a+ (2p — 1)a — a = 3(p — 1)a. Thus, to prove the lemma

it suffices to see that both (Hlf 1)U and Q™®=1/2 have a g-adic valuation of at least

3(p — 1)a. Indeed, we have for all k > 1 and p > 5
vg(Q"D2) = bkp(p — 1)/2 > ap(p — 1) > 3(p — Da. (8)
Also as ((chrl ) = 11! U’“”Z“ we find using (7) that

uq<<(k+ p = 1)U) - pi ((kp+i—1)a— (i — 1)a)

p—1 i=1

= Z kpa = k(p — 1)pa > 3(p — 1)a.



We now address the case b = 2a.

Lemma 13. Suppose U(P,Q) is a fundamental Lucas sequence and p > 5 is a prime. If q
1s a special prime with b = 2a, then for all k >0

<(k - 1)1)1_ 1) = Qrr—1)/2 (mod ql/q(Mp))7
b= U

where M, = U,Us,/P.

Proof. 1f b = 2a, then, as seen in the proof of [6, Thm. 2.2|, we have for all n > 0, U, =
¢~ Ve’ where U’ is the Lucas sequence U(P', Q). Thus,

Vg(M,) = 3(p — 1)a + Vq(M;g)>

where M, = U U,,/P'. Since q is regular with respect to U’, we find by Theorem 11 that

(““ —;1—)]91_ 1) =@ (mod g Y

Since U,, = ¢"~V2U’  we see that

((k + 1)p - 1) _ qk,’p(p—l)a ((k + 1)p - 1) )
p— 1 U p— 1 U’

QFr=1)/2 — gkp(p=la (Q/)kp(p—l)/?

But we also find that

Thus multiplying the congruence (9) through by ¢*?°=Y4 we obtain

((k + 1)p - 1) — Qkp(p—l)/Q (mod quq(M;',)—ﬁ-k:p(p—l)a).
p— 1 U

Since kp(p — 1)a > 3(p — 1)a, we may degrade the modulus in the previous congruence and
prove our lemma. O

If b < 2a, then by [6, Thm. 1.2]
Vq(U2n+1) = bn? (1())

while
vg(Usy) = bn + (a — b) + v,(n) + ¢, (11)

where ¢ is a nonzero constant only if g =2 or 3, 2a =b+ 1 and ¢ | n.



Lemma 14. Suppose U(P, Q) is a fundamental Lucas sequence and p > 5 is a prime. If q
a special prime with b < 2a, then for all k > 0

((k + 1)p - 1) = ijp(p—l)/? (mOd qu(Mp)>,
p— 1 U
where M, = U,Us,/P.
Proof. By equations (10) and (11), we calculate that
vg(Mp) = 3b(p — 1)/2 + v4(p).

Indeed, by (11), for ¢ to be nonzero, we need ¢ to divide p, i.e., ¢ = p. As p > 5, ¢ is not
equal to 2 or 3. Thus, ¢ = 0.
Again we verify below that v, (Q*®~1/2) exceeds v,(M,) for all k > 1. For

v (QFPP=1/2) — kbp(p — 1)/2 > 5b(p — 1)/2 > 3b(p — 1)/2 + v, (p).

Now, assuming k is even, we write

-1 —-1)/2
(k+1)p—1 _ 1 Uk _ (pl_[)/ Ukpt2i Ukpy2i-
p—1 U Ui ey Us;i Usio1

i=1
k+1)p—1
p—1
exactly (p — 1)/2 even-indexed terms in both the numerator and the denominator of the
above product. So the contribution of the quantities (a — b) from equation (11) cancel out.
The terms involving a nonzero quantity c require ¢ to divide their index. We claim there are
at least as many such indices among the ‘kp+2i’ as among the ‘2:’ so their total contribution
to the g-adic valuation of ((kJ;l_)fl’fl)U is nonnegative. If ¢ = 2 this is clearly true. If ¢ = 3,
then 3 divides an integer in the interval [1, (p — 1)/2] exactly |(p — 1)/6] times. It divides
an integer in [1 + %p, el %} exactly | (kp+p—1)/6] — | (kp)/6] times. But as for any two
real numbers  and y, |z +y]| > [z]| + |y|, we see that

12 2]

The total contribution of the quantities v,(n) which appear in (11) for even-indexed terms

(T2 (7 )

i=1

In evaluating the g-adic valuation of (( )U, we make two observations. First, there are

is given by

since binomial coefficients are integers.



Thus, using again equations (10) and (11), we deduce that the g¢-adic valuation of

((kzl_)ffl)U is at least

(p=1)/2

(p—1)/2
b Y ((kp/2+i)—i) +b Z ((kp/2+i—1) = (i — 1)) = kbp(p — 1)/2 > v,(M,),

i=1
proving our claim. The case £ odd can be treated similarly obtaining again the lower bound
k+1)p—1
kbp(p — 1)/2 for yq((( p_)f )U) ]
Thus gathering together Lemmas 12, 13 and 14, we have shown the following theorem.

Theorem 15. Let U = U(P,Q) be a nondegenerate fundamental Lucas sequence, p > 5 a
prime, k > 0 an integer. Then

U

where S, is the largest special factor of M, = U,Us,/P.

Since M, = R,S, and gcd(R,, S,) = 1, putting together Lemma 8 for the case p = 3 and
Theorems 11 and 15, we have a proof of Theorem 3.

3 Further complementary results

By Theorem 1, the condition ‘|U,| is prime and has maximal rank in U’ is a sufficient
condition for the congruence in Theorem 2 to hold modulo U;’. The next proposition describes
all the cases when this rare condition is met. We recall first that a regular U is called n-
defective if all primes of rank n divide D. We know that if n > 30 and U is regular, then
U is never n-defective [7]. Moreover, all cases of defectiveness were described in several
tables [1, 7] using the parameters P and D. A single table [5, p. 33] describes all cases of
defectiveness using the parameters P and Q).

Proposition 16. Suppose p > 5 is prime and |U,| is a prime of maximal rank in U, where
U=U(P,Q), P >0, is a fundamental Lucas sequence other than I = U(2,1). Then, either

p=5 and (P,Q)e{(1,-1),(1,4),(2,11)},

or
p=7 and (P,Q)=(1,2).
Thus, in these four cases, we find that
k 1 —1 kp(p—1
(( ; )pl ) = Q"5 (mod UV,/P), (12)
- U

for all k > 0.
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Proof. Note that the hypotheses imply that U(P, Q) is regular. For if a prime ¢ divides
ged(P, Q), then, by [6, Thm. 1.1], U, is at least divisible by ¢®*~V/2. As p > 5, this would
contradict the primality of |U,|. Because |U,| divides U,, at n = p the rank of |U,| must
divide p and thus be equal to p. If this rank is maximal, then p(|U,|) = p = |U,| £ 1, or |U,|.
As p > 5, there are no two primes |U,| and p one apart from each other. Hence, U, = %p.
Not surprisingly this Diophantine equation has few solutions since U,, grows exponentially.
But the condition U, = £p implies that p | D and that U is p-defective. Therefore, p < 30
and we need only check those U in [5, Table A, p. 33] that are p-defective with 5 < p < 29.
Actually, there are only seven U that are 5-defective, two that are 7-defective and one which
is 13-defective.

Suppose p = 5. The seven sequences correspond to (P, Q) = (1,—1), (1,2), (1,3), (1,4),
(2,11), (12,55) and (12,377). The discriminant D = P? — 4Q is divisible by 5 only for
(P,Q) = (1,-1), (1,4) and (2,11). Since Us = P* — 3P?Q + Q?, it is easy to check that
Us is 5 in these three cases. If p = 7, then U(1,2) and U(1,5) are 7-defective and their
respective seventh terms are 7 and 1. The only 13-defective sequence is U(1,2) with D = =7
not divisible by 13. Since p = Uy, p { Q. By the identity V? — DU} = 4Q”, we see that
ged(Up, V,,) = 1. Thus, the congruence (12) holds. O

Thus, for inStance’ ifU = U(L 2)7 p= 7and k = 17 then Up - 77 ‘/p = —13 and
2p—1 p(p—1
( Y 1> _Q% =-9-11-17-23 -2 = —7.13-499 =0 (mod U;’V;)).
p—=4/uy

However, again, the congruence modulo Ug’ holds as a consequence of Theorem 1.
Note that Theorem 3 yields for all £ > 1

(k:p) = (k:p B 1) . % = QU Dr(p—1)/2 (k) (mod U,?V})/P)y
rJu p=1/y Up L)y
where U] = U,,,. This can be generalized to all Lucasnomials of the type (’Z)’)U.

Theorem 17. Suppose U = U(P, Q) is a fundamental Lucas sequence, p > 3 is a prime and
k> ¢ >0 are integers. Then

kfp (kfﬁ)é(p) k
=Q 2 mod UV, /P 1
(gp)U E o ( 0 V4 p/ )7 (3)
where U] = Uy, andv =2+ [p>5]-[U, = £p].

Proof. Tt suffices to reproduce the proof of [4, Thm. 13] replacing p by p and the modulus
p® by UyVp/P. The key point in the proof of [4, Thm. 13] was [4, Rmk. 4], which has an
equivalent here, namely

(27,7 (), ez

by Theorem 3 and Proposition 16. O
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For the sake of curiosity we give another proof of Theorem 3 for the case p = 3, which
generalizes the proof published for p = 3 in the Fibonacci case [3, p. 191].
Another proof of Theorem 3 for p =3, i.e., of Lemma 8. Put
AL Us

i Us - o= (P? — Q)(P* — 4P*Q + 3Q%) = P® —5QP* + TP?Q* — 3Q°.

M =

One may observe that a; := (3(’“;}%71)[] = Usgs2Usk11/ P is a recurrent sequence. It is of the

form (Aa3* + BB3) . (Ca* + DB3) for some constants A, B, C'and D, where o and 3 are
the zeros of 22 — Pz + Q. Thus, (a;) is annihilated by the cubic polynomial

Clz) = (z—a")(z— )z - Q%) =2 — (Q*+ Vo)2" + (Q"Vs + Q")x — Q.
For k = —1,0 and 1, one can check that a;, = Q** (mod M). For instance,

ay = UUs/P = (P> —=2Q)(P* = 3P*Q+ Q*) = M + Q*=Q* (mod M).
Thus, that a, = Q3 (mod M), for all k > 0, easily follows by induction on noting that

C(z) = (2" - Q") = (@* + Vo)(a” = Q%z). O

4 A polynomial version of Theorem 3

The referee said he made some quick numerical experiments which indicated the congruence
of Theorem 3 may hold in the polynomial ring Z[P, Q] and asked whether, if true, this
statement is implied by Theorem 3. The two statements would then be clearly equivalent.
We point out that the foregoing second proof of Theorem 3, for the case p = 3, at the
end of Section 3, proves the Z[P, Q)]-statement is true when p = 3. We had played with a
similar proof for the case p = 5, but writing a proof along these lines for general p seemed
cumbersome. However, we are able to answer the referee’s question in the positive in the
next theorem. Note that the nondegeneracy hypothesis is no longer needed.

Theorem 18. Let p > 3 be a prime number, k > 0 an integer and {U,V'} a pair of Lucas
sequences with parameters P and (). Then the congruence

(E+1)p—1\ _ -
( p—1 U:Qkp(p V72 (mod UZV,,/P),

holds in the ring Z|P, Q).

Proof. As noted by Lucas [17, p. 312-13], U,, and V}, are homogeneous polynomials in Z[P, Q)]
of respective degrees n — 1 and n if one views the variable () as being of degree 2. Moreover,
as easily checked by induction on n using the recursion (3) each U,(P,Q), n > 2, is, as
a polynomial in P, monic of leading term P"~!, and each V,,(P,Q), n > 1, is also monic
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in P with leading term P". Thus the modulus M(P,Q) = Mg(P) := U}V, /P is a monic
polynomial in P in Z[Q][P]. All Lucasnomials are also polynomials in Z[P, Q)]. This is often
shown by induction using the identity:

(m) — Un+1 (m N 1) - QUm—n—l (m a 1) .
n/)y n U n—1),

Thus, we find that f(P,Q) := ((kzl_)’f_l)[] — Q"®=1/2 i5 a polynomial in Z[P,Q]. Let us

put f(P,Q) = fo(P) € Z[Q][P]. Then the euclidean division of fo(P) by Mq(P) yields two
polynomials g (P) and r¢(P) in Z[Q][P] satistying

fo(P) = qq(P) - Mg(P) +rq(P), (14)

with the degree in P of rg(P) less than the degree of Mg(FP). Indeed, Mg(P) is a monic
polynomial in P so we know gq(P) has polynomial coefficients in Z[@)]. Therefore, rq(P) is
also in Z[Q][P]. Let us fix () to some nonzero value y in Z. We may choose an integer value
x for P large enough so that both Ujs(x,y) # 0 and |M,(z)| > |r,(z)|. Thus, U(z,y) is a
nondegenerate fundamental Lucas sequence. Therefore, by Theorem 3, the integer M, (z)
divides the integer f,(x). It follows from (14) that M,(z) divides r,(z). Thus, r,(z) =0
as an integer. Since there are arbitrarily many such integer values x for P, i.e., more than
the degree of r,(P), we deduce that r,(P) = 0 as a polynomial. Thus, the polynomial
coefficients in Z[Q)] of ro(P) have y as a zero. Since y was arbitrary, rg(P) must be the zero
polynomial in the ring Z[P, Q)]. By equation (14) we conclude that M (P, Q) divides f(P, Q)
in Z[P, Q. 0

Remark 19. In the proof of Theorem 18 having fixed a nonzero value y for ) we could have
made the additional requirement on the integer value x for P that it be prime to y. Thus,
it is enough to have Theorem 3 hold in the regular case to imply Theorem 18, which in turn
implies Theorem 3 in full generality.

The referee’s computations also seemed to indicate the polynomial version in Z[P, Q] of
Theorem 3 held for the case p = 2 whenever k is a multiple of 4. Theorem 3 does not
consider the case p = 2, as the Wolstenholme congruence itself does not even hold modulo
p?, when p = 2. However, we can easily prove the referee’s observation is true when 4 | k. It
is actually true for the higher modulus U;’V;, /P. Thus, we make this an additional theorem.

Theorem 20. Suppose {U,V'} is a pair of Lucas sequences with parameters P and Q, k > 0
15 an integer divisible by 4 and p = 2. Then the congruence

((k+ Dp—1

b1 >U = Qrr—1)/2 (mod Ul‘j’V};/P),

holds in the ring Z|P, Q).
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Proof. Since U3V,/P = P?*(P? — 2Q), the congruence to verify becomes for p = 2
Usipr = QF  (mod P?(P? —2Q)).

Putting & = 4n, we proceed by induction on n. The congruence holds true for n = 0 and
n = 1 as is easily checked. For n = 1, we obtain Uy — Q* = P?*(P%—7P*Q + 15P*Q? — 10Q?)
and, using P? = 2Q (mod P? — 2Q), we see that the factor

P —7P'Q + 15P*Q* —10Q* = (8 —28 +30 — 10)Q* =0 (mod P? — 2Q).
The linear recurrent sequence (Ug,1) satisfies
Us(nt2)+1 = VaUs(miy+1 — Q%Usna1, (15)
for all n > 0. Now
Vs —2Q" = P?(P° — 8P'Q + 20P°Q* — 16Q°),

and the factor P% — 8P'Q + 20P?Q* — 16Q?, using P? = 2Q (mod P? — 2Q), is seen to be
congruent to (8 — 32 + 40 — 16)Q?* = 0 modulo P? — 2Q). Thus, assuming Ug,,; = Q" and
Ustni1)+1 = Q" modulo P? — 2Q), we obtain inductively by (15) that

Ui = 2Q- Q" — Q- Q™ = Q'™ (mod P*(P* —2Q)),
proving the claim. O]

We remark that if £ = 1, 2 and 3, the Z[P, Q]-congruence of Theorem 20 does not hold
even when degrading the modulus to UV,/P. However, to complete the picture we can
prove, using the line of proof of Theorem 20, the following proposition.

Proposition 21. Suppose {U,V'} is a pair of Lucas sequences with parameters P and @ and
p = 2. Then the congruence

(k+1)p—1
p—1
holds in the ring Z|P, Q)], where

) = QD2 (mod M(P,Q)),
U

P2 —2Q =U,Va/P, ifk=4n+1;

M(P,Q) =
(FQ) {PQ—Ug—UQ?’/P, if k= 4n + 2.
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