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Abstract

In this paper, we propose the generalized triangles called s-triangles for s given
positive integer, as a bi-indexed sequence of nonnegative numbers {as(n,k)}o<p<ns
satisfying as(n,k) = 0 for k < 0. We extend some results of Wang and Yeh, and
show that if the s-triangle is LC-positive (resp., doubly LC-positive) then it preserves
(resp., it doubly preserves) the log-concavity of the sequences. Applications related to
bi*nomial coefficients are given.


mailto:ahmiamoussa@gmail.com
mailto:hacenebelbachir@gmail.com

1 Introduction

A sequence of nonnegative numbers () is log-concave (LC for short) if z; 2,1 < x? for
all ¢ > 0, which is equivalent to x;_12;41 < z;x; for all j > ¢ > 1; see [11]. Log-concave
sequences arise often in combinatorics, algebra, geometry, analysis, probability and statistics
and have been extensively investigated; see Stanley [26] and Brenti [11] for details.

For two polynomials with real coefficients A(q) and B(q), we write A(q) >, B(q) if the
difference A(q) — B(q) has only nonnegative coefficients. A polynomial sequence (A, (q))
is called g-log-concave (as introduced by Sagan [23]) if

An1(9)Ana(q) <4 An(q)2

n>0

for n > 1.

It is easy to see that if the sequence (A,(q)),, is ¢-log-concave, then for each fixed
nonnegative number ¢, the sequence (f,,(¢)), >, is log-concave. The g-log-concavity of poly-
nomials have been extensively studied; see Butler [14], Krattenthaler [18], Leroux [19] and
Sagan [23, 24], for instance.

Let {as(n, k) }o<k<ns be a s-triangle of nonnegative numbers with s > 1. We illustrate a
4-triangle as follows:

n\k 01 23 456 789 10 11 12 13 14 15 16

0 *

1 * x % x %

2 x Kk x *x *x *x * *x *

3 * ok ok x Kx Kk Kk Kk Kk *x x K X

4 % % * % *x %k *x *k x *k *x * *x K* K x *

Table 1. The 4-triangle.

A nice example of such s-triangles is the triangle given by the ordinary multinomials or
bi*nomial coefficients [9]: let s > 1 and n > 0 be two integers, and k = 0,1,...,sn, the
bi*nomial number (Z)S is defined as the k-th coefficient in the expansion

(1+x+x2+---+ms)”=§(Z)sxk- (1)

Below we list some related identities for the bi*nomial coefficients. For more details see
[9] and references therein.

e Expression of bi*nomial coefficients in terms of binomial coefficients,

0.7,.2, 006 (7) ;

Jitjet+js=



e The symmetry relation

(:).= ("0); ®

e The longitudinal recurrence relation

(1), -2 G2, ®

J=0

These coefficients, as for usual binomial coefficients, are defined as in the Pascal triangle
known as the “s-Pascal triangle”. One can find the first values of the s-Pascal triangle in the
On-Line Encyclopedia of Integer Sequences (OEIS) [25] as A027907 for s = 2, as A008287
for s = 3, and as A035343 for s = 4.

n\k 0 1 2 3 4 ) 6 7 8 9 10 11 12
0 1

1 11 1

2 1 2 3 2 1

3 1 3 6 7 6 3 1

4 1 4 10 16 19 16 10 4 1

5 1 5 15 30 45 51 45 30 15 5 1

6 1 6 21 50 90 126 141 126 90 50 21 6 1
7T 1 7 28 T7r 161 266 357 393 357 266 161 77

8§ 1 8 36 112 266 504 784 1016 1107 1016 784 504

Table 2. Triangle of trinomial coefficients: s = 2.

Brondarenko [12] gives a combinatorial interpretation of the bi*nomial coefficient (Z)S
as the number of different ways of distributing “k” balls among “n” cells where each cell
contains at most “s” balls. Using this combinatorial argument, one can easily establish the

following relation
n n
<k)3_ Z (nOanlv"'vns—l)‘

ni1+2no+-+sns==k

These coeflicients are also naturally linked to generalized Fibonacci sequence: the “multi-
bonacci” sequence, given for s > 1, by

¢0:q)1:"':q)s—1:()a q)S:]-u
Q=P 1 +Pp ot + Py (TLZl)

We have the following identity [9]

w2 (1),

k
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The case s = 1 provides a nice identity for Fibonacci numbers (sequence A000045):

Fon=Y. (" . k>
ke

One of the extensions of binomial coefficients are g-binomial coefficients. Several works
and applications were done in this area. For Fibonacci sequences, see Carlitz [15] and Cigler
[16]. For Lucas sequences, see Belbachir and Benmezai [7]. For a variant of ¢-bi®*nomials, see
Belbachir and Benmezai [6] or our paper [5], and for a recent application to the determinant,
see Arikan and Kilig [4].

Let us consider the following two linear transformations of sequences:

ns

tn =Y _as(n, k)zg, (n>0), (5)
k=0
2 = Zas(n, k)xrysn—k, (n>0). (6)
k=0

We say that the linear transformation (5) (resp., (6)) has the PLC (resp., double PLC)
property if it preserves log-concavity of sequences, i.e., the log-concavity of (z,) (resp., (z,)
and (y,)) implies that of (¢,) (resp., (z,)). The corresponding s-triangle {as(n,k)} is also
called PLC (resp., double PLC).

This is a good way to obtain log-concavity by linear transformations or some operators.
For instance, Menon [21] demonstrated that log-concavity is preserved under the ordinary
convolution. Walkup in [27], and later, Wang and Yeh [28] also proved that log-concavity is
preserved under the binomial convolution. It is also established that the ¢-binomial convolu-
tion preserves log-concavity; see [30]. In [1, 2, 3], we established the preserving log-convexity
and log-concavity properties, respectively, for the bi*nomial coefficients and the p, g-binomial
coefficients.

In this paper, we generalize the aforementioned results for the generalized triangles like
the s-Pascal triangle. In § 2, we give the necessary conditions to establish the PLC (resp.,
double PLC) property of the generalized triangles {as(n,k)}. In § 3, some examples of the
both properties are given include the s-Pascal triangle.

2 LC-positivity and preservation of log-concavity

In this section, we give a relation between LC-positivity (resp., double LC-positivity) and
the PLC property (resp., the double PLC property) for generalized triangles. We start with
the concept of LC-positivity introduced by Wang and Yeh [28].

Definition 1. Let s > 1 and n > 0 be two integers. For 0 < r < sn, define the polynomial
Asr(niq) = ai(n, k)q".
k=r

4
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We say that the s-triangle {as(n,k)} has the LC-positive property if for each r > 0, the

sequence of polynomials (A, (n;q)), -, is g-log-concave in n.

Definition 2. Let s > 1 and n > 0 be two integers. For 0 < k < sn, define the reciprocal
triangle {a*(n, k)} of {as(n,k)} by

ai(n, k) = as(n,sn — k)

and for 0 < r < sn, the polynomial

)= ai(n,k)¢"
k=r

We say that the s-triangle {as(n, k)} has the double LC-positive property if for each r > 0,

the sequence of polynomials (A, (n;q)),, and (Az,(n;q)) _ are g-log-concave in n.

We shall need the following lemma due to Wang and Yeh [28].

Lemma 3. Let h € N. Suppose that two sequences aq, . . . ,ap and Xo, ..., Xy of real numbers
satisfy the following two conditions:

130 ap>0 (0<r<h);
20<Xp < < Xy
Then

h h
> apXp > Xo ) ap > 0.
k=0 k=0

Let {as(n, k) fo<k<ns be a s-triangle of nonnegative numbers and (xy)x>o be a log-concave
sequence. Let (z,),>0 be the sequence defined by (5) and let us consider the difference

JAVREES (Z as(n, k;)mk> — (Z_ as(n — l,k)xk> (Z as(n+1, l{:)xk> : (7)

Then A, is a quadratic form in ns + s 4+ 1 variables xg, 1, ..., Tpsis-
Let S; be the sum of terms zyz;_j in A,. For 0 < k < [t/2] with 0 < ¢t < 2ns, let
asx(n,t) be the coefficient of the term zxz; s in A,. Then

2ns [t/2]
AN, = Z S, with S, = Z s 1 (1, 1) TR (8)
=0 k=0

Thus, it suffices to show that S; > 0 (0 <t < 2ns). We have the following inequalities
Tory < w11 < Toxy_o < ---. Hence by Lemma 3, it suffices to establish that
[t/2]

Agp(n,t) Zasknt ) >0, (0<r<|[t/2]). (9)



Using relation (7), for k < t/2, we obtain

ask(n,t) = 2a5(n, k)as(n,t — k) —as(n — 1, k)as(n + 1,t — k)
_as(n+17k)as<n_17t_k>7 (1())

and for ¢ even and k = ¢/2, we have
asp(n,t) = as(n, k)* — as,(n — 1,k)as(n + 1, k). (11)

Let us remark that A r(n t) is precisely the coefficient of ¢ in the polynomial A .(n; q)—
AS,T’( 1 q)AS,T(n + ]‘ q)

2ns

A2 (n;q) — Asp(n — 1:9) Ao (n 4 1:q) ZA” n,t)q (12)

t=2r

Hence, the following characterization of positivity holds:

Lemma 4. The s-triangle {as(n, k) }o<k<ns is LC-positive if and only if As,(n,t) > 0 for all
2r <t < 2ns.

Now, from the discussion above, we obtain the following;:
Theorem 5. The LC-positive s-triangles are PLC.

The relation between double LC-positivity and the double PLC property is given by the
following proposition.

Proposition 6. Given a s-triangle {as(n,k)}o<k<ns of nonnegative numbers and two log-
concave sequences (Tg)k>o0 and (Yg)r>0-
Define three s-triangles {bs(n, k)}, {cs(n,k)} and {ds(n,k)} by

bs(n, k) = as(n, k)zg,  cs(n, k) = as(n, k)yYns—k, ds(n, k) = as(n, k)TpYns—k-
For 2r <t <2ns, define Bs,(n,t), Cs,.(n,t) and Ds,(n,t) similar to As,.(n,t) in (12).

1. If the s-triangle {as(n,k)} is LC-positive, then the s-triangle {bs(n,k)} is LC-positive
and Bs,r(n’t) Z As,r( n, )xr‘rt—fr'

2. If the s-triangle {as(n, k)} is double LC-positive, then the s-triangle {cs(n,k)} is LC-
positive and Cs,(n,t) > As (0, ) Yns—t4rYns—r for t <ns—+r.

3. If the s-triangle {as(n ,k)} is double LC-positive, then the s-triangle {ds(n,k)} is LC-
positive and Dg,(n,t) > Ag (0, )2t Yns—t4rYns—r for t < ns+r.

Proof.



0 <t < 2ns. It is easy to see by definition that b ,(n,t) = ask(n,t)zrr,—) for
0<k<|t /2J Hence for 0 <r < [t/2]

Lt/2] 1t/2]

sr n t Z bsk Tl t Z as,k(”vt)katfka
k=r

Now {as(n, k)} is LC-positive and xox; < x124-1 < --- by the log-concavity of (xy).
From Lemma 3 it follows that

[t/2]
Bs,r(”y t) > TpTyy Z as,k:(”; t) = As,r(na t>xrxtfr > 0;
k=r

So the s-triangle {bs(n, k)} is LC-positive.
. Let 2r <t < 2ns. We need to prove Cj,(n,t) > 0. For brevity, we do this only for the
case t odd since the same technique is still valid for the case where t is even.

Let t =2l +1 for 0 < k£ <. Then we define

ar = as(n, k)as(n,t — k),
Br = as(n — 1,k)as(n+1,t — k),
e = as(n+1,k)as(n — 1,t — k),
Yi = Cns—t+kYns—k-
Then
ask(n,t) =20 — Br — Vi,

and
csp(n,t) =20, Yy — BiYirs — Y Yis

by definition. It follows that

I
Cor(n,t) = (200Ye = BiYirs — W Vis)

k=r
I
(20%_ﬁk s 7k+s Yk+ E Br J r+s j
k=r j=1
S S
E Vrtj1Yr—spj—1 — E Bi—j+1Yits—jy1 + § Vit Yiosti,

=1 j=1 j=1



where we use the fact that Y ;11 = Y4, and B1_j41 = Yy for j =1,s. Note that
(Yx) is nondecreasing by the log-concavity of (y;) and

20 — Br—s — Vors = 2a5(n,ns — k)ai(n,np —t + k)
—ai(n—1,ns —k)a*(n+1,ns —t + k)
—ai(n+1,np—k)ay(n —1,ns —t + k)

= a:,ns—t-‘rk(n? 2ns — t)

Hence by the LC-positivity of {a%(n, k)}, we have

[(2ns—t)/2] s
Os,r (77,, t) - Z a;j <n7 2ns — t)Y}—ns—&-t + Z 5r—jy;+s—j
j=1

Jj=ns—t+r

- E ’Yr+jfly;“fs+j71

j=1
[(2ns—t)/2] s s
> Y Z ang(na 2ns — t) + Y; Z /Br—j - Y;"—s Z Yrt+j-1
j=ns—t+r j=1 j=1

= Y;n Z(Qozk - ﬁkfs - 7k+s) + Y;« Z 57,,]' — Y;ﬂfs Z Vriji—1
h=r =1 j=1

=Y, ) Qo — B — )+ (Vo = Yil) D yej
k=r ]71

= Ao (n, )Y, + (Y, = Yo Z%ﬂ .

ThU.S Cs,r(na t) Z As,r(ny t)yns—t—i-ryns—r-
3. We have dgs(n, k) = as(n, k)xpyns—r = cs(n, k) and
[t/2] [t/2]
87‘ 7?/ t Z ds k n, t Z Cs,k(na t)xkxtfb
k=r
by 1 and 2, so

Ds,r(n; t) Z Cs,r(n; t>xrxt7r Z As,r(na t>xr$tfrynsft+rynsfr-

Now we establish the second result.



Theorem 7. The double LC-positive s-triangles are double PLC.

Proof. Let the s-triangle {as(n, k)} be doubly LC-positive. Suppose that both () and (yx)
are log-concave. Then the s-triangle {as(n, k)xyyns—x} is LC-positive by Proposition 6 (3)
and is therefore PLC by Theorem 5. Thus the row-sum sequence

Zn = Zas(n, k)X kYns—k, n=0,1,2,...
k=0
is log-concave. In other words, the s-triangle {as(n, k)} is double PLC. O

By Lemma 4, {as(n, k)} is LC-positive if and only if the inequality Z,Ef:/iJ asx(n,t) >0
for all 2r <t < 2ns, so the following corollary is immediate.

Corollary 8. Suppose that the following two conditions hold:

A There exists an index m = m(n,t) such that ag(n,t) <0 for k < m and asg(n,t) >0 for
k>m;

B The sequence (Aso(n; Q))nzo s q-log-concave.
Then the s-triangle {as(n,k)} is LC-positive and therefore PLC.

Corollary 9. Suppose that s-triangle {as(n,k)} satisfies Conditions (A) and (B) in Corol-
lary 8 and {a%(n,k)} satisfies Condition (A). Then {as(n,k)} is doubly LC-positive and
therefore double PLC.

Proof. 1t suffices to show that ( so(m; q)) is g-log-concave. We have

ns ns
fomig) =Y ai(nns — k)" =" ai(n, k)¢ = ¢ Aso(n;g ")
k=0 k=0

It follows that
Ao (n;q) = Al (n=1;9) A5 g(n+1;9) = ¢** (A2(n;¢7") — Aso(n — 1547 ) Aso(n + 1;¢71))

which has nonnegative coefficients by the g-log-concavity of (Aso(n;q)). O

3 Application to linear operators of finite order

In this section, for selected examples of s-triangles we show their LC-positivity leading to
the PLC property.



Let & denote the set of sequences (uy)gez of nonnegative numbers. Given (s + 1) non-
negative numbers Ao, A1, ..., A5, define the linear operator L = L[Ag, A, ..., As], on & by

L(uk) = Z )\juk_j (k’ c Z)

For n > 2, define L™ := L(L"!) by induction. It is convenient to view L° as the identity
operator. Let (ux)rez be a log-concave sequence.

Lemma 10. If the sequence (Ao, A1, . .., As) is log-concave, then so is the sequence (L™ (u)),cp-

Proof. In fact

S 2 S S
(L(u))” = Llwg1) L(ugsr) = (Z /\juk]) =D Mt ) AU
=0 =0 =0

S
20 2
= E A (Up—j — Uh—j1Ug—j11) + E AN (U Uy — U1 Up—41)
=0 0<i<j<s

+ Z AN Ug— Uy — Z AjAN U — 1 Uk—1—1

0<i<j<s 0<i<3<0
- T1 + T2 + Tg,

with
S
2 2
Ty = N(up ;= e jrup_jsr),
J=0

Ty = g AN (U — Ukt — Up—j—1 Upp—141)

0<I<j<s

and

T = — E )\j/\l(uk_j_,_luk_l_l - Uk—juk—l>~

1<i+1<j5<s

10



It follows that

»
|
—

(L(wr))® = Llu-1) L{wner) = ) (A = Ajmadjen) X (uh_j — whjo1ti—jin)
J J
7=1

+ >\2 ( — Uk 1Uk+1) + A2 (Ui,S — ukfsflukferl)

+ E (AN = N jg1) X (U iUy — Up—j 1 Up—141)
2<I42<j<s—1
s—1
+ g N1 (Wp——1 U=y — Up——2Ug—i41)
=0
s—2
+ g Ao (Wp—j—oUp—) — Up——3Uk—141)
=0
> 0.

By induction, the polynomial sequence (L"(uy)),cy, is also log-concave for n > 0. O

This brings us to the following theorem.

Theorem 11. Given (s+ 1) nonnegative numbers Ao, A1, ..., \s and a log-concave sequence
(ur)rez, define
as(n, k) = L™ (ug), (0 <k <ns).

If (Mo, A1y ..oy As) is log-concave. Then the s-triangle {as(n,k)} is doubly LC-positive and
therefore double PLC.

Proof. Denote aj, = L™ *(uy) for k € Z and A, (n — 1;q9) = 07 “arg®. If (Mo, A1y - o0y As)

=T
is log-concave, then by Lemma 10 so is the sequence (ay)gez. We have

+ E )\ § Aps— S_ans S+l+]
J=0 =1

11



thus
Asr(n' Q)° = Asp(n—1;9)Asr(n+ 1;q) =

333 (St~ o

j=1 1=1 f=0

+ Z ar—f—laqu—’—r-i_j_l)

k=ns—s+1

s—1 s—j s

+ Z Z Z A /\f (Z Ups—s4+1Af—f — an5+l—fa/k—5) qk+ns—s+l+j

7=0 I=1 f=0

r+s—1
k+ns—s+l+j
+ E Unsti—fakq ,
k=r

which has nonnegative coefficients by the log-concavity of the sequence (aj). Hence the
s-triangle {as(n, k) }o<k<ns is LC-positive.

On the other hand, let uf = u_j for k € Z. Then the sequence (u})ez is log-concave
and aX(n, k) = L™ \|(u}). Thus the s-triangle {aZ(n, k) }o<k<ns is also LC-positive, and the
s-triangle {as(n, k) fo<k<ns is therefore doubly LC-positive. O

Corollary 12. Let a and b be two nonnegative integers with a > b. If the sequences (xy)
and (yx) are log-concave, then so is the sequence

ns

a-+n
n = Sn—Kk>» ZO
P kz_()(b+k)sxky ko (n>0)

Proof. Using relation (4), we have (Zig)s = Zj‘:o (iig:ﬂl) , and taking u, = (bf:k)s with

Aj =1, (1 <j<s)in Theorem 11, we obtain the result. O

When s = 1, we obtain the result of Y. Wang [29, Corollary 3.4]. Taking a = b = 0 in
Corollary 12, we obtain the following nice result.

Corollary 13. If the sequences (x1) and (yi) are log-concave, then so is

"
k=0 S

The following theorem is in a sense dual to Theorem 11.

Theorem 14. Let Mg, A1, ..., s, (s + 1) nonnegative numbers and {as(n,k)} an s-triangle
of nonnegative numbers. Suppose that each row of {as(n, k)} is log-concave and satisfies the
following recurrence relation

k):zs:)\jas(n+1,k+j), (0 <k <mns). (13)

=0

12



Then the s-triangle {as(n,k)} is LC-positive and therefore double PLC!.

Proof. Denote as(n+ 1,k) = v, (0 < k < ns+ s). Then the sequence (vy) is log-concave

and A, (n+ 1;q) = Y * vp¢". By the recurrence relation (13) we have
s—1 s—j s
As,r(n; Q) = As r(n +1; 1 q Z )‘]q Aj Uns+]+lqn8+l Z Z Aj Ur+qu+l j
Jj=0 Jj=0 I=1 j=1 1=0

It follows that

A2, (n;q) — Asp(n = 1;9) A (n 4+ 1;9)

s—1 s—j

- As,r (n; Q) (As,r (TL + 17 Q> Z )‘jq_j - Z Z )\jvns+j+lqns+l
j=0 j=0 [=1
s g—1
— Z Z )\jUquTH_j)

j=1 1=0

s—1 s—j s

_As,r(n_'_l q ( ST TL q Z)‘]q ZA /\fvns s+]+l+fq !
=0

s j—1 s
S S A )

7=0 [=1

j=1 1=0 f
=51+ 5 + Sg,

with
s—1 s—j r4s—1 — ns+s

_ k4+ns—s+l k+r+1—
Sg = E E Uns—s+j+1+fVkq + § E Up 44 fVkG -,

7=0 f=0 =1 =r 1=0 k=ns+1

and

||
1M

s—1 s s—j ns+j ns+s
Z N (( Z Z Z ) Uns—s+j+i+fVk

=0 I=1 k=r+s k=ns+1 k=ns+j+1
k:—l—ns—s—i—l)

I~

- ns+j+l"0k+f— ) q

S
Z Z qns s+l)\ >‘f ( Z (Uns—s-i-j-‘rl-i-ka’ — Un5+j+lvk+f—s)q1f

I
gMH

f=0 =1 k=r+s
ns—+s
(Vs 0175~ Vet )t | ()
+ Uns—s+j+i+fUk — Ukt (ns+j+l—k)Uns—s+j+i+f—(ns+j+i—k) )4
k=ns+j

13



since

s—1 s s—j ns+s

§ AjAf (Uns—stj+id Uk = Vnstjt1Vk+f—s )4
j=0 f=0 I=1 k:ns+j+1

0 f=0 l 1 k=ns+j+1  k=ns+j+I

k+ns—s+l1

J=
k+ns—s+l
(Uns—s+j+l+ka - Uns+j+lvk+f—s)q )

I
o

?

by setting, I’ = k—ns—j and k' = [+ j+ns in the second term. The sum (14) has nonnegative
coefficients by log-concavity of (vg)x, and the first term of (14) gives the following: if ns —
s+j+1+ f <k, then

Uns—s4j+1+fUk = Unstj+lVk4f—s = Uns—s+j+l+fUk — Vk4(ns+j+l—k)Uns—s+j+l+f—(ns+j+l—k) > O,

and otherwise,

Uns—s+j+l+fUk — Unstj+lVk+f—s = Uns—s+j+l+fUk — Uns—s+j+f+(s—f)Vk—(s—f) > 0.

Sy = Z Af ( Z A (Urs pU — OV ) g
F=1

k=r+1
r+j—1
32 (3 v
k=r+1
ns j—1
" Z (vr4708 = 0rou1)g 7 Z (i ror — Vs )™+
k=r+j =1
s r+j—1
* Z (Urti 0k = Vs ) g Z (Vr 4 fUE = VUpaOky ) g
k=r+1 [R—
ns
+ Z (Ur+l+ka - Ur+lvk+f)qk+r+l—1> >)
k=r+j
S ns s ns
— Z Af ( Z A (Vg pop — V04 )T+ Z Z A (U0 = Uy g )@
f=1 h=r+l =2 k=r+j

s Jj—1 9mns
D3 9 S 15

j=2 1=1 k=r+j

14



since, by setting &' = [ + r in the second term

S

s r+j—1 j—1
hIPIRTLY ( D (Orisve = 00k )0 Y (v g — Ur+lvr+f)q2r+l_]) =0,

=2 f=1 k=r+1 =1

also, by setting k' =1+ r and I’ = k — r in second term

s s J—1 r4l r4j—1
Z Z Z AjAf (( Z + Z ) (Vrgigpor — 'Ur—i—lvkz—i-f)qk—i_r—i_l_j) =0.

j=2 f=1 I=1 k=r+1  k=r-+l

The sum (15) has nonnegative coefficients by the log-concavity of (vg)r. Hence the
polynomial A? (n; q)— A, (n—1; q)As - (n+1; ¢) has nonnegative coefficients. So the triangle
{as(n, k)} is LC-positive.

Clearly, the reciprocal s-triangle {a%(n,k)} possesses the same property as {as(n,k)}
does. Hence {a(n,k)} is also LC-positive. Thus the s-triangle {a (n,k)} is doubly LC-
positive and therefore double PLC. O

In Theorem 14, the choice A\; =1 (1 < j <) and as(n, k) = (‘Z:Z)S (0 <k <ns), leads
to the following:

Corollary 15. Let a,b € N with a > b. If the sequences (xy) and (yx) are log-concave, then

so is the sequence
Zn = Z <Z : Z) Sxkysn—lm (n > 0)

By setting s = 1 in the above result, we obtain the result of Wang [29, Corollary 3.9].
We conclude this paper with the following.

Conjecture 16. The s-triangle ((Z)S(Z:Z)S)k is double PLC.
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