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Abstract

In this paper, we derive a formula for the generating function of powers of a second-
order linear recurrence sequence, with initial conditions 0 and 1. As an example, we
find the generating function of the powers of the nonnegative integers. We also find
new formulas for computing Eulerian polynomials.

1 Introduction

Second-order linear recurrence sequences have been studied for hundreds of years. One
of the earlier historical summaries was done by Dickson [1, Vol. 1, Chapter 17, pp. 393-411].

In the present paper, we use the notation W, (4 pp,q) to define the second-order linear
recurrence sequence,

Wiy abpg) = PWatti(abip.g) T IWni(abip.g)s

having initial conditions
Wosabwa) = @ Wiappg = b-
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Example 1. The nonnegative integers are represented by Wy.0,1;2,—1)-

Domino tiling methods have been used to find combinatorial identities and recurrence
relations of certain sequences. Sellers [6] proved that the number of domino tilings of the
graph Wy x P, equals F,, P, (sequence A001582 in Sloane’s On-Line Encyclopedia of Integer
Sequences [7]), which is the product of the n-th Fibonacci number and the n-th Pell number.
Katz and Stenson [3] considered the number of tilings of a (2 x n)-board A030186.

Let Fy(x) be the generating function for the k-th powers of the Fibonacci numbers,
defined by

Fi(x) =) FFa", keN*.
n=0
For 1 < k < 10, Fi(z) can be found respectively from A000045, A007598, A056570, A056571,
A056572, A056573, A056574, A056585, A056586, and A056587 in Sloane’s On-Line Ency-
clopedia of Integer Sequences [7] (OELS).
In 1962, Riordan [5] gave the following recurrence relation,

5] ‘
(1 — Li(z) + (=D 2*)F(2) = 1 + ka(—l)j%Fk_% ((=1)z),

j=1

where Ly, is the k-th Lucas number A000032. In 1999, Dujella [2] showed the doubly-indexed
sequence Ag;, has generating function given by,

oo
(I—w—a®)7 =) A", >0
k=2j

In 2003, Stanica [8] obtained a closed form for generating function of the non-degenerate
second-order recurrence relation,

Un+2 = aUn+1 + bU’m a, b, UOa Uy € Za

such that 6 = a4+ 4b # 0. Let o = J(a + Va®> +4b), f = 3(a — Va> + 4b) and A = U;%UBOB’
B = UZ%%’O‘, V,, = o™+ " with initial conditions Vj = 2, Vi = a, and let Uy(z) = Y oo, UFa'.
If £ is odd, then

k-1

v ‘

_ , (R) AFY — BE2 4 (b)i((Ba)* % — (AB)* )
tita) = Yo (-am () Rt ~

<.
I
o

If k is even, then

N1k

-1

Uile) = 3 (~AB)

=0

; (k:> BETH 4 AT — (<) ((Ba)*™ + (AR )a (/f) (=AB)

J 1 — (=0) V9w + bFa? 1—(—b)
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In 2004, Mansour [4] obtained a formula for the generating functions of powers of second-
order recurrence sequence in terms of the determinants of certain matrices, given by

Woi(abipa) () = ;e%(zli)’
where
A, = [ A Clix (k-1 ]
Bk-1)x1  Dg-1)x(k-1)
0p = [ Era Chx(e-1) }
Fle—iyx1 Dg—1)xx-1)
A = [1 —pha — qklﬂ
Eix = [a* + grz]
Bi-1yx1 = [-pF e —ph —p'a]
Fryx1 = [gr-12 grsa qiz],
Crxppny = [=2p"a' (7) —p" ¢ (3) g ()]
L—ap'2g' () —op" g (%) —2g" (7))
k 42 (h2

D—1yx(k—1) = : : . : ;

with g; = (W —alp?)ab=, j=1,2, .., k.

In 2017, Zhang and Grossman [9] used a counting method to relate the number of tilings
of a (k x n)-board to the generating function of the k-th power of the Fibonacci numbers.

In the present paper, we extend the previous result to the generating function of the k-th
power of an arbitrary second-order linear recurrence sequence having initial conditions 0 and
1.

Eulerian polynomials, denoted in the present paper by Ax(z), were introduced by Euler
in 1755 and can be determined from the identity

o egn — _PAR(E)
;TLZE = (1—3;')19"‘1'

The coefficients of Eulerian polynomials leads to the Eulerian numbers A008292. The recur-
rence relation for nonnegative integers denoted a,, n > 0 is given by

(pio = 2Ap+1 — Qp, a9 =0, a3 = 1.

3
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In the next section we derive an expression for powers of W, 1,,q) With arbitrary p # 0, g.
Sequences associated with such generating functions are Pell, Jacobsthal and the nonnegative
integers. Closed-form expressions for Eulerian polynomials are also given in Corollary 23 and
Remark 26.

2 Closed form for Wy, (g1, (7)

The Fibonacci number F,,;; gives the number of ways that 1 x 2 dominoes and squares
can cover a 1 x n checkerboard. We begin with a series of definitions.

Definition 2. Let Wy (01,9 (%) = Y ooy WE2™ be the generating function of k-th power of
W,, where W, o = pW, 11 + qW,, with initial conditions W, = 0 and W; = 1 with p,q € R,
p#0.

In this section, we use the notation (p,q) in the place of (0,1;p, q).

Definition 3. For £ > 1 and n > 1, let Fjxppq denote the Fibonacci (k x n;(p,q))
checkerboard, which is a checkerboard (or simply, board) with height & and length n, covered
by squares and dominoes, such that the dominoes can only be placed horizontally. Let
Frxni(pg) b€ the set of all Fjp,(pq) boards. Define a function V: Frynipq — R (value of
Fioxnipg) BY V(Frxnsng) = p*q?, where d and s denote the number of dominoes and squares
respectively in this Fjp,pq) board. Let us also redefine the function V: 2% kxnim.a) — R by
V(A) =3 caVi(a). Let Wiknipg) = V(Fhxnspq)) be the sum of all the values of the different
Floxny(p,q) boards.

Note that each Fjyn,(p,q) board is comprised of k Fiyp,(p,q) boards (horizontal layers), each
of which has at most n components consisting of dominoes and squares.

We define wix(—1);(p,q) = 0 and wixoypq) = 1 for k € N*.

Definition 4. The Fibonacci (k x n; (p,q)) minimal checkerboard called an My p.(p.q) board,
is an Flyn;(p,q) board which cannot be vertically divided into two Fibonacci checkerboards.
Let Myyny(p,q) be the set of all My, (p.q) boards. Let myyn:pg) = V(Mixny(p,q)) be the sum
of all the values of the different M} . (p,q) boards.

NOte that Mk)(n;(p,q) g ]:kxn;(p,q)'

Example 5. There are total of nine different 53, ) boards shown in Figure 1. We find that
Wox3:(p,q) = pS+4p*q+4p?>q®. There are two different My y3:(p,q) Poards and maoys;(p,q) = 20%¢°.

Lemma 6. Forn > 1 and k > 1, Wixn(pg) = Wat1;(p.g) N0 Whens(p,g) = erf+1;(p,q)'

Proof. This lemma can be proven inductively.
If n =1, then wixi,pg) =P = Wopg)- If n =2, then wiyo,pq) = PP +q= W3.(p.a)-



Moy (1,1,1);(p,) Moy (1,2)i(p.9) May2,1):(p,9)

May (1,2);(p,9) Max(2,1);(p.q) M2y (1,2);(p.q)

51,2x3;(p,q) 51,2x3;(p,q) May2,1):(p,9)

Figure 1: Nine Fjy3,(, ) boards.

If Wisni(p.g) = Wattsp.q) 80d Wix(nt1)i(p,9) = Wht2i(p,g) hold, then

Wi (n+2)i(pg) = PWix(n+1)i(pg) T AWixni(pg) = PWat2:m.0) Wt 1;0.0) = Wit si(p,0)-

Therefore wisn;(p,g) = Wht1y(p,q) for n > 1.
We know that the Fjyp,(p,q) board has k independent layers. Also, each independent layer
is an Fyp;(pq) board which implies that the sum of all the values of each layer is w1y (p,q)-

Therefore, we can conclude that wyxn,(p.q) = qu () ]

The generating function for powers of Pell numbers (A000129, A079291, A110272) is
denoted Py(x) = Wy, 2,1)(x); powers of Jacobsthal numbers (A001045, A139818), is denoted
by Ji(2) = Wi,,2)(x); and powers of nonnegative integers (A001477, A000290, A000578,
A000583, A000584, A001014, A001015, A001016, A001017, and A008454), is denoted by
Wk;(Z,fl)(l‘)-

In Table 1 we listed values of mgyp;2,—1) for 1 < n < 7. The smaller values were obtained
by direct calculation, larger values were computed using Lemma 19. These values will be
used to explain Example 10 and Example 12.

Remark 7. Any non-minimal Fj,p. () board can be split uniquely into at most n Fibonacci
minimal boards. Specifically, there exist j, 1 < j < n, and an ordered partition n; + ng +
-+ +mn; = n, such that the Fjy .4 board can be split into Mysn,ipq) Mixnaipa)s - - -
M i(p,q) bOards (from left to right).
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n 1 2 3 4 5 6 7

Maxny(2,—1) | 16 | =175 | 1760 | —17456 | 172832 | —1710896 | 16936160

Table 1: myypy2,-1) for 1 <n < 7.

Definition 8. Let an My (n, ny,....n,);(p,q) b0aTd be an Fyyp.(p q) board with ny+no+---+n; =n
that can be split into Mpxn,:(p.q) Mrxnaipa)s - - - Mrxng;(pg) POATds. Let M (ny ma.....n;)i(p.0)
be the set of all different My (n; ny,...,n;);(p,q) POards. Let

mkx(n1,n2,...,n]~);(p,q) = V(ka(nl,nz,...,nj);(p,q))
be the sum of all the values of the different My (n, ny,....n;);(p,q) DOATds.

The value of Mpx(ny ny,...n;):(p,g) 18 quantified in Lemma 9. Note that there are two exam-
ples in Figure 1.

Lemma 9. For k> 1 andn > 1, n; € NT forie {1,2,...,j} we have,

J
M (n1,ng,...n;)i(pq) = H Mixnis(p,g)>
=1

and

n J
W7I:+1;(p,q) = Z Z H Mxni;(p,q)-

Jj=1 ni+ng+-+nj=n i=1

Proof. Since an My (n; ny,....n;);(p,q) POArd is the combination of Myyn,:p.g)y Mrxnai(pa)s - -

Mixn,i(p.g) boards, we have mix(ni ns,....n))i(pa) = Hg:1 M xnis(p.q)-
From Remark 7, each Fjyp(pq) board is either an My, (p) board or can be uniquely
divided into j minimal boards where 2 < 7 < n. Then the set

{kan;(pﬂ% U Mipx(nim2)ipsa)s - - - U MkX(nhnz,...,nn);(pﬂ)}

n1tnz=n ni4ngt--Anp=n

forms a partition of Fyp;(pq). That is,

Frxnitp.g) = Mixni(p.g) U ( U MkX(nunz);(p,q)) U T U < U MkX(m,ng,...,nn);(p,q)) :

nitng=n ni+no+-+np=n



Therefore, from Lemma 6,

k
WnJrl;(p,q) = ka”%(IM])
V(~7:kxn;(p,q))
= V<kan;(p,q)) +V ( U MkX(nwz);(p,q)) +-
ni1+n2=n

+V ( U ka(nl,nz,...,nn);(p=Q)>

nitng+-+np=n

= Mikxni(pg) T Z Mkx (n1,n2)i(pg) + 0 1 Z Mk (n1,n2,0.m0 )i (pq)

ni+nz=n ni+no+-+np=n
2 n
= Mixny(pg) T E : | | Mixni(pg) T+ E : | | Mk xng;(p,q)
nit+no=n i=1 nitno+--+nnp=n i=1

n J
= Z Z H Mkxn;;(p,q)-

j=1 ni+ng+--+n;=n i=1

Example 10.

Wf;(z,_n = Myx3;2,—1) T Max(2,1):(2,—-1) T Max(1,2);(2,—1) T Max(1,1,1);(2,~1)
= 1760+ (—175) - 16 + 16 - (—175) + 16 - 16 - 16
= 256
= 4%

Lemma 11. For k € Nt let erpq) = Doy Mixni(pg) "~ Then,
x

Wi () = ————

,(p,q)( ) 1 eripa)

Proof. For k,n € N*, the coefficient of 2™ in ey,p,q) + ei;(qu) +-+ ez;(qu) + -0 1S

2 3
Mikxn;(p,q) T Z Hkam;(p,q) + Z Hkam;(p,tJ) +--

ni+ns=n i=1 ni+nz2+n3=n i=1
TL-L'ENJr ni€N+

+ Z H Mixnis(p,q)

ni+no+-4np=n i=1
TL1;€N+

n

J
= Z H Mkxn;;(p,q)-

j=1 ni+na+--+n;=n i=1
niGN“'



Also, epp.q) + ei;(m) Tt et = ! — 1. Therefore,

L1—ek;(p,q)
00 n i 1
m Ml =——1
kxni;(p,q) ~1_¢ :
n—1 j=1 nit+not-+nj=n i=1 k;(p,q)

mEN"’

Employing Lemmas 6 and 9, we obtain,

o0

k n

Wk;(p,q)(x) = ZWn;(p,q)x
n=0

_ k k k n
- WO;(M) + Wl;(m)x + Z Wn;(p,q)x

n=2

_ k n+1
= T+ Z Wn+1;(p,q)$

n=1

o0
_ k n
= r+tuw E :WnH;(p,q)x
n=1

= J:—i-le Z Z Hkani;(p’q) x"

Jj=1 ni+na2+-+n;=n i=1

mEN*
1
= r+ux (— - 1)
L — €py(p,q)
B x
L — €ky(p,q)
]
Example 12. From Table 1, we have eq,2,_1) = Y oo Maspy(2,—1)2" = 162—17522+17602° —
- and W4;(2’_1)(£L’) = #@71).

Now we determine the closed form of e, ).

Lemma 13. Suppose Si,, Son, ..., Sma are real-valued sequences such that S;,i1 =
m .
Zj:l a; jSjn for1 <i<m andn > 0.
T
ar1 Q12 - Aim Sl,n 1
ag1 Q22 -+ Q2m SQ,n
Let [ai,j}mxm - . . . ; [Sj,n]mxl - . ; Bm+1 -
a a ea S 1
m,1 ™2 M | mxm ] mx1 1xm

Then Y271 Sjn = B[t ]t Sjtlmx1.



Proof. Since

[ai,j]gm_xlm[sﬂ]mxl [aw]szlml [am]mxm[sjl]mxl = [aw]m_xl;m [Sj,l-l—l]mxl == [Sj,n]mxla

then .
Z Sj,n = Bm+1[Sj,n]m><1 = Bm+1[az,]]m><lm[sj,l]m><1-
j=1

]

Definition 14. Let an S pxp(pq) board (j € {1,2,3,...,k},n > 2) be an My, (p,q) board
with j dominoes in last two columns. Let S;xn;pq) be the set of all S jp;(p,q) boards. Let
Sjkxni(pq) = V(Sj,kxn;(p,q)) be the sum of all the values of the different S; sxp;(p,q) boards.

Example 15. In Figure 2, the board on the left is an S 4x5,(p,q) board and the board on the
right is a combination of an Sy 4.3, board and an 5274X27(p7q board

Mys5;(p,q)» 8lSO 51,4x5:(p,q) My (3,2);(p,9)

Figure 2: Two different boards.

Lemma 16. For k € N, s, 150,09 =D 2(k— ])qj( ) for 1 <j <k and

P, ifn=1;
k-1 .
Mixni(pa) = ) €+ 2550 Simxtpas 0 =2;
k—1 ,
ijl Sj,kxn;(p,q)> if n > 3.
Proof. For n > 3, Si kxni(p.g)s S2kxni(pg)s - -+ Sk—1kxni(pg) forms a partition of My (p.q)-
Therefore,
k-1
M xn;(p,q) (kan (p,q) ) V( 3, kxn;(p, q) Z 55, kxni(pyg)-
7j=1



For n = 2 and j = k, there is only one S jx2,(pq board and V(Syixa:(pq) = ¢~ For
1 < j <k —1, there are (I;) different S; jx2,(pq) boards. Then s jx2.pq = P** ¢’ (l;)
Therefore,

k—1 k—1
ok
MEkx2;(p,q) = qk + E :SchX%(p,q) = qk T 2p2(k J)qj ( )
i=1

Lemma 17. Forn>2 and 1 < j<k—1,

k—j .
ok —1
k—2
Sj,kx (n+1);(pyq) = E :p ]qj( j )Si,kxn;(p,q)'

=1

Proof. An Sy (m+1);(p,q) board, 1 < j < k — 1, can be obtained from an Sj jxp;(p,q) board,
1 <4 < k—j, by the following procedure. Suppose we start with an S; yxn;(p.q board,
1 <4 <k — 7, then this board has k — i squares in the last column. Subsequently, choose j
squares from this column, replace the chosen squares with dominoes. For each replacement,

j
since each square has weight p and each domino has weight ¢, we multiply 8; kxn;(p,q) by <%> .

So now we obtain an S; xx (n+1);(p,q) Poard by filling the remaining (k—j) empty positions in

J .
the n+1 column with squares. Thus, we need to multiply $; xxn;(p,q) (%) by p*~7. Therefore,

k—j .

(k-1

k—2

Sjkx(n+1);(p,g) = Zp JQ]( j )Si,kxn;(p,q)
i=1

for1<j<k-1. ]
In Figure 3, there is an example of Lemma 17.

Definition 18. For k > 2, define matrices A,y = [aji](s-1)x(s—1) Where aj; = pF~2i¢g’ ("C]_l)7
By = [bii]ix(k—1) such that by; = 1; Ch.0.1:p.9) = [¢j1)(k—1)x1 Where ¢j; = p**=)gI (];), and Iy
is the (k — 1) x (k — 1) identity matrix.

If k= 1, let Al;(pg) = Bl = Cl;((),l;p,q) = 0, ]1 =1.

Lemma 19. For k € NT,

mi (pg) = qk + BkAg;(p,q)Ck;(O,l;p’q), an _ 2;
xXn;(p, - e ‘
h BkAk?(ij)O’“?(O»l;p»q)v if n > 3.

10



Figure 3: How to transform S 4xs:(p,q) t0 S2.4x6:(p,q)-

Proof. Employing Lemmas 13, 17, and 16, with k¥ € N* and n > 3, we have,

k—1

MExn;(pg) — E:Sj,kxn;(p,q)

i=1
S1,kx2;(p,q)
52,kx2;(p,q)

= B A

k;(p,q)

_Sk—l,kXQ;(p,q)_ (k—1)x1
[2(k—1) 1 (k\7]

p**Vgq (,%)
_ e [P0
— k .

k;(p,q)

2 k—1( k
_p q (k—l)_ (k—1)x1
n—2
- BkAk;(p,q)Ck;(O,l;p,q)’
For n =2, mixaypq) = "+ Z;:ll Sjkx2;(p,q) = q" + BkAg;(p,q)Ck§(071§p7Q)'

Table 2 contains s;4yn;2,—1) for 2 <n <7, with j =1,2,3. We have that,
S1ax(n1):2,-1) = (—12) = S1axny2,-1) + (=8) * S2.4xns(2,-1) + (—4) * 83.4xn:(2,-1),

11



$2,4% (n+1);(2,-1) = 3 * S1dxny(2,-1) T 1+ S24xn2,-1) T 0 834xm;(2,-1), and

83 4% (n+1);(2,—1) = (—%) “S1axn(2,-1) T 0 82.45m52,-1) + 0+ 83 4xm;(2,-1)-

n 1 2 3 4 ) 6 7
Myxny2,—1) | 16 | =175 | 1760 | —17456 | 172832 | —1710896 | 16936160
51 4xn:(2,-1) —256 | 2368 | —23296 | 230464 | —2281216 | 22581568
82 4xn;(2,-1) 96 | —672 | 6432 | —63456 | 627936 | —6215712
83 4xni(2,-1) —16 64 —592 5824 —57616 570304

Table 2: 8j4xny2,-1), J = 1,2,3, for 2<n < 7.

Myxn;(2,-1) =

Wk;(p,q) (z) =

€k;(p,q)

Theorem 21. For k € NT,

814xn;(2,—1) T 82,4xn;(2,—1) T 53.4%xn;(2,—1)
—12

11 1]]| 3

Example 20. From Lemma 19, and for n > 3,

1
4

-8
1
0

T

—4
0
0

n—2

—256
96
—16

oo

n
E :mkxn;(p,q)x
n=1

pkx + quz + Z BkAZ;z;ﬂ)Ck;(O’l;p’q)xn

n=2

Proof. For k > 2, according to Lemmas 11, 16, and 19 we obtain,

Pt g'a’ +7 ) Bidl g Crorpa”

pk$+qu2+-r2Bk <

n=0

o

Z(xAk;(p,q))n

n=0

1 —pre — ¢~a? — 22 By (I}, — xAk;(p,q)>_le;(0,1;p,q)'

) Cki0,19,0)

-1
ka + quz + $2Bk (Ik - xAk;(nq)) Ck;(O,l;p,q)'

12




Thus,

T T
W . T = = .
ko) (%) l—ekpq 1—Pe—¢"? —2?Bi(ly — 2 Akpg) ' Cri0100)

Since (Bi(I1 — A1) Chi0,15p.9) = 0, the theorem is also true for k = 1. O

Example 22. Let k =4, p=2 and ¢ = —1. Then

1—x —8z 4z(1 — x)
1 2
(]4 - I'A4;(2’_1))_1 = ) 3 3x 1412z — Z‘2 —12z ,
b o Ham 4 % o6y 242 1+ 1o + 1247

—16(22% + 11z + 11)

By(Is — 1Ay 2,-1) " Cayo0-1) = 14 1z + 1122 + 23’

therefore,

x z(1+ 11z + 112® + 2?)

- 9 o-l6Qa4llatll) 1_ 1)
1 =16z — 2° — 2T T e ( )

W4§(27_1) ('x)

The polynomial 1 + 11z + 1122 + z? is the Eulerian polynomial A4(x).
Corollary 23. det(I; — xAp2,-1)) = Ar(z).
Proof. By Theorem 21,

Wi () -
. T
k) 1 —pre — ¢Fa? — 22 Bi(Iy — 2 Ak;p.g)) Chi(0,1:0.0)
x
- adj(Ix—x Ak, (p.q))
1 —pre — gka? — l'QBkM;ZTmOk%(OJ;p,Q)
. x det([k — «TAk;(p,q))
(1 —prw — ¢F2?) det (I — xAk;(p,q)) — 22 By adj(I — fl;Ak;(p,q))Ck;(O,l;p,q) ‘
Therefore,

A oo
n=0

(1 _ :L.)kJrl —
= Wk;(Q,—l)(x)
rdet(ly — xAg2,-1))
(1 —2kz — (=1)k2?) det(Iy — v Ak 0,-1)) — 22 By adj(ly — 2 Ak, 2,-1)) Cry0,1:2,-1)

Since A(1) = k! # 0, (1 — z) { Ax(z) and deg (det(Iy — zAyp_1))) < k — 1, then
deg (det([k — xAk;(Q,—l))) =k-1. Thus, det([k — IAk;(g’_l)) = Ak<I> ]
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Example 24. If £ = 6,

1+ 80z 64z 48  32x 16z
—40x 1—24z —-12x —-4x O

det(ls — xAg,2-1)) = det | 10z Az 1+ 0 0
—be = 0 1 0
z 0 0 0 1
= 1457z + 3022% + 3022° + 57x* + 2°
= Ag(z).

Corollary 25. Let Dy, pq) = [dji](i—1)x(k—1) be the diagonal matriz with d;; = P2~ kg7 and

det(Dryp.g) — TAk;1,1)) = det(ly — T Ak (pg))-

Proof. Let \j; = 11if j =14, otherwise A\j; = 0. Then

k=1
det(Iy — xAppg) = det [Aj; — pk_%qj( : Z) x}
J (k—1)x (k—1)

= det p2j7kq7j)\ji — (k _ Z) LU:|
L J (k—1)x (k—1)

= det dji — (k _ Z)$:|
L J (k—1)x (k—1)

= det(Drypg) — TAw(11))-

Remark 26. From Corollaries 23 and 25, we have
det(Dk;(p’q) — :EAk;(l,l)) = Ak<l’>
Remark 27. From Corollary 23, Remark 26, and Ax(1) = k!, we have

det(lk — Apy2,-1)) = det(Dry2,-1) — Aryy) = K.
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