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Abstract
In this note we introduce a new class of refined FKulerian polynomials defined by

An(p, q) _ Z podes (w)qedes (7r)’
7'1'6671

where odes (7) and edes () enumerate the number of descents of permutation 7 in
odd and even positions, respectively. We show that the refined Eulerian polynomials
Ask11(p,q), k = 0,1,2,..., and (1 + q)Ask(p,q),k = 1,2,..., have a nice symmetry
property.

1 Introduction

Let f(q) = a,¢" + -+ + asq°(r < s), with a, # 0 and a, # 0, be a real polynomial. The
polynomial f(q) is palindromic if a,,; = as_; for any i. Following Zeilberger [7], define the
darga of f(q) to be r +s. The set of all palindromic polynomials of darga n is a vector
space [6] with gamma basis

Tn={¢(1+" ™ [0<i< [n/2]}.
Let f(p,q) be a nonzero bivariate polynomial. The polynomial f(p,q) is palindromic of
darga n if it satisfies the following two equations:
fw.q) = fla,p),
f(p.q) = (pa)" f(1/p.1/q).
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See Adin et al. [1] for details. It is known [4] that the set of all palindromic bivariate
polynomials of darga n is a vector space with gamma basis

={(pg)'(p+q) (L +pg)" > |i,j >0,2i +j < n}.

Let &,, denote the set of all permutations of the set [n] := {1,2,...,n}. For a permutation
T =mmy- T, € &, an index i € [n — 1] is a descent of 7 if m; > m; 41, and des (7) denotes
the number of descents of w. The classic Eulerian polynomial is defined as the generating
polynomial for the statistic des over the set G,,, i.e.,

_ Z qdes(ﬂ')

TeS,

Foata and Schiitzenberger [3] proved that the Eulerian polynomial A,(g) can be expressed
in terms of the gamma basis I',, with nonnegative integer coefficients. A polynomial with
nonnegative coeflicients under the gamma basis I',, is palindromic and unimodal [5].

Ehrenborg and Readdy [2] studied the number of ascents in odd position on 0, 1-words.
We define similar statistics on permutations. For a permutation 7 € &,,, an index i € [n — 1]
is an odd descent of w if m; > m; .1 and 7 is odd, an even descent of 7 if m; > m; .1 and 7 is
even, an odd ascent of m if m; < m;41 and ¢ is odd, an even ascent of 7 if m; < ;11 and ¢ is
even. Let Odes (7), Edes (7), Oasc (7) and Easc () denote the set of all odd descents, even
descents, odd ascents and even ascents of 7, respectively. The corresponding cardinalities
are odes (), edes (), oasc (7) and easc (7), respectively. Note that we can also define the
above four statistics on words of length n. The joint distribution of odd and even descents
on &, is denoted by A, (p,q), i.e

— Z podes (m) qedes (7r)

TeS,

The polynomial A, (p,q) is a bivariate polynomial of degree n — 1. The monomial with
degree n — 1 is pl"/2gl=1/21 only. If p = ¢, then A,(¢,q) = A,(q) is the classic Eule-
rian polynomial. Thus A,(p,q), n = 1,2,..., can be seen as a class of refined Eulerian
polynomials. For example, we have

Ai(p,q) =

As(p,q) = 1+p,

As(p,q) = 1+ 2p + 29 + pq,

A4(p,q) =1+ 6p + 5q + 5p* + 6pq + p°q,

As(p,q) = 1+ 13p + 13q + 16p* + 34pq + 16¢> + 13p*q + 13pg* + p’q
As(p,q) = 1 +29p + 28¢ + 89p° + 152pq + 614> + 61p° + 152p°q

+ 89pq® + 28p°q + 29p°¢* + PP



For convenience, we denote

A«( - An(p,q), if n=2k+1,
P )= (14+q)A.(p,q), if n=2k.

Our main result is the following

Theorem 1. For anyn = 1,2,..., the polynomial gn(p, q) is palindromic of darga ng

In the next section we give a proof of Theorem 1. In Section 3 we study the case ¢ =1
and the case p = 1, the polynomials A, (p,1) and A,(1,q) are the generating functions for
the statistics odes and edes over the set &,,, respectively. In the last section, we propose a

conjecture that A, (p, q) can be expressed in terms of the gamma basis B 2] with nonnegative
2

integer coefficients.

2 The proof of Theorem 1

Let 1 = mmy---m, € G, we define the reversal ©" of m to be

To._
T = TpTp—1 " T1,

the complement 7€ of 7 to be
i=Mn+1-m)n+1-—m) - (n+1—m,),
and the reversal-complement "¢ of 7 to be
7= (1) = (7")°.

If 7 is a descent of 7, then ¢ is an ascent of ¢ and if 7 is an ascent of 7, then 7 is a descent

of 7°. In other words, odes () + odes (7¢) = | %] and edes (1) + edes (7¢) = | %51 |. Then

| —odes (7€ n=11_edes (¢
An<p,q> _ Z podes(ﬂ')qedes(w) _ Z pLQJ des ( )qL - J des (¢)

eSSy, eSSy,

:pL%JqL"T’lJ Z (%)odeS(ﬂ'c) <1>edes(ﬂ'c) :pL%JqL%JAn (1 1)

iyl q pq

Specially, for any k = 1,2,..., we have Ay (p,q) = p*¢" 1A% (1/p,1/q) and for any k =
07 1a 27 -, WE have A2k’+1(p7 q) = (pq)kAQk:-i-l(l/p? 1/Q)

It can be derived that 7 is a descent of 7 if and only if 7 is an ascent of 7¢. It is also
easy to see that ¢ is a descent of « if and only if n — ¢ is an ascent of 7”. Then, given a
permutation m = w7y - - Topr1 € Gopyr,



1 is a descent of 7 if and only if 2k + 1 — 4 is a descent of 7"°.

Specially, 7 is an odd descent of 7 if and only if 2k 4+ 1 — ¢ is an even descent of 77¢, and i is
an even descent of 7 if and only if 2k 4+ 1 — 7 is an odd descent of 7. So we have

1’4V2k+1 (p’ q) _ Z podes (7r) edes (7 Z pedes ) odes (77 A2k+1(q, p)

TEGok41 TE€G2k 41

Thus for any k£ =1,2,..., the polynomial f~12k+1(p, q) is palindromic of darga k.
In addition,

~ 11 1 11 ~ 11
Azk(]?: Q) = (1 + Q) ¥ k 1A ( ) = <1 + —) pquAZk <—, —> = (pQ)kA%H (—, —>
P’ q q P q P q

The last part is to prove that Ao (p,q) = ng(q,p), that is,

Z podes (m) [qedes () + qedes 7r)+1 Z qodes [pedes edes (7r)+1]'

TEGoy TEGoy

Let &), = {m(2k+1),70 | 7 € &}, &, = {2k + 1)7,0m | 7 € Gy}, and let 7 =
Ty - - - o, € Goi. Define a map ¢ : &), — &5, by

b(rz) = (2k +1)(2k + 1 —mo,)(2k + 1 = mop 1) -+ 2k + 1 —m), ifz=0,
|02k + 1 — 7o) 2k + 1 — 1) - (2k + 1 — ), if £ =2k + 1.

Given a permutation m € Ggy, it is no hard to see that

odes (m(2k + 1)) = odes (7), edes (m(2k + 1)) = edes (),
odes (70) = odes (), edes (70) = edes (7) + 1,
odes ((2k + 1)m) = edes (7) + 1, edes ((2k + 1)m) = odes (7),
odes (07) = edes (7), edes (07) = odes ().
Thus

odes (¢(m(2k + 1))) = odes (07") = edes (77°),

edes (Y(m(2k +1))) = edes (07"°) = odes (77°),

odes (¢(70)) = odes ((2k + 1)7"°) = edes (7"°) + 1,

edes (1(70)) = edes ((2k + 1)7"°) = odes (7).



Obviously, the map ¢ is an involution. Then

Z podes(ﬂ) [qedes(w) +qedes(ﬂ)+1]

ﬂ'EGQk
_ Z podes (7r(2k+l))qedes (m(2k+1)) + Z podes (w0) qedes (0)
TEGo €Sy
_ Z podes (w(ﬁ(2k+1)))qedes ((m(2k+1))) + Z podes (w(WO))qedes (1 (m0))
TG WSSHP
_ Z pedes (Wrc)qodes (7€) + Z pedes (7rTC)+1qodes (7€)
TEGo S
_ Z qodes () [pedes () + pedes (7r)+1] )
TEGo

Thus for any £ = 1,2, ..., the polynomial EQk(p, q) is palindromic of darga k. This completes
the proof.

3 The case p =1 and the case ¢ =1

If ¢ = 1, the polynomial A, (p,1) is the generating function for the statistic odes over the
set 6,,, and if p = 1, the polynomial A, (1, q) is the generating function for the statistic edes
over the set G,,. More precisely, we have

Proposition 2. Let n be a positive integer. Then

3@ = A, (p1) = (14 p) LB, (1)

€Sy ZL%J
d
" edes () n! L”—_IJ
d = = A,(1q) = —(L+ gL . (2)
€Sy 2|‘TJ

Proof. 1t is easy to verify that the equalities 1 and 1 are true forn =1 and n = 2. Let n > 3
and let m = mmy -, € &,. Forany i = 1,2,...,[n/2], define a map ¢; : &,, - &,, by

SOi(W) =TT - - - ToiTi—1 " " Tp,

i.e., p;(m) is obtained by swapping my; with m9; ;1 in . Obviously, the map ¢; is an involution,
i=1,2,...,|n/2], and ¢; and ¢; commute for all i,j € {1,2,...,|n/2]}. For any subset
S C{1,2,...,|n/2]}, we define a map ps: &, — &, by

ps(m) =[] eilm).

€S

5



The group Zg"/” acts on G, via the maps g, S C {1,2,...,[n/2|}. For any 7 € &,,, let
Orb *(7) denote the orbit including 7 under the group action. There is a unique permutation
in Orb *(7), denoted by 7, such that

7y < To, T3 < Mgy -vvy Topny2)—1 < To|n/2)-

It is not hard to prove that odes (7) = 0 and odes (¢g(7)) = |S| forany S C {1,2,...,|n/2]}.

Then
Z podes (o) _ (1 +p) |~§J )

o€Orb *(m)

Let &;, consist of all the permutations in &,, such that
T < T2, T3 < T4, -, T2n/2|—-1 < T2[n/2|

The cardinality of the set &} is

(-5 3

> = A1) = %(1 +p)l

ﬂ'EGn 2 ?

Then

3

N

Similarly, for any ¢ = 1,2,...,[(n — 1)/2], we define a map ¢, : S,, — &,, by
¢i(7T) = Ty T2i41T024 "+ T,

i.e., ¢;(m) is obtained by swapping mo; with my;41 in . Obviously, the map ¢; is an involution,
i=1,2,...,[(n—1)/2], and ¢; and ¢; commute for all ¢,j € {1,2,...,[(n—1)/2]|}. For
any subset S C {1,2,...,[(n—1)/2]}, we define a map ¢5 : S,, = &,, by

¢s(m) = [ [ ou(m).

i€S

The group ZE("_l)/zj acts on G,, via the maps ¢g, S5 € [[(n —1)/2]]. For any 7 € &, let
Orb **(m) denote the orbit including 7 under the group action. There is a unique permutation
in Orb**(7), denoted by 7, such that

Ty < T3, My < Ts5, ..., 77'2L(n—1)/2j < 77'2[(71—1)/2]—&—1-
It is easily obtained that edes (7) = 0 and edes (¢g(7)) = |S] for any S C {1,2,...,

[(n —1)/2]}. Then 1
S e = (14 gl

o€O0rb ** (1)



Let &7 consist of all the permutations in &,, such that
n

Ty < T3, Tg < Ts5, ..y T2 (n—1)/2] < M2|(n—1)/2]+1-

The cardinality of the set &;* is

() (52) - (P = s odd,

2 oL
n\ [n— n+2—2 ”T_l - nl . .
2(2)(22)"'(+ QL J)—ZLnTlJ, if n is even.

Then '

Z qedes(ﬂ') = An(LQ) = |_7:1J (1 + q) LnT_lJ )

TeS, 2072

]

4 Remarks

The set of palindromic bivariate polynomials of darga k is a vector space with gamma basis
By, = {(pg)'(p + a)’ (1 +pg)* 77 4,5 > 0,2i + j < k}.

Thus the refined Eulerian polynomials ﬁn(p, q), n =1,2,..., can be expanded in terms of
the gamma basis BL I For example,

n
2

Ai(p,q) = Ai(p.q) =1,
A(p.q) = 1+ As(p.g) =(1+q)(1+p) =1+p+q+pq
= (1+pg) + (p+q),
As(p,q) = As(p.q) = 1+ 2p+2q + pg = (1 + pg) + 2(p + q),
Ai(p,q) = (1+ @) As(p.@) = (1 + @)(1 + 6p + 5¢ + 5p* + 6pq + p*q)
=1+6p+ 6qg+ 5102 + 12pq + 5q2 + 6p2q + 610q2 + qu2
= (1+pg)® +6(p+ q)(1+pq) +5(p + q)?,
As(p,q) = As(p,q) = 1+ 13p + 13¢ + 16p> + 34pq + 16¢> + 13p*q + 13pg® + p*¢°
= (1+pq)* +13(p + q)(1 + pq) + 16(p + ¢)?,
As(p.q) = (1+ @) As(p. @)
= (1 + ¢)(1 + 29p + 28¢ + 89p* + 152pq + 61¢>
+ 61p* + 152p%q + 89pg® + 28p3q + 29p°¢* + p*¢?)
=14 29p + 29qg + 89p” + 89¢> + 181pq + 61p° + 241p%q
+ 241pg® + 61¢% + 181p2¢* + 89p3q + 89pg® + 29p°¢* + 29p*¢® + p*¢®
= (14 pq)’ +29(p + ) (1 + pg)* + 89(p + ¢)*(1 + pg) + 61(p + ¢)°.



We conjecture that for any n > 1, all ¢; are positive integers in the following expansion
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