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Abstract

In this paper, we study a generalization of the classical probleme des rencontres
(problem of coincidences), where you are asked to enumerate all permutations 7 €
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S, with k fixed points, and, in particular, to enumerate all permutations = € S,
with no fixed points (derangements). Specifically, here we study this problem for
the permutations of the n + m symbols 1, 2, ..., n, vy, v9, ..., Um, Where v; &
{1,2,...,n} for every i = 1,2,...,m. In this way, we obtain a generalization of the
derangement numbers, the rencontres numbers and the rencontres polynomials. For
these numbers and polynomials, we obtain the exponential generating series, some
recurrences and representations, and several combinatorial identities. Moreover, we
obtain the expectation and the variance of the number of fixed points in a random
permutation of the considered kind. Finally, we obtain some asymptotic formulas for
the generalized rencontres numbers and the generalized derangement numbers.

1 Introduction

The probleme des rencontres, or problem of coincidences (also called probleme de Mont-
mort, or probléme des chapeaux; see ([13], [8, pp. 9-12, 32], [18, p. 57|, [1]), is one of the
classical problems in enumerative combinatorics and in probability. From a combinatorial
point of view, it is the problem of enumerating all permutations = € S,, with k fixed points.
In particular, for £ = 0, it reduces to the problem of enumerating all permutations © € S,
with no fixed points. For the history of the original problem and its solutions, see Takacs
[24].

The aim of this paper is to extend the probléeme des rencontres to the permutations of
the symbols 1, 2, ..., n, vy, va, ..., Uy, where v; & {1,2,...,n} for every i = 1,2,... ,m.
The set of these generalized permutations is denoted by SI™. A fixed point of a permutation
T =a1 " Aplpi1 " Qpim € sim) is, by definition, an index i € {1,2,...,n} such that a; = i.
The permutations in SI™ with no fixed points are called generalized derangements and their
number is denoted by aim. Clearly, for m = 0 we have the ordinary derangements and
the ordinary derangement numbers d,, (A000166 in the On-Line Encyclopedia of Integer
Sequences).

The permutations in SI™ can be interpreted as particular bijective functions, generalizing
the widened permutations (corresponding to the case m = 1) introduced and studied in [4].
For any m € N, an m-widened permutation is a bijection between two (n + m)-sets having n
elements in common. More precisely, given an n-set X and two m-sets U and V', such that X,
U and V are pairwise disjoint, we have a bijection f: X UU — X UV. IfU = {uq,...,un}
and V = {vy,...,v,}, then f is equivalent to an (m-+1)-tuple (A1, ..., A\;, o), where each \; is
a linear order and o is a permutation, defined as follows: \; = [u;, f(w;), f2(w;), ..., f*(u;), vj]
where h + 1 is the minimum positive integer such that there exists a j € {1,2,...,m} such
that f"*!(u;) = v;, and o is the remaining permutation on X \ (X, U--- U X, ), where
Xo, = {f(u), f2(us), ..., fM(u;)} € X. For instance, the 4-widened permutation

fe 1 2 3 45 6 7 8 9 wu uy uz uy
N7 1 vy 48 v 26 vs 9 v 5 3
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is equivalent to the quintuple (A1, A2, A3, Ay, 0), where Ay = [u1,9,v3], Ao = [ug,v1], A3 =
[us,5,8,6,v4], Ay = [ug,3,09], and o = (172)(4). If we consider only the second line in
the two-line representation of f, we have the corresponding generalized permutation © =
Tlved8vs26wv390v153 € Sgl). Notice that m, or f, has only one fixed point in position 4. In
particular, 7 is a generalized derangement when the corresponding m-widened permutation
f, with decomposition (A1,..., Ay, 0), is an m-widened derangement, that is when o is
an ordinary derangement. In the rest of the paper, the generalized permutations in S,(lm)
and the generalized derangements in SU™ are identified with the corresponding m-widened

permutations and the m-widened derangements, respectively.

The paper is organized as follows. In Section 2, we obtain an explicit formula for the
generalized derangement numbers d™ and their exponential generating series. Moreover,
we establish the connection between these numbers and the r-derangement numbers [26]. In

Section 3, we introduce the generalized rencontres numbers Dgr,?

nomials qum)(x). Then, we obtain their exponential generating series, some recurrences and

some representations (in terms of determinants and integrals). In Sections 4 and 5, we obtain
several identities involving the generalized rencontres polynomials and other combinatorial
polynomials and numbers. In Section 6, we compute the expectation and the variance of
the random variable X\™ giving the number of fixed points of a permutation in si™. In
particular, we obtain that the expectation and the variance tend to 1 as n — 4o00. Finally,
in Section 7, we obtain some asymptotic formulas for the generalized rencontres numbers
Dfﬂ) and the generalized derangement numbers d™ .

and the associated poly-

2 Generalized derangement numbers

Given n € N, let [n] = {1,2,...,n}. Given m,n € N, let S{™ be the set of all permuta-
tions of the symbols 1, 2, ..., n, vy, vg, ..., v,,. Clearly |S$Lm)| = (m+mn)!, and for m = 0 we
have the ordinary permutations. A permutation m = ajas - Gpin € SI™ has a fixed point
when there exists an index i € [n] such that a; = i. For instance, in 7 = 4v93v35v; 21 we
have only two fixed points in position 3 and 5. Notice that, in the general case, a fixed point
can appear only in the first n positions. A generalized derangement is a permutation in s
with no fixed points. The generalized derangement number d™ is the number of generalized

derangements in S For m = 0, we have the ordinary derangement numbers d,, [8, p. 182]
[18, p. 65] (A000166).

Theorem 1. The generalized derangement numbers can be expressed as

am =3 () (-0 (1)

k=0


http://oeis.org/A000166

and have exponential generating series

|
d(m de)t| mle

1 _ t)erl
n>0

—t

(2)

Proof. Identity (1) can be proved combinatorially using the inclusion-exclusion principle.
Let A; be the set of permutations m = ajas - - - aypin € S%m) such that a; = i, and let A’ be its

complementary with respect to Sq(q,m), for every © = 1,...,n. Then, by the inclusion-exclusion
principle, we have

A7 = 140 A0 = 3 (-1

1C[n]

(Al -

il

The set ﬂie 1 A; consists of all permutations 7 = ajay - - - Gpyn € S%m) such that a; = i, for

every ¢ € I. So, it is equivalent to the set Sgﬂ ;| and consequently its size is (m +n — [I])!.
Hence, we have the identity

di =Y (=) +n - [1])!

IC[n)
which is equivalent to identity (1). Now, by identity (1), we have the generating series
4 (1) = Z(—mt—n! S m+ n)!;—n! —mlet Y (m; ”>tn
n>0 n>0 n>0
which is equivalent to series (2). O
For the first values of n, we have the generalized derangement numbers

d(m)

o =ml!

dgm):m!-m

di™ =ml- (m>+m+1) (3)
d{™ = ml - (m® + 3m® + 5m + 2)

di™ =m!- (m* 4 6m® + 17m> + 20m + 9) .

Remark 2. The generalized derangement numbers d,(lm) appear also in [16, 17| and form
sequences A000166, A000255, A055790, A277609, A277563, A280425, A280920, A284204,
A284205, A284206, A284207 in [23] for m = 0, 1,. .., 10, respectively. Similarly, the numbers
dq(lm)/m! form sequences A000166, A000255, A000153, A000261, A001909, A001910, A176732,
A176733, A176734, A176735, A176736 in [23] for m = 0, ..., 10, respectively. Notice that,

the numbers d\"™ /m! count the generalized derangements when v; = --+ = v, = v.
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An r-permutation of the set {1,2,...,r,r +1,...,n 4 r} is a permutation in which the
elements 1, 2, ..., r belong to different cycles [6]. An r-derangement is an r-permutation

with no fixed points [26]. The generalized derangement numbers d"™ and the r-derangement
numbers D,(n) [26] are related as follows.

Theorem 3. For every r,n € N, we have

D)= (M), =), (@)

Proof. We have the exponential generating series [26]

t" tre=t Zfr tn
B (T’)
ZDT(”)M B K IZ

n>r " n>0
tn+r ., tn
—z("”)d“ —z( )d< T
= (n+r)! A\ "nl
Comparing the coeflicients of ¢ /n!, we have identity (4). O

Remark 4. Let f: X UU — X UV be an m-widened permutation on a set X of size n, and
let (A1, ..., Am, o) be its decomposition. Suppose that in f each linear order \; (starting with

u;) ends with v;, i.e., A = [w;, by, ..., by, v5]. If we replace each linear order \; with a cycle
v = (by -+ by, n+ 1), by setting w; = n + ¢ and by removing v;, we obtain a permutation of
the set {1,2,...,n+m} where the elements n+ 1, ..., n+m belong to different cycles. So,

these m-widened permutations are equivalent to the m-permutations. In particular, if each
A; contains at least one element of X i.e., \; # [u;,v;], and o does not have fixed points,
then we have the m-derangements [26].

Other properties for the generalized derangement numbers are obtained in next sections

as specialization of the more general properties of the generalized rencontres polynomials.

3 Generalized rencontres numbers and polynomials
Let D be the generalized rencontres numbers, i.e., the number of permutations = € S

with & ﬁxed points. Removm% the k fixed points and normahzmg the remaining letters, we
obtain a derangement 0 € S( . So, we have at once the identity

D) = (1) 5)

For m = 0 we have the ordinary rencontres numbers D, , [18, pp. 57, 58, 65], forming
sequence A008290. For m = 1 we have sequence A123513, while for m > 2 the sequences do
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not appear in [23]. Let D™ = [Dfﬁ)]n,kzo be the infinite lower triangular matrix generated
by the generalized rencontres numbers. For m = 1 and m = 2, we have the matrices

1 1 T
11 2 1
3 2 1 T4 1

p_ |19 3 1 log_ |32 21 6 1
53 44 18 4 1 2 181 128 42 8 1
309 265 110 30 5 1 1214 905 320 70 10 1
2119 1854 795 220 45 6 1 9403 7284 2715 640 105 12 1

A polynomial sequence {p,(x)}nen is an Appell sequence [3, 15] [20, p. 86] [21] [25, p.
314] when its exponential generating series has the form

S pule) 1y = glt) e

n>0

where g(t) = 3~ -0 gn 5 is an exponential series with go = 1. From this definition it follows
that p,(z) is a polynomial of degree n of the form

Pu() = i (Z) —

k=0

such that p/ (x) = np,_1(z). Several classical polynomial sequences are of this kind [20, p.
86] [21, 7]. This is true also for the generalized rencontres polynomials, defined by

D)= Dyjlat =3 (Z) dat (6)
k=0

k=0

Indeed, using series (2), we have at once

Theorem 5. The polynomials pim (x) form an Appell sequence having exponential gener-
ating series
m! e(@= 1t

t
T a-om "

D™ (z:t) = Z DI (z) ;= d™ (t) et =
n!

n>0

In particular, D™ () has degree n and (ng) (x)) =nD m)l(m)

Clearly, we have D{™(0) = D,(:S) = d" and D{™(1) = (m + n)!. Moreover, for m =

0, we have the ordinary rencontres polynomials D,(x) = Dﬁlo)(x), [18], whose exponential



generating series are denoted simply by D(x;t). For the first values of n, we have the

polynomials

(z)
():m'($+m)
D{™ (z) = m!(2* + 2mz + m* + m + 1)
) ) = m!(2* + 3ma® + 3(m* + m + )z +m® + 3m?* + 5m + 2)
( ) =m!(z* +4ma® + 6(m* + m + 1)z°+

+4(m? 4+ 3m? + 5m + 2)x + m* + 6m> + 17m? + 20m + 9)..

Theorem 6. The polynomials szm)(x) admit the explicit expression

D™ () = k; (Z) (m + k)l(z — 1)"*

and satisfy the recurrences
D) = (x+m+n+ DT () = (n+ Dz — 1D ()

and
DI (x) = (n 4+ 1)DI™D (x) + (m + 1) DY (x) .

In particular, for x = 0, we have that the numbers dim satisfy the recurrences
dgjg =(m+n+ 1)d£:'fr)1 + (n+1)d"™

and
AU = (0 4+ 1)d" Y + (m 4+ 1)dl)

Proof. Writing series (7) as

m m‘ r—
D™ (g:t) = m G

we obtain at once identity (9). Moreover, again by series (7), we have

0
Z DM (g t) =
tD (x;t)

r+m—(r—1)t
1—-t

D™ (z:t) .
Hence, we have the identity

(1— t)%D(m)(x; t) = (z+m— (x — 1)t) D™ (z;1)

(10)

(11)

(12)

(13)



which is equivalent to recurrence (10).
Replacing m by m + 1 in (7), we obtain the identity

m) e(a:—l)t

(1—t) D" (z;t) = (m + 1)m

= (m + 1)D'"™(x; 1)

which is equivalent to recurrence (11). O

Remark 7. By Favard’s theorem [2, p. 294], a polynomial sequence {p,(z)},en form an
orthogonal polynomial system if the polynomials p, (x) have degree n with leading coefficient
1 and satisfy a recurrence p,42() = (ant1 + T)Pni1 — bnr1pn(z) with po(z) = 1 and py(z) =
x + ap. So, by recurrence (10) and the initial conditions listed in (8), we have that the
polynomials D{™ (x)/m! are orthogonal, with a,, = m +n and b, = n(z — 1).

Remark 8. Identity (12) can be proved with a combinatorial argument, which generalizes
Euler’s proof of the corresponding recurrence for the ordinary derangement numbers [18, p.
60] [24]. Let m = ajas - - amini2 € Siﬁg be a derangement. Since a; # 1, we have the
following three cases. (i) If a; = v;, then a; can be chosen in m different ways and the
permutation of the remaining elements is equivalent to a derangement 7’ of the symbols 1,
cooon4 1,0, 00, Vi1, Wy, Vigt, ..., Uy Indeed, 7’ can be obtained by deleting v; from ,
by replacing 1 b%/ a new symbol w; and by normalizing the remaining numerical letters. In
all, we have maln"}r)1 such permutations. (ii) If a; = k with k € {2,3,...,n+ 2} and a; # 1,
then, since 1 is not in position k, we have that the permutation 7’ obtained by deleting
a1 = k from 7, by replacing 1 by k and by normalizing the other numerical letters, is a
derangement in S,}. In all, we have (n + 1) dgi)l such permutations. (iii) Finally, if a; = k
with k € {2,3,...,n+4 2} and a; = 1, then the permutation 7’ obtained by deleting 1 and k
from 7 and by normalizing the other numerical letters, is a derangement in Si™. In all, we
have (n + 1) d'" such permutations. This proves identity (12).

Theorem 9. The numbers Df:;) satisfy the recurrences

(k+ 1D,y = (n+1)DJ (14)
DY) = 1)D™) D DU~ (n+1)D) 15
miokir = (m+n+1)D70 0+ D5+ (n+ )DL — (n+1)D, (15)
m—+1 m+1 m
Dv(z;f,k) = (n+ 1)D7(L,k+ Lt (m + 1)D7(1+)1,k (16)
and
DY iy = DU+ (m+n— k=)D + (k+2)DUY,, (17)



Proof. Recurrence (14) is an immediate consequence of definition (5). Recurrences (15) and
(16) are consequences of recurrences (10) and (11), respectively. Recurrence (17) is equivalent
to the identity

RDys1(x) = Da() + (m +n)RD, () — Dl (x) + RD(x).

where we write simply D,,(z) for D™ () and where R is the incremental ratio, i.e., the linear
operator defined, on every polynomial p(x), by Rp(x) = ’M. So, if p(z) = Y p_, pra®,
then Rp(z) = ZZ;& prr12”. The previous identity is equivalent to

Dn-&-l(w) — D?H-l(O) _ Dn(ZL‘) + (m _’_n)Dn(‘I) B Dn(O) D ({L‘) + D;z@:) — D;z<0)

that is
Dny1(x) = Dnyro = 2Dp() + (m +n)(Dn(x) = Do) — 2D, (z) + D, (x) = Dy
that is
Dpi1(x) — dpy1 = 2Dy (z) + (m + n)(Dy(z) — dy) — neDy—y1(z) + nDy1(x) — nd,—q
that is
Dy (2) = dpyy = (x +m 4 n)Dyp(z) —n(x — 1)Dy_y(x) — (m +n)d,, — nd,_;

and this identity is true by (10) and (12). O
Theorem 10. We have the identity

n

Di(@) = D) + (@ = 1) D). (18)
In particular, for x =0, we have the identity

) =gt — gm) | (19)

n n

dm

n+

More in general, we have the identities

T

D) =Y ()t = 1D (20

k=0
and

m+r - r r— r— m

D) = 3 () ) (e = ). (21)
k=0

In particular, for x =0, we have the identities

T

d(m) _ r 1 r—kd(m-i-k) 29
=3 () ot (22)

k=0

9



and

m-+rnr a /r' m
a0 = 3 (1) (23)

Finally, we also have the identity

k=0
Proof. 1dentity (18) is an immediate consequence of the identity

r+m—(r—1)

t
o D) = D (i) + (= DD (ast).

0
Zopm) .4y —
8tD (x;t)

From the above identity, we can prove, by induction, that

a" " /r
2o pm) () — yr—k y(mA4k) (..
T (i) => (k) (z—1)"*D (z:t).

k=0

This identity is equivalent to identity (20). Then, by applying the binomial inversion formula
20, p. 147] to identity (20), we obtain identity (21). Finally, identity (24) can be obtained
from identity (23) by setting m = 0 and r = m. ]

Remark 11. Identity (19) can be proved with the following combinatorial argument. Let f be
an m-widened derangement on a set X of size n, and let (Aq, ..., Ay, o) be its decomposition.
We have two cases. (i) The last linear order \,, does not contain elements of X, i.e.,
Am = [Um,v;| for a suitable j € [m]. By deleting \,,, and by replacing v,, by v; whenever
Jj # m, we obtain an (m — 1)-widened derangement on X. (ii) The last linear order A,
contains at least one element of X, i.e., Ay, = [Um, 1, ...,10p,v;] for a suitable j € [m]. In
this case, f is equivalent to an (m — 1)-widened derangement on X U {n + 1} obtained by
replacing the linear order A, with the cycle v = (¢ - - -9, n+1), and by replacing v, with v;
whenever j # m. Since v has at least two elements, the new (m — 1)-widened permutation

is without fixed points. So, in conclusion, we have the identity d'™ = 4" + dﬁzl).

Theorem 12. We have the identity

(1), ),
D0 gy P (25)
i 2~ h

In particular, for x =0, we have the identity

o) n_(m)

= (m+1) C%. (26)
k=0

n!

10



Proof. By series (7), we have

1
DI () = S DO ()

and consequently we have the identity

D) = (m+1) Y (Z) (n — k)1D" ()

k=0
which simplifies in identity (25). O

Theorem 13. Let U,,,, be the m x n matriz all of whose entries are equal to 1, U,, = U, .,
Un(x) = U, + (x — 1)1, (where I, is the identity matriz of order n), and let

Aa) = [0 o).

Then, we have

DG™(x) = per AT (z) (27)

Proof. Let Alm) () = [ai ], where a;; =z for i =1,2,...,n, and a;; = 1 in all other cases.
Let Fix(7) be the set of fixed points of a permutation 7 € Si"”. By the definition of the
permanent of a matrix, we have

per A(m Z ay 0 ( a’erna (m+n) Z Z xls‘ = Z (Z) dgz)kxk

0ESm+n SCIn] reslm) k=0
Fix(mw)=S

By definition (6), we have identity (27). O

Remark 14. Expanding the permanent of Al (x) along the last column, we obtain recurrence

(11).

Theorem 15. The polynomials Dflm)(:c) can be expressed as the double sum
ZZ( )( ) DM i = ) (28)
=0 7=0

Proof. By identity (27) and by using Ryser’s formula [22, p. 26] [12] to evaluate the perma-
nent of A = A" (z) = [a;;], we have

DM ()= Y (1" Bho(Ag) = Y (=1 w(A,)

SC[m+n] e

11



“+n

where As = [a;jlicimin), jes and w(Ag) = [[;2]" ri(Asg), where 7,(Ag) is the sum of all

elements of the kth row of Ag. Since
w(Arug) = (@ + [+ [J] = D' (I] + [T

we obtain at once identity (28).

O

Identity (28) generalizes the formula obtained by Ryser [22, p. 28] [1] for the ordinary

derangement numbers (for m = 0 and x = 0).

Theorem 16. The polynomials D%m)(x) admit the integral representation

+o00
D™ (z) = / t"(t+ax—1)"e " dt.
0

Proof. By identity (9) and the well-known identity
“+oo
/ thetdt =%k keN,
0

we have

D™ (g) = Xn: (Z) (m +k)l(z —1)"F = no (Z) (z — 1)~ " /;Oo tmtReTt dt

k=0 k=

e m - g n—k —t e m n_ —t
= t t"(x —1) e " dt = t"(t+x—1)"e " dt.
0 parl\ 0

Theorem 17. We have the identities

D@ =3 (1)1 = 2 Pras(0)

k=0

n n C1\k
Dy(a) = k) ﬁDﬂ(I) |

k=0

12

(29)

(30)



Proof. By identity (29), we have
“+o0o
Dim)(z) — / Pt a—1) et dt
0

+oo
:/ 1l—z+t+ax—1)"t+z—1)"e"dt
0

/+Oom
0

) (1—a) (t +o— 1) e dt

. (TZ) A—2)ft+r—-1D" t+z -1 et dt

I
||MS
TN
> 3

0

This is identity (31). Then, by identity (7), we obtain the identity
(z—1)t

(1 —t)"D™ (z;t) = m! el o= m! D(x;t)
which is equivalent to identity (32). O
Theorem 18. The polynomials Dﬁ,,m)(x)/m! admit the determinantal representation
aq 1
b1 a9 1
pm by a 1
@_ m (33)
bn—? Ap—1 1
bnfl Qn nxn

where ay =x +m+k—1 and by = k(z — 1) for k > 1.

Proof. The tridiagonal determinants (also called continuants [14, pp. 516-525] [25]) defined
on the right-hand side of formula (33) satisfy the recurrence v, 12 — ani2Yni1 + bpi1yn =0
with the initial values yp = 1 and y; = ay. So, the claim follows from recurrence (10) and

the initial values D™ (z) = m! and D™ (2) = m!i(z + m). O
Theorem 19. The polynomials D,(lm)(x)/m! admit the determinantal representation
Qg —1
ay Qo —1
(m) (05} 2(1,1 ag —1
Dnm (.’E) — as 3(1,2 3@1 agp —1 (34)
m! ) ) ) )
(s (s (Pans (s - (D 1
(" an—1 ("Nan—a (" )an—s (") an-a (r2)ar (ho))ao




where ag = x +m and ar, = (m + 1)k! for k > 1. In particular, for x =0, we have a similar

representation for the generalized derangement numbers d%m), with ag = m and a, = (m+1)k!
for k> 1. For x = 1, we have a similar representation for the factorial numbers (m + n)!,
with ag =m+ 1 and ap = (m + 1)k! for k> 1.

Proof. Let b, be the n x n determinant appearing on the right-hand side of (34). Then,
expanding the determinant along the last column, we have the recurrence

" /n
bny1 = Z (k) apbp—g
k=0

with the initial value by = 1. If a(t) = >, -, a, % and b(t) = > om0 by 5, then we have the
differential equation v'(t) = a(t)b(t). So, if we set

1 e(x—l)t
b(t) = — D" (z;t) = ————
( ) m' (x? ) (1 _ t>m+1 ’
then we have by = 1, as requested, and
Vi) (-1 —-t)+m+1 m+1
A - _ —r— 14—
o) =3 11— AT
Hence ag = = +m and ay = (m + 1)k! for k£ > 1. This proves identity (34). O

4 Combinatorial identities

For the polynomials D™ (x) there are many combinatorial identities. In this section, we
derive some of them.

Theorem 20. We have the identities

Zn: (Z) a" D" (@) = D (w + ) (35)

k=0

and
SN A ) 1 1 .
> <k>D£)(x)D£3k(y> e Dy, (36)
k=0 r

In particular, for x =0 and y = 0, we have the identity

n n

E T\ L) o(s) 1 1 n n—k j(r+s+1)
d,’d = E —1 d . 37
(k) k “n—k (r:s) r4s4 1 — (k)( ) k ( )

k=0
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Proof. Identity (35) is equivalent to the identity

m) el@ta—1)t

at Ty(m) (.. .
e D™ (x;t) = I

= D™z +a;t).

Similarly, identity (36) is equivalent to the identity

16! plzt+y—2)t 16!
) (. () (0. . r:s. e . r:s: (r+s+1) 1.
D" (z;t) DY (y;t) = (1—t)T+s+2_(r+s+1)!D (x+y—15t).

Finally, identity (37) derives from the fact that
D(T+S+1)(—1; t) = d(’"+8+1)(t) et
U

A Sheffer matriz [20, 21] [2, p. 309] is an infinite lower triangular matrix S = [s, x|nx>0 =
(g(t), f(t)) whose columns have exponential generating series

n k
slt) = Y s oy = gy U

n>k

where g(t) and f(t) are exponential formal series with go = 1, fo =0, f1 # 0, and

The Sheffer transform associated with the Sheffer matrix S = [s,, x|ni>0 = (9(t), f(t)) is
defined, for every exponential series h(t) = -, hn = by

nl’

(9(t), FEDR(E) = g(O)R(f() = Y [Z Sn:khk] t_T; '

n:
n>0 k=0

The r-Stirling numbers of the first kind [6] are defined as the entries of the Sheffer matrix
(727 log 173), so that

11 1Y n] ¢
e (o) =2 o

n>k

In particular, for » = 0 and r = 1, we have the Stirling numbers of the first kind [8, p. 310]
[18, p. 48] (A132393, A008275): [}], = [4] and [}], = [\T)]. For r = 1,2,...,10, we have
sequences A130534, A143491, A143492, A143493, A049460, A051338, A051339, A051379,

A051380, A051523 in [23].
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The r-Stirling numbers of the second kind [6] are defined as the entries of the Sheffer
matrix S = (e, e! — 1), so that

t k n
rt(e _1) o n t_
TR _;{k}n'

In particular, for » = 0 and r = 1, we have the Stirling numbers of the second kind [8,
p. 310] [18, p. 48] (A008277): {3}, = {4} and {}}, = {311} Forr = 2,3,4,5 we have
sequences A143494, A143495, A143496, A193685 in [23]. The row polynomials of S are
the r-exponential polynomials

with exponential generating series

SO (;t) =Y S (w)

t_
_ ertex(e 1)

"
n!
For r = 0, we have the ordinary exponential polynomials S, (x), whose exponential generating
series are denoted by S(w;t). Moreover, the row sums of S are the r-Bell numbers by =
572’“’(1) =>r o {4}, [11], with exponential generating series

b(r) Zb _ rt e® —1

n>0

For r = 0, we have the ordinary Bell numbers b, [8, p. 210] (A000110).

The Lah numbers [8, p. 156] [18, p. 44] (A008297) are defined as the entries of the Sheffer
matrix L = (1, &), so that
tn

1 t k_ n
E\1—-¢t)
n>k

kl n!’

The row polynomials of L are the Lah polynomials

The row sums of L are the cumulative Lah numbers ¢, = , [19, p. 194] (A000262),

with exponential generating series


http://oeis.org/A008277
http://oeis.org/A143494
http://oeis.org/A143495
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http://oeis.org/A193685
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Theorem 21. We have the identity

n

Xn: {Z}r(—l)kD;(gm) (z) =m! Z (Z) (r—m—1)"""8(1 ). (38)

k=0 k=0
In particular, for r =0 and x = 0, we have the identity
" (n
m! ) E(m + 1) Ry, 39
> {thvra Z ( ) ) (39)

and, forr =1 and x = 0, we have the identity

; {Z 1 1}(—1)%,(;”) — m! ; (Z) (—1)"Fmm (40)

Proof. We have

tm! el@—1)(—e'+1)
e(m+1)t

(e, —e' + 1) D™ (z:t) = e =mlel IS (1 — a;t)

from which we obtain identity (38). O

Theorem 22. The polynomials D,(lm)(x) can be expressed as

I = (m+n\|m+k
DM (z) = o Dyi(z). 41
) = 2 sl e “
In particular, for x =0, we have
[ k
d%m): Tﬁn M et dp_t
(") c—~\m+k m

and for x =1, we have

(m+n)! =

17



Proof. By series (7), we have

12 1 t m (z—1)t
D(m)(x;t):m——'< ) ©

tm 1—t 1—t
12 n|t"
:%Z ;)D

_m!2 () t"

N e n>m k m a

e n A

PN (k)\ \ >]
n>m Lk=m

m+n m-+n t"
= m!2 > ’ m+n— k(l’) m
n>0 k m m m ny:
m!?n! ““/m+n\|m+Ek A
_Z (m +n)! <m+k)‘ m ‘D" () n!
n>0 k=0 '
from which we obtain identity (41). O

Theorem 23. We have the identity

(7 )y =i ). @

In particular, for x =0, we have
" /m+n\n! m
y ( )5(_1)'%1; b= mle, . (43)

— m+k

Proof. Consider the Sheffer matrix

[L m)] B 1 t
k] k>0 (1+¢)m+17 1 +¢

whose entries are

! 1 t V  onl tk m-+n\n!
L(m):n—t" = —[t"—r——— = —(=1)"*.
ok k![ ](1+t)m+1 (1+t> k![ ](1+t)m+k+1 (m+k> k!( )

Since

1 t 1 t (e—1)t
(m) (1) = (m) (- —mle 1t = m! — o —
((1+t)m+171+t>D (x’t)_(1+t)m+1D (I,1+t)—m.e - =mlL(1 —x;—t),

we obtain at once identity (42). O
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5 Connection identities

Let {pn(z)}nen and {g,(x)}nen be two polynomial sequences. If degp,(x) = n for all
n € N, then the sequence {p,(x)}nen forms a basis for the vector space R[z] of polynomials
and consequently there exist some coefficients (), ; for which

Qn<x) = Z Cn,kpk<x) :

The coefficients C,, ;, are unique and are called connection constants |20, p. 131} [21, 9, 10]. In

this section, we consider some connection identities for the polynomials D™ (x). Identities
(6), (9), (35), (41) are examples of this kind. We use an umbral approach due to G.-C. Rota.
Suppose to have a connection identity

qn(z) = Z Chk D,im) (x).
k=0

To obtain the connection constants, we define the linear map ¢, : R[z] — R[z] by setting
gom(D,gm) (x)) = a™, for every n € N, and then by extending it by linearity. Then, the
preceding identity becomes

@m(Qn(‘r)) - Z Cn,k xk .

Now, we extend ¢, to exponential formal series, as follows. First, we have

¢MNM@mwm%<Zyﬁng>=§)%wWWM§=§JW§=&%

n>0 n>0 T n>0
that is
m! el@=1)t y
¢m<u—wmﬂ):e
from which we have
o (@YY = % (1— )™+ et (44)

Now, let q(z;t) = >, -0 qn(®) % be the exponential generating series for the polynomials
¢n(z). Then, the connection constants C,, ; are determined by the series

>

n>0

n

E On,k l’k
0

k=

g _ ngm(qn(x))i—j = pm(q(x;1)) .

In the next few theorems, we use this method.
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Theorem 24. We have the connection identity

(-1 == Z ( ) (m * 1) (—1)"*(n — k) D™ ().

Proof. In this case, we have q,(z) = (z — 1)" and ¢(z;t) = e V% So, by applying (44), w
have the series

(e = = (L= et = Z[Z( )(Tf D( 1>”"“<”—’“>‘xk]§

n>0

from which we obtain the coefficients

clm = % (Z) (7:_*;) (1) *(n— ).

This proves identity (45).

Theorem 25. We have the connection identity

o =3 (1) (30 0t o),

k=0

(45)

(46)

Proof. In this case, we have ¢,(x) = fo)(:x) and q(x;t) = D) (x:t). So, by applying (44),

we have the series

T’! xr— 7"! s—r T
Ao o) = g e

_ Z_im LXZ% (Z) (Z B ;) (—1)"*(n — k)!mk] g

s n\/[(s—r\r! .
o5 = (1) (3255 ot

This proves identity (46).

ps (D" (x5t)) =
from which we have

Theorem 26. We have the connection identities

so-0-25 {1 oo

and



In particular, for x = 1, we have the identities

zn: {Z}r+m+1<_1)k (m + k)l = mlr" (49)

an: [ZLmH(—l)’“r’“ = W (50)

Proof. In this case, we have g,(z) = S (1 — 2) and g(z;t) = e™e(=2" =1 So by applying
(44), we have the series

T —z)(et— r 2—1)(—et 1 rim —a(et—
om(etel=DE D) = rt, (pla=D(=e'+1)) — — Q(r+mADE (—a(et—1)
1 n
_ (r+m+1) Ckak| U
Tk 1= SIS e g
' n>0 Lk= r+m+1 :

from which we have

Ol =1, .
: r+m-+1

This proves identity (47). Then, using the inversion formula for the r-Stirling numbers, we
obtain identity (48). O

6 Expectation and variance

Let X™ be the random variable counting the number of fixed points of a permutation
in S, Then DT(:Z) is the number of permutations m € Si™ such that X{™(x) = k. So,

the ex: ectatz'on of Xi™ , i.e., the expected number of fixed points in a random permutation
7w €Sy, can be expressed [o p. 284] as

n

1
B =E[XM] = —= 3" kD) = § : kD).
s = m+n' '

Similarly, since

. 1 < m
E[(X(")) = — > kD = mM.Z KDL,

|Snm) | k=0

the variance of X\™, defined by Var[X{™] = E[(X{™)?] — E[X{™]?, can be expressed as

2
1 - 1 .
Vi = VarlX,"] = (m+mn)!l = WD ((m—l—n)! Zko kD”"“) ’

(m)

To compute the expectation and the variance of X, ", we need next
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Theorem 27. We have the identity

n mln(n r)
r ( . m + n — k?)'
k=0
In particular, for r = 1,2, we have the identities
Zk;D =n(m+n—1)! (n>1) (52)
Zk:? n(m+2n — 2)(m +n — 2)! (n>2). (53)

Proof. Let ©, = xD,. Then, we have the generating series

> [Srn] f-Smren] G-[Temreg]

n>0 Lk=0 n>0 Lk=0 :1 n>0
"D (m m!e? r o mle™ T
= [6.D (e t)],, = (1— )1 [CA (1— )1 [Sr(at)e™],_,
r min(n,r)
m! r mitk rY(m+n—k
=gyt o0 k_o{k}<1—t>m+l 2| 2 )

from which we have identity (51). For r =1 and n > 1, we have

- m+n—k)!_ (m+n-1)"!
kZ{} Al = n! =1 =n(m+n—1)!.

For r =2 and n > 2, we have

n'Z{ }w)'k)l = n| ((m(;fl—)!lﬂ N (m(:iz;)ﬁ)!)

=n(m+2n—2)(m+n—2)!.

In the ordinary case (m = 0), we have the well known remarkable fact that the expectation
and variance of the number of fixed points in a random permutation in S,, are always equal
to 1. In the general case (m > 1), the expectation and variance of the number of fixed points
in a random permutation in S%m) are no more always equal to 1, even though this is true
asymptotically. More precisely, we have
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Theorem 28. Forn > 2, we have

n n(m? + 2mn +n* — 2m — n)

Em) — d ym —
" m+n a " (m+n)?>(m+n-—1)
Moreover, we have
lim E™ =1 and lim V(™ =1.
n—+00 n—+00

Proof. By identity (52), we have that the expectation is given by

" (m+n)! — ok (m+n)! m+n

Similarly, by identities (52) and (53), we have that the variance is given by

2
1 “ 1 “
(m) _ E 2 y(m) § (m)
Va™ = (m +n)! — K Dn g ((m +n)! N >

Cn(m42n—-2)(m+n-2) 7_@ °
N (m+n)! Qm+m)
n(m + 2n — 2) n?

T (mrn)(mtn—1)  (m+n)?
n(m? 4+ 2mn +n? — 2m — n)
(m+n)2(m+n—1)

Finally, it is easy to see that ES™ ~ 1 and V(™ ~ 1 for n — +oo0.

7 Asymptotics

We conclude by obtaining some asymptotic results for the generalized rencontres numbers

Df:? and the generalized derangement numbers d™ .

Theorem 29. We have the asymptotic equivalence

dy"
~nMe !

' forn — +o00.
n!

Proof. Wang et al. [26] proved that

(n+7)! ol
rl

D,(n) ~ for n — +00.

Then, by relation (4), for n — 400, we have

a1 11 2m)! 2m)!
O = D)~ e SRR o (2
n! n! (") nl (") m! (n+m)!
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By applying the Stirling formula n! ~ n"e™"v/2nm, for n — +00, we have

A (n+2m)rTEmen2m O om)r

n! (n + m)ntme=n=m, /2(n +m)r

m & (n —+ 2m)2m n+2m 1 mn2m —m—1 m —1
— 1_+ e ~e'—— e =N € .
n+m (n+m)™ \ n+m nm

Remark 30. From the asymptotic relation (56), we have that the series d™ (t) converges for

|t| < 1. So, for instance, for ¢t = 1/2 and t = —1/2, by series (2), we have

Z =m!2mtte V2 and Z(—l)" = m! (—) el/?.
2mn) 27! 3
n>0 n>0

Theorem 31. We have the asymptotic equivalences

nk (n ) e ! forn — +o0

n! k!
and )

Dy el
—(m—l—n)!wﬂ forn — 4o00.

Proof. By definition (5) and equivalence (56), for n — +o00, we have

Dhff _ 1 df
n! k' (n—Fk)! k!

Then, by using this equivalence and the Stirling formula n! ~ n"e™"v/2nm, we have

DS,Z) n! (n—Fk)™ n"e " 2nmw (n— k)™

~ e ~

(m+n)!  (n+m)! k! (n +m)rtme=n—m,/2(n +m)r k!

my—" n n—FkY\" et et et
-(+2) g
n n+m \n+m k! k! k!

This completes the proof.
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