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Abstract

We obtain factored closed-form expressions for the sums of cubes of Fibonacci and

Lucas numbers.

1 Introduction

The Fibonacci numbers, F;,, and Lucas numbers, L,,, are defined, for n € Z, as usual, through
the recurrence relations F,, = F,, 1+ F,, 9, F;, =0, Fi=1and L, =L, 1+ L, o, Ly = 2,
Ly=1,with F, = (-1)""'F, and L_,, = (=1)"L,.

Clary and Hemenway [2] derived the remarkable formulas

4§:F23k _ F3L31+1Fn—1[/n+2, if n is even; )
k=1 LELF3+1L7L—1F7L+2, if n is odd,

and .
8 Z ka; = F22nF22n+2(L4n+2 + 6) . (2)
k=1


mailto:adegoke00@gmail.com

In this present paper we will derive the following corresponding Lucas counterparts of (1)

and (2):
42n: L3, = 5FyFi1(LyLyy1 Loy +16), if nis even;
Pt Ly L1 (5F, Fry1Lopyr +16), if n is odd,

and .
8 Z Lik = FQnL2n+2(5L2nF2n+2F4n+2 + 32) .
k=1
In fact we will derive the following more general results:

e If r is odd, then

Ls zn: 3 F’r‘QnL?”n—&-r(LrnFrn-l—r + F,), if nis even;
r 2 2rk L2 F? . (FupLpnyr + F,), ifnisodd,

rm* rn4r

and

L3T Zn: L3 — 5FTnFrn+r(LrnLrn+rL2rn+r + 4<L2T + 1))’ 1f n iS even,
k=1 . LrnLrn+r(5FrnFrn+rL2rn+r + 4<L2T + 1))7 if n is odd.

e [f r is even, then
F37" Z F237‘k = anan+r(LrnLrn+r + Lr)
k=1
and

FS’/’ Z Lgrk = FrnLrn+r(5LrnFrn+rF2rn+r + 4(L2r + 1)) .
k=1

As variations on identities (5) and (7) we will prove

e If r is odd, then

L3r i F3 — FTnLTn+T(LrnFrn+rF2rn+r - 2Fr2>7 lf n iS even;
k=1 . LT”FT”+T(FrnLrn+rF2rn+'r - 2F2>, if n is odd.

r

e If r is even, then

5F3T Z F237‘k - FT”FT”+T(LTnLrn+TL2rn+T - 2L12") .
k=1

(3)



2 Required identities and preliminary results

2.1 Telescoping summation identity

The following telescoping summation identity is a special case of more general identities

proved by Adegoke [1].

Lemma 1. If f(k) is a real sequence and m, q and n are positive integers, then

n q q

[f(mk +mq) — f(mk)] =) f(mk +mn) = f(mk).

2.2 First-power Fibonacci summation identities
Lemma 2. Ifr and n are integers, then
(i) If r is even, then

FTZFQTk = FrnFrn+r-
k=1

(i) If r is odd, then

Lr i F2rk _ FrnLrn—i-ra an 758 even;
— Ly Frnyr, if nis odd.

Proof. Setting v = 2r and v = 2rk in the identity
Lu+v - (_1)1}Lu7v - 5Fqu

gives
L2rk+2r - L2rk—2r - 5F27"F2rk .

(9)

(10)

Taking f(k) = Ly_9,, ¢ = 2 and m = 27 in Lemma 1 and employing identity (10) we have

n 2 2
S5Fy, Z Forg, = Z L2rk+2rn—27‘ - Z T
k=1 k=1 k=1
= L2rn+2r + Loy — Loy — 2.
If r is even, then on account of the identity
Lu+v + (_]-)ULu—v = LuLm

we have
L2rn+2r + Loy = LTLQMH-T; Loy +2 = L72~ ’

(11)

(12)



and since
F2u :FULU7 (13)

identity (11) now becomes

S5F; Forp = L2rn+r - L,

2 (1)
=5FmFrnyr, by (9),

that is,

n
F, E Forp = FrpFrpyr, 7 even,
k=1

and the first part of Lemma 2 is proved.
If  is odd, then on account of the identities (9) and (12), we have

L2rn+2r + Loy, = 5FTF2rn+T7 Loy +2 = 5Fr2 )

and identity (11) reduces to

LTZFQTk = F2rn+r — F
k=1

FoLpnyr, if nis even;
Ly Frpyr, ifnis odd,

and the second part of Lemma 2 is proved. In the last stage of the above derivation we made
use of the identities

Foio — (-1)'F,, = F,L, (15)

and
Foiv+ (=1)"F,_, = L,F,. (16)
]

2.3 First-power Lucas summation identities
Lemma 3. If r and n are integers, then
(i) If r is even, then
F, i Lok = FrnLrntr -
k=1



(i) If r is odd, then

LT i L2Tk _ {5FrnFrn+T7 an Z:S even,
k=1 LrnLrn—i-r, an 15 odd.

Proof. Setting v = 2r and u = 2rk in the identity (15) gives
F2rk+2r - F2rk—2'r - FQT'L27‘]€ . (]‘7)

Taking f(k) = Fyx_2,, ¢ = 2 and m = 2r in Lemma 1 and employing identity (17) we have

n 2 2
F2'r Z L27‘k - Z FQrk+2rn—2r - Z F2rk—2'r 18
k=1 k=1 k=1 ( )
:F27“n+2r+F2rn_F2r'
If r is even, then choosing v = r and u = 2rn + r in identity (16) gives
F2rn+2r + Fopp = LTF2’I’TL+7‘ (19>

and, on account of identity (13), the identity (18) reduces to

F’I‘ZLZTIC :F27'n+r _Fr
k=1

= Lrntr+rn — Frn+r—rn
= FryLynyr, Dby identity (15),

and the first part of Lemma 3 is proved.
If r is odd, then choosing v = r and u = 2rn + r in identity (15) gives

F2rn+2r + Fopp = F’I‘L2TTL+T (20>

and, again on account of identity (13), the identity (18) now reduces to

L, Z Loy, = L2rn+r — L,

k=1
- Lrn—l—r—H"n - Lrn—l—r—rn
{5FmFm+,., if n is even;

LyyLppyr, ifnis odd,

where in the last step we used the identities (9) and (12).



2.4 Other identities

Lemma 4. If r and n are integers, then

FjFFT?’f = LinLrngrLopnir + Loy + (—1)"7
Proof. Using the identity Clary [2, Eq. (36)], or Dresel [3, Eq. (3.3)], namely,
Fy, =5F2 + 3(—1)"F,, (21)
we have

— (5F2, +3(~1)™)(5F2,,, + 3(~1)™"7)
= (12, — (“1)™) (LR, — (1)) (22)
- LGLG—Fr - (_1>Tn+TL72"n ( 1)TnL%n+r + (_1)T )

where we have also made use of the identity

FrnFrn+r

5F? — L2 =(-1)""'4. (23)
Now,
LiannJrr - LrnLrn+T(LrnLrn+r)
— LrnLrn—i-r(Lan—H" ( )TnL ) by (12)
- LrnLrn+rL2rn+r + ( 1)TnLrnLrn+rLr .
Therefore
Fornlormar _p D" Lynsr(Lyn Ly — L 1)t 2 1)"
W — rndtdrn+rL2rn+r + (_ ) rn+r( rnddr T T?’L+T’) - (_ ) rn + <_ ) .
But
(_1)rnLrn+r(LrnLr - Lrn+r)
= (=" Lyntr(Lrntr + (=1)"Len—y — Lynyr), by (12)
( ]->rn+TL'r’n+'r r™m—r
= (=1)"""(Lopp + (=1)"""Ly,), again by (12)
( ]-)TTH_TLQML + L2r .
Thus
F: TTLF T OoT rn+r rn+r T
m Ul (s e LrnLrn+rL27"n+r + <_1) * Loy + Loy — (_1) * Lgn + (_1)
FrnFrn+r

- LrnLrn+rL27‘n+T + <_1)Tn+T(L2rn - LG) + LQT + (_]-)T .

Finally, using the identity
Lo = L2+ (~1)'2, (24)
obtained by setting v = u in identity (12), we have the statement of the Lemma. O

6



Lemma 5. If r and n are integers, then

L3rnL3rn+3r
Lrn Lrn—l—r

= 5FrnFrn+rL2rn+r + Loy + (_1>T71-
Proof. Using the following identity, of Dresel [3, Eq. (1.6)]
Ly, = L —3(=1)"L,, (25)

we have

L T‘TLL TN T
Z3rn3rntdr <L72“n —3(=1)" )(L2

3 _1 rn-+r
LrnLrn+r rmn4+r ( ) )

= (5Fy, + (=1)™)(5F], 1, + (=1)""), by (23)
25F2 F, ( 1)Tn+T5Fr2n ( )Tn5Fr2n+r (_1>T )

rn’ rn+r

and the rest of the calculation then proceeds as in the proof of Lemma 4, the basic required
identities now being (9), (16) and the identity

Ly, = 5F2 + (—=1)"2, (26)
obtained by setting v = u in identity (9). O

Lemma 6. Ifr and n are integers, then

L3rnF3rn+3r
————— =5 Lenir Fornyr + Loy —1)".
LrnFrn+r e - ? - ( )
Lemma 7. If r and n are integers, then
F37"nL37‘n+3r
= . 5LrnFrn 'rF rn+r L T —1)".
FrnLrn—H" e et ( )

Different but equivalent versions of Lemmas 4-7 are given below:
Lemma 8. Ifr and n are integers, then

FrnFrn T nr n—4ur "
SIS Ly (D)L (<L) TITLE 4 L2 4 (< 1)1
FrnFrn-H‘

Proof. The proof is similar to that of Lemma 4, but here we use

Liann—&-r - (L27‘n+7” ( )TnL )2
- L%rn+r + L2 + 2( l)rn(L L2rn+r)
= L%rn—&-r + L2 + 2( 1)rn<L2rn+2r + <_1)TL2rn)
)

= L%rn+r + L2 + 2( 1 Tn( rnr ( 1)7’7’L+T—12 + (_1)T(LG + (_1)T7’L—12))7

and substitute in (22). O



Lemma 9. Ifr and n are integers, then

LSTnLBrn+3r 2 nr—1712
A Ly + (1" Loy

Lemma 10. Ifr and n are integers, then

— (=)L, + L 4 (—1)"

LT?’LF rn+3r — -
IS _ 5R2 A ()RR 4 (—1) U5 R2 4 5F2 4 (—1)'3.
LrnFrn—l-'r
Lemma 11. If r and n are integers, then
FT’nL TN T -
I = 5y (<1)SFY o — (1) "SEL, 4+ 5F) + (<1)'3.
rntrn+r

3 Main results

3.1 Sums of cubes of Fibonacci numbers

Theorem 12. Ifr and n are integers such that r is odd, then

LS i F3 _ FrnLrnJrr(LrnFrnJrrFZrnJrr - 2FT2), an 18 even;
' k=1 2k LrnFrn+r(FrnLrn+rF2rn+r - 2F2), an s odd.

T

Proof. Setting u = 2rk in identity (21) and summing, we have

5ZF23H€ = ZFGTk‘ _SZF2rk7
k=1 k=1 k=1

so that,
n n L . n
5Ls, ; F}, = Ls, ; Foop — 3L—3TL,, ’; Fo

n n (27)
= L3, Y Forr —3(L2+3)L, > Fop.
k=1 k=1

e If n is even, then, by Lemma 2, identity (27) can be written as

5L3, Z F23rk = F3rnL3rn+37“ - 3(L12n + 3)FrnLrn+r )
k=1

so that
5L3. > o F5, _ ByrnLarniar
FonLynir FonLnir
=5l Frnr Fopniy + Lo — 1 — 3Lf —9, by Lemma 7
= 5Ly Frpyr Fopnsr — 10F2, by (23) and (24) .

—3(L2 +3)



e If n is odd, then, by Lemma 2, we have
5L3, Z F237~k; = L3rnF3rn+3r - 3(L72n + B)LrnFrn—i—r ’
k=1

so that

5L3r szl F23 k LSTnFSTn—i-ST 2
=2 =% = —3(L; +3
LTNFWH-T LrnFrn-‘rr ( " i )
= 5F Lypyr Forngr + Loy — 1 —3L* —9, by Lemma 7

= 5F Lynyr Fornyr — 10F?, by (23) and (24).

Theorem 13. Ifr and n are integers such that r is even, then

5F37’ Z F23rk = FrnFrn+r(LrnL7‘n+rL2rn+r - 2L$) .

k=1
Proof.
n , n Fgr n
5F5 ) Fie = F ) Foe =37 ) Fon
k=1 k=1 r k=1
- F3rnF3rn+3r - 3(5Fr2 + 3>F’I‘7’LF’I‘7’L+T7
by Lemma 2 and identity (21),
so that

5Fs 3 a1 v _ By Farnysr
FrnFrnygy FrnFrnir
= LonLonirLopnyr + Loy —1 — 15F% — 9
(by Lemma 4 and identity (21)),
= LonLnirLopnyr — 202, by (23), (24) and (26).

—3(5F?% + 3)

Theorem 14. If r and n are integers such that r is odd, then

- F2L2 . (LinErner + F.), if nis even;
I A
—1 L2 Fz (FrnLopr + F.), if nis odd.

rm* rn4r



Proof. e If n is even, then from Lemma 2 and identity (27) we have

n 3
5L3r Zkzl F2rk FSrnL3rn+3r

= —3(L2+3

FrnLrn+r FrnLrnJrr ( " * )
=5Fy ., +5F2 +5F2 +5F>—3—3L?—9, by Lemma 11
=5Fy, ., +5F2 . +5F2 —10F? by identity (23),

so that
La. >0 F3
Frnzri+7'2 : - F22Tn+"’ + F1”2n+r + F7’2n - 2F7"2
= (F227‘n+7’_F7"2)+(F7"2n+7‘+Fr2n)_Fr2‘

Using the following identity, derived by Howard [4],
F2+ (=)' F2=F, ,Furv, (28)
we have

n 3
%ﬁc = F2rnF2rn+2r + FrF2rn+7" - Frg
= FornFornior + Fr(Fornyr — )
= FornFornior + FrFry Ly, by identity (15)
= FrnLrn+rLrnFrn+r + FrFrnLTnJrr

= FrnLrn—l—r(LrnFrn—‘r’r + Fr) .

e If n is odd, then from Lemma 2 and identity (27) we have
5L3r Zzzl F23'rk: LSTnF3rn+3r

_ —3(L*+3
LrnFrn+r LrnFrnJrr ( " + )
=5Fy ., +5F2  +5F2 +5F> —3—3L?—9, by Lemma 10
=5Fy ., +5F2 . +5F2 —10F? by identity (23),
so that

L3T ZZ—l F237‘k
B ——— :F22rn+r+Fr2n+r+Fr2n_2Fr2
LrnFrn+7'

:<F22rn+r_F2)+<F3n+r+Fr2n)_Fr2'

Using identity (28), we have
L, ZTkL—l F23 k 2
—_T:FrnFrn v+ FoForpyr — F,
LrnFrnJrr ? 2t * Zrt "
- FanF2rn+2r + FT(F27"n+7‘ - Fr)
= F2rnF2rn+2r + FrLrnFrn+r; by ldentlty (16>
= FrnLrn+rLrnFrn+r + FrLrnFrnJrr

= LrnFrn—l—r(FrnLrn—‘r’r + Fr) .

10



Theorem 15. If r and n are integers such that r is even, then
Fy, Z F23rk = anFv?n-s-r(L'ran—l-r + Lr) . (29)
k=1

Proof.

n n r ) n
5Fy Y Foy = Fu Y Fon—3=F ) Fa
k=1 k=1 T k=1
= F3rnF3rniar — 3(5Fr2 + 3>FrnFrn+r ,
so that

5F3T Zz,l F23 k F3rnF3rn+37“ 2
FrnFrn-i-?” FrnFrn-i-?” ( " " )

= LgrnJrr + L2

rn-+r

+ L2 +L—7—15F?—9, by Lemma 8
= L%rn—i—r + LG—i-r o 2L72“ + 5Fr2n7 by (23>
= (Lgrn—i—r - Lg) + <L3n+r - Lz) + 5Fr2n .

Using the identity (derived by Howard [4])

Li + (—1)“”71[13 = 5Fu7vFu+v ) (30)
we see that
Lngrr - L,Qn = 5F2rnF2rn+2r = 5FrnFrn+rLrnLrn+r (31>
and
L3n+r - L?n - 5F7‘nF7‘n+2r . (32)
Thus,

By >0 F3
w = FrnFrTL+TLTnLTn+T + FT?"LFT”"'Z’" + Frzn
FrnFrn+r

- FrnFrn+7"LrnLrn+r + Frn(Frn + Frn+27’)
= FypFonirLonLoniy + FonFrnn Ly, by identity (16)
= FrnFrn—i—r(LrnLrn-i—r + Lr) .

11



3.2 Sums of cubes of Lucas numbers

Theorem 16. If r and n are integers such that r is odd, then

z : 5FrnFrn+r(LrnL7‘n+rL2rn+r + 4(L2r + 1))7 an is even,
LST‘ L27’k‘ . .
LonLynsr(5Fp Frpsr Lopnyr + 4(Lo. + 1)), if n is odd.

Proof. Using identity (25) with u = 2rk, we have

Z Ly = Z Ler +3 Z Loy
=1 k=1

so that

Ly Y L3, = Ly Z Lo, + 3%@ Z Loy,
k=1 T
= L3, Z L +3(L Z Loy, 25).

k=1

e If n is even, then by Lemma 3 we have
L3r Z L2rk 5F37“nF3rn+3r + 3([13 + 3)5FrnFrn+r )

so that

L3T Zz—l L% k FSrnF3rn+3r 2
=115 — 3(L, +3
5FrnFrn+r FrnFrn—i—r * ( " - )
= LynLnirLopnyr + Lop +1+3L* +9, by Lemma 4

= LrnLrn+rL2rn+r + 4([/27" + 1)7 by (24) .

e If n is odd, then by Lemma 3 we have

L3 > L3 = LarnLsrnsar +3(L2 + 3)Lyn Ly
k=1

so that
L3r ZZ:I Lgrk _ L3rnL3rn+3r
LrnLrn+r LrnLrn+r
=bF Frnir Loy + Loy + 1+ BLE +9, by Lemma 5
= 5FrnFrn+TL2rn+r + 4(L2r + 1)7 by (24) .

+3(L2 +3)

12
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(34)



Theorem 17. If r and n are integers such that r is even, then

F3r Z Lgrk - FrnLrn+r<5LrnFrn+rF2rn+r + 4(L2r + 1)) .
k=1

Proof.
n 5 n Fg,r, n
FSr Z L2rkz - F37" Z Lﬁrk + 3FFT Z L2rk
k=1 k=1 T k=1
= F3 Y Lok +3(5F +3)F, Y Lo, by identity (21)
k=1 k=1

= F3pnLarnsse + 3(5F2 + 3)FoyLypyr, by Lemma 3.

Thus,

F3r ZZ—l L% k F3rnL3rn+3r 2
== % — 3OF+3
FrnLrnJrr FrnLrn+r + ( : + )
= 5Ly Frnir Fopngr + Loy + 14+ 15F2 +9, by Lemma 7

= 5Ly Frnsr Fornir + 4(Lar + 1), by (24) and (26) .
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