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The Fibonacci numbers, F),, and Lucas numbers, L,, are defined, for n € Ny, as usual,
through the recurrence relations F,, = F,,_1 + F,_o, with Fy =0, Fy =1land L, = L,_1 + L, _o,
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Abstract

We derive closed form expressions for finite and infinite Fibonacci-Lucas sums hav-
ing products of Fibonacci or Lucas numbers in the denominator of the summand. Our
results generalize and extend those obtained by pioneer Brother Alfred Brousseau and

later researchers.

Introduction

with LO == 2, L1 =1.

Our main aim in this paper is to derive closed form expressions for the following sums

and their corresponding alternating versions, for positive integers m, n and g:

o

0o
Lnk+nank+2nq T Lnk+(m—1)nq Fnk+annk+2nq T Fnk—l—(m—l)nq
) E , m>1,
Fnank—i-nq e Fnk+mnq 1 LnkLnk+nq e Lnk—i—mnq
0o
1

Y

1 Fnank+nq e Fnk+mnq7annk+mnq+nq e Fnk+mnq+2mnq
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1

1 LnkLnk—‘rnq e Lnk—i—mnq—nank—l—mnq—l—nq e Lnk+mnq+2mnq

NE

Y

k=
9] 9]
Lnk+mnq Fnk—i—mnq
E )
1 Fnank+nq : Fnk:+2mnq 1 LnkLnk—i—nq : Lnk+2mnq
(9] 9]
j : F2nk+mnq 2 : Fan—i—mnq
2 2 2 ’
-1 n nk+annk+2nq Fnkernq k=1 nk nk+nank+2nq Lnk+mnq
0
z : Lnk+mnq
2 2 o 2 2 o 2 !
k1 FnankJrnq FnkJr(mf1)anNk+mannk+(m+1)q Fnk+2mnq
)
Fnk+mnq
2 72 72 2 2 ’
k—1 LnkLnk—i-nq LnkJr(mf1)nank+mnank+(m+1)q Lnk+2mnq
o] 2 2
Fan+mnank+nank+2nq Lnk+(m 1)ng 1
2T e
k=1 nk* nk+ng® nk+2nq nk+mng

We require the following telescoping summation identities (see [1])

and

I
=
e
[
=
=
_l’_
=
4
AN
v
S~—
=
™
+
=2

for N > q € Ny.
In general, infinite sums are evaluated using

> (f(k) = f(k+q) }jf }: im_f(k+ N) (3)

and
ST=D(FR) (DT k4 q) =D (DM (k) (4)

If f(N) approaches zero as N approaches infinity, then we have, from (1) and (2), the useful

identities - .
S (R = fk+q) =) f(k) (5)
k=1

k=1



and

o0 q

DD R+ ()T (k@) = Y ()R (k).

k=1 k=1

(6)

The golden ratio, having the numerical value of (v/5 + 1)/2, is denoted in this paper by ¢.
We shall require the following identities (most of which can be found in the book by

Vajda [10]):
L,F, = Fu—i—v + (_1)UFu—v
F,L, = Fqu'U - (_1)1)};1“7”

2Fu+v = L,F,+ L.F,
(—1)"2F,_, = F,L, — L.F,

L,L, = Lu+v+(_]—)vLu—v
5E,F, = Luto—(—1)"Lu_s

(-1 YFyyuFy_y) = FX(Fy1 Fyy) — F2(Fyy1 Fuy)

(_l)tFqu = FyuFivo — FiFiuto
(=) 5F,F, = LituLivy — LiLisuro

Fu—vFu+v - va + (_1)u+v_1Fv2
5Fy oFupw = L2+ (=112

FUFQu—l—v—l-p = Fu+v+pFu+v + (_1)U+1Fu+pFu
FULQquerp = Lu+v+pFu+v + <_1)U+1Lu+pFu
The identities (12) and (13) were proved by Howard [6].

The following limiting values are readily established using Binet’s formula:

. FN+m - . LNer _ m-n
lim = lim =¢ ,
N—oo FN+n N—oo LN+n

lim Enm = 1 lim Lvgm = i

We shall adopt the following conventions for empty sums and empty products:

Y ftk)=0, J]fk)=1.

(11a)
(11b)

(12a)
(12b)

(13a)
(13b)

(14a)

(14b)



2 Results: Generalizations

2.1 Telescoping summation identities

Lemma 1. If m, n, ¢ and N are positive integers and f(k) is a real sequence, then

Z{ f(nk + mnq)) ‘_ f(nk—l—jnq)}
—Z{ankJr]nq} Z{ f(nk+nN+jnq)}.

If the sequence f(k) is convergent and we denote by f,, the limiting value of f(nN) as
N approaches infinity, we have

o0 m—1
{(f(nk) — f(nk +mnq)) H f nk:+jnq)}
k=1 L 7=1 (15)
{ f(nk + jnq) } Jo"q
k=1 \ j=0
Proof. We have
m—1
(f(nk) — f(nk 4+ mnq) H f(nk + jnq)
m—1 - m—1
= f(nk) f(nk + jng) — f(nk + mnq) H f(nk + jnq)
Jj=1 j=1
m—1 m
= [1 r(nk + jng) = T f(nk + jnq)
7=0 Jj=1
m—1 m—1
= 11 f(nk + jing) - H f(nk + jng + nq)
" . (16)

m—1
f(nk + jng) — ank+]nq
J= k—k+q

o

.

The result follows by summing both sides of identity (16), using the identity (1) to perform
the telescopic summation on the right hand side.
O



Lemma 2. If f(k) is a real sequence and m, n, ¢ and N are positive integers such that q is
even, then

-1

3

sz

—1Ft {(f(n/f) — f(nk +mnq))

= > (=) { ﬂ f(nk + jnq)}

k= j=0

f(nk +jMJ)}

1

J

+ (=DVTEN (1) {1__[ f(nk+nN —i—jnq)} :

k=1 Jj=0
Proof. Multiply through the identity (16) by (—1)*"! and use identity (2). O

Lemma 3. If f(k) is a real sequence and m, n, ¢ and N are positive integers such that q is
odd, then

PONC {(f(nk) + Sk -+ mng)) [T fouk +jnq>}

q m—1
Z { fnk—i—jnq}

o

j:

m—1
+ (DN ()R { f(nk +nN + jnq)} :
Proof. We have the identity

m—1
(f(nk) + f(nk 4+ mnq)) Hf nk + jnq)

7j=1

3

m—1
f(nk + jng) + H f(nk + jng + nq) (17)
7=0

o

.

-1
f(nk+jnqg) + || f(nk+ jng) :
J

3
3

.
Il
o
Il
=)

k—k+q
from which the result follows after multiplying through by (—1)*~! and summing over k,
making use of the identity (2). O

If the sequence f(k) is convergent and f(2Nn) and f((2N — 1)n) both have the same



limiting value as N approaches infinity, we have

e}

(—D’“{(f(nk) (=1)""" f(nk + mnq) ank+ynq}

- {H f(nk+jnq>}.

k=1

k=1

2.2  Sums with F . Fping - Foitmng O
Fnk‘Fnk—i—nq T Fnk+(m—1)annk+(m+1)nq T Fnk+2mnq in the denominator

Theorem 4. If m, n and q are positive integers, then

0 m—1 m—
>, ((—1>nk_1Hj:1 annq) V1 KT Laksing

k=1 H;nzo Fnk+jnq a 2anq 2anq k=1 j=0 Fnk:+jnq ’

so that
= (HT; Lnk+jnq> _ 1 k Wi—f nkijng  qV5" 0 even (19)
1 Hg 0 Frktjng 2anq k=1 j=0 Frktjng 2anq7

and . - B
((‘Uk_lw) = 15" _ Lnkﬂnq, n odd. (20)

—1 szo Fnk+jnq 2anq 2anq k=1 j=0 Fnk:+jnq
In particular,
— (D)™ V5 1 = Lok (21)

1 Fnank+nq B 2an 2an 1 Fnk ‘

Brousseau’s result ([3], equation (3), also rederived in various equivalent forms by other
authors, see for example reference [9]) corresponds to setting n = 1 in (21), but with a
different, but equivalent, form for the right hand side. Bruckman and Good’s result ([4],
equation (19)) is also a special case of (21), corresponding to setting ¢ = 1.

Theorem 5. If m, n and q are integers such that n is odd and q is even, then

00 m—1 m—1
Hj:l Lnk+jnq _ 1 i (_1)k H Lnk+jnq
H;'nzo Fnk+jnq 2anq k—1 . Fnk+jnq

k=1 7=0

In particular,

1 < Ly,
—_1)kZnE
g =3 E <( ) nk), n odd, g even, (22)

nank+nq L

which generalizes the result obtained by Rabinowitz (][9], the second of equation (26)), the
latter corresponding to the special case n = 1 in the identity (22), but with a different, but
equivalent, form for the right hand side.



Proof of Theorem 4 and Theorem 5
Dividing through the identity (8b) by F,F, and setting u = nk + mnq and v = nk, the
following identity is established for k, m, n and ¢ positive integers:

<_1)nk_12anq - Lnkernq Lnk

Fnankernq Fnkernq Fnk

Using f(k) = Li/F}) in Lemma 1 we get the finite summation identity
m—1
oOF Z nk Iszl Lnk+jnq

_ L (71_[1 Lnk+nN+jnq> . i <”ﬁ Lnk+jnq> 7
k=1 / /

=0 Fnk+nN+]nq el =0 Fnk—l—jnq

(23)

which yields Theorem 4 in the limit N approaches infinity. Theorem 5 is proved by using
f(k) = L/ F}, in identity (18).

Theorem 6. If m, n and q are positive odd integers, then

> 1 1 < 1
Z m—1 I F - L Z 2m—1 Ja :
k—1 szo nk+njq Hj =m+1 * nk+njq mng g4 szo nk+njq

Below are a few explicit examples from Theorem 6:
Atm=1:
1 < 1 (24)
Z 7 =7 . odd.

ank+2nq L ank+nq

At (m,n,q) = (1,1,1) and (m,n,q) = (1,1, 3):

= —~ 1 143
Z F LoD FyFrye 960
corresponding to Formula (4) and ( ) of Brousseau [2].

At (m,n,q) = (3,1,3):

i 1 ~938359017897442612
FyoFioysFreFyriaFrpisFiris  5579104720519492358676480

At (m,n,q) = (5,3,1):
= 1
FaFar3Farr6 k0 Pk r12Far 18 Fakro1 Fak 24 Fart27 F3k130
1
- 13970032097862115517068710877593600

k=1




Theorem 7. If g, m and n are positive integers such that q is odd and nm is even, then

S () ()
m—1 2m - 2m—1 :
k=1 Hj:[) Fnk+njq Hj=m+1 Fnk’-‘r’njq Lmnq =1 Hj:O Fnk+njq

Examples from Theorem 7 include

Atm=2:
= (-1t oy (-1 o, @)

- )
Fnank+annk+3annk+4nq L2nq 1 Fnank—f—annk—i—anFnk—f—?mq

k=1

At (m,n,q) = (1,2,1) and (m,n,q) = (2,1,1):
NSRS ER
 Fopbopra 97 = Byl Fiys g 18
At (m,n,q) = (2,6,1):

“— F Forvo Forr18 For-24 - 44444622716928

Proof of Theorem 6 and Theorem 7

With v = mng and u = nk + mnq in identity (7a), the following identity is established:

Lmnq Fnk+mnq 1 (_ 1>mnq

= —+ : 26
Fnank+2mnq Fnk Fnk+2mnq ( )
so that I g . )
mngd nk+mngq
= — ,  mng odd 27
FnankJernq Fnk Fnk+2mnq ( )
and Lo, 1 1
mng_ nktmng _ ,  mng even. (28)

FnankJernq Fnk Fnk+2mnq

If m, n and ¢ are positive odd integers, then from (27) and using f(k) = 1/F} in Lemma 1
(with m — 2m), we have the following definite summation identity

N

1
Z m*IF ) 2m F ]
k=1 Hj:O nkﬂan]’:mH nk+jnq

1 < 1 1 < 1
= I, 2m=T L Z an-1 o )
mnd p—q szo nk+jngq mng g Hj:() nk+nN+jng

from which Theorem 6 follows as N approaches infinity.

(29)

8



If ¢ is an odd positive integer and either m or n is even, then from (28) and Lemma 3
(with m — 2m) we have the summation identity

i ( (— 1)k: 1 >
m—1
k=1 szo Fnk+mq HJ =m+1 Fnk+njq (30>

1 q —1)k-1 _1)N-1 4q _1)k-1
- Z 277(171) + ( L) Z me(l ) ’
mng . q H Fnk+njq mng g Hj:O Fnk+nN+njq

7=0
from which Theorem 7 follows in the limit that N approaches infinity.

Theorem 8. If m, n and q are positive integers such that q is odd, then

m—1

00 — m—1
Z (—1)k 1F2nk+mnq H]’:1 Lnk—f—jnq _ li (_1)1971 Lnk-‘rj”q )
=1 Hj:o Fnk+jnq 2 =1 j=0 Fnk+jnq
In particular,
- k=1p 1< L
2nk+nq k—14tnk
= = -1 — dd. 31
> - F 32 DL o (31)

k=1

Corollary 9. If m, n and q are positive integers such that q is odd, then
2m—1

. m—1 2m—1
(~D* L2 g LTS kg 11 s Linkeing LS (Capt I Lot
m 1 B 2 E ng
P szo nk—+jng H] —mal nk+]nq k=1 7=0 nk+jng
In particular,
) k 1L2 1 d L L
nk—f—nq k—1Hnktnk+ng
_ - — )T g odd. 32
S = U v

Proof of Theorem 8 and Corollary 9

Dividing through the identity (8a) by F,F, and setting u = nk + mng and v = nk we have
the identity

F2nk’+mnq _ Lnk—i—mnq + Lnk (33)
Fnank+mnq Fnk—l—mnq Fnk

If ¢ is odd, then from (33) and with f(k) = Lg/Fj in Lemma 3 we have

2

k—
F2nk+mnq H nk+jnq

2
Z szo Fnkﬂnq

(34)

q m—1 L q m—1 L
_ 1 k—1 nk+jng 1 N-1 1 k—1 nk+nN-+jng
N | RN A I | ey
1 J=0 nk+jng 1 J=0 nk+nN+jng



from which Theorem (8) follows in the limit as N approaches infinity. Corollary (9) is
obtained by specifically requiring m to be even in Theorem (8).

Theorem 10. If m, n, q and p are positive integers, then
_ ~1

i (_1)nk IH;nzl Fnk+jnq+np
H;'n:o Frktjng

k=1
mn m—1
_ 9" 1 Zq: 11 Frktjngnp
ananp ananp .

= Lo Doking

In particular we have

0 nk— m—1 o —
Z <_1) _ §im+1 Fnk+jn = ¢ " — 1 - an—i—np—l-n (35)
and q
00 -1 nk—1 n 1 Fn .
k=1 FakFoking  Fagln Fogly el Fo,

Observe that identity (36) is equivalent to identity (21) but with a different form for the
right hand side. Since 2¢ = /541, F,,_1 4+ F,41 = L, and ¢" = ¢F, + F,_1, both identities
can be combined to yield the following interesting summation identity which is valid for all
non-zero integers n and non-negative integers q:

1 : Fnk+n 1 ? Lnk: q Ln
— — | —= — | === 37
ra(B) -1 (®) -4 &
k=1 k=1

Theorem 11. If m, n, q and p are positive integers such that n is odd and q is even, then

00 m—1

Z Hj:l Fnk-i—jnq-‘rnp

H;‘nzo Foketing

k=1
1 Eq : k ml _I1 F, nk+jng+np

P =1 oo Tmiting

In particular,

(e}

! Ly (( 1)’fF”’“+”) dd (38)
= — e n o , g even.
—1 FnankJrnq Fnan =1 Fnk

From identity (22) and identity (38) we have the interesting result

%g ((_1)'9%) — Fini ((—1)’“%) . qeven. (39)

nk —1

10



Proof of Theorem 10 and Theorem 11

Dividing through identity (11a) by Fi.,F; and choosing ¢t = nk, u = mng and v = np we
obtain the identity:
( 1)nk 1anqu _ Fnk+mnq+ﬂp . FnkJrnP (40)
Fnank+mnq Fnk+mnq Fnk .
With f(k) = Fjinp/F) in Lemma 1 and using the identity (40), we have the finite summation

identity

(41)

q

1 q m—1
Z H nk+nN+jnq+np Z H Fnk‘—i—jnq—i—np
?
7=0

b1 nk—l—nN—l—]nq —1 J=0 Fnk—l—jnq

N nk—1
Ja Ia Z ) H nkﬂnq—irnp
mng+t np
—1 Hj:O F nk+jng
m—

from which Theorem 10 follows in the limit as N approaches infinity:.
Using f(k) = Fyinp/Fr in Lemma 2 gives

m 1
j=1 nk+ynq+np

N
an Fn
! pzl{ H] ank+]nq

q
_ (_1)N k: 1 nkJrnNJranJrnP 49
; H Fnk+nN+]nq ( )
q 1
_ Z (_1)1%1 ﬁ Fok+jngtnp
1 j=0 Fnk—i—jnq

from which Theorem 11 follows.

LnkLnk+nq T Lnk+mnq—nank—|—mnq+nq T Lnk+2mnq in the denominator

The derivations here proceed in the same fashion as in the previous section. The theorems
will therefore be stated without proof. The analogous identity to (23) is

N m—1
oOF )= 1Hj:1 Fuktjng
mng W
—1 Hj—O nk+jng

(Ti_[ nkJrjnq) N i <ni_[1 Fnk+nN+jnq>
L L ; '

nk+jng =1 =0 nk+nN-+jng

(43)

k=1

11



Theorem 12. If m, n and q are positive integers, then

o) m—1 m—1
Z ( nk 1Hj:1 Fnk-‘rj’fMI) _ 1 d Fnk+jnq q

m - )
Hj:O LnkJrjnq 2anq k=1 j=0 LnkJrjnq 2anq\/ 5™

k=1
so that
[e'e) m 1 qg m— 1
j 1 nk+]nq q 1 nk—l—jnq
E = — E H , TN oeven
—1 H] =0 Lnk—i—]nq 2anq V4 Hm 2anq k=1 j=0 nk—i—jnq
and

m )
Hj:() Lnk+jnq 2anq k=1 j=0 Lnk—l—jnq 2anq \% om

k=1

In particular,

N 1 F,
) S he_ 4, ez

=1 LnkLnk—i-nq B 2an 1 Lnk 2an\/g7

The case n = 3,¢ =1 in (46) was mentioned by Brousseau ([2], equation (14)).
Theorem 13. If m, n and q are integers such that n is odd and q is even, then

0o m 1 i 1 q m—1 F
Jj=1 Pk jng _ (_1)k—1 nkting |
Zl ( H] =0 Link+jnq > 2Fmnq ; < ]1_[ Link+jnq

0

In particular,

N 1 - Fnk
Z YA Z <(_1)k1L_k>’ n odd, g even.

1 nk Lnk+nq L

Theorem 14. If m, n and q are positive odd integers, then

Z“’ 1 1 Zq 1
k=1 szo nk+njq H] =m+1 “nk+njq mng p_q szo nk+njq

00 m—1 m—1
Z <(_1)k—1 Hj=1 Fnk+jnq> _ 1 i H Fnk-i—jnq . q n odd.

(44)

(46)

(47)

Theorem 15. If ¢, m and n are positive integers such that q is odd and nm is even, then

i( (=D )_1&((4%1)
m—1 - 2m—1 :
k=1 Hj:o Lnk+n]q H] =m+1 Lnk+njq Lmnq 1 Hj:o Lnk’—i—njq

12



Analogous identity to identity (34) is

k,
9 Z F2nk+mnq H nk—i—jnq
Hj—() LnkJrij

. . (48)
nkﬂnq N-1 k 1 nk+nN+an
=3 (—1 (-1)
; H Lnk+]nq 1 H Lnk+nN+an
from which we get the following theorem in the limit as N approaches infinity.
Theorem 16. If m, n and q are positive integers such that q is odd, then
00 — m—1
Z k: Fan+man nk+jnq _ li (_1>k—1 H Fnk—i—jnq
1 Hj:() Link+jng 2 k=1 =0 Link+jng
Corollary 17. If m, n and q are positive integers such that q is odd, then
0o m—1 2m—1 2m—1
( 1>k 1F2k+mnq Hg 1 Fnk+j”q HJ =m+1 Fnk+jnq _ lzq: (_1)k_1 H Fnk+jnq
m 1 :
k=1 Hj:O nk+jnq H] =m-+1 nk+jnq k=1 =0 Lnk+j”q
Corresponding to identity (40) of section 2.2 we have (from identity (11b))
( 1)nk 15anqF o Lnk+mnq+np + Lnk—i—np (49)
LnkLnk—l—mnq Lnk—i—mnq Lnk‘ 7
leading to the summation identities
nk 1 H X
nk+jnq+np
S5FnF,
! Z { Hj:O Lnk+]ﬂq }
(50)

q m—1
_ Lnk+nN+jnq+np +Z H nk+3nq+np

1 j=0 Lnk+nN+jnq nk+gnq

and

szo Link+jng

_ (_1)N—1 Z {(_l)k—l 1:[ LnkJrnNJrjm'JJrnp} (51)

N m—1
i— Ln ing-+n
v 3| M e |

1 =0 Lnk+nN+]nq
q mflL
k—1 nk+jng+np
#04 (yit [ Fusieaen f
k=1 j=0 T mkting

from which Theorem 18 and Theorem 19 follow.

13



Theorem 18. If m, n, q and p are positive integers, then

0 nk— m—1
Z (_1) g 1Hj:1 Lnk+jnq+np
H;'nzo Lnk:-i-jnq

k=1
mn m—1
_o™q 1 zq: 11 Link+-jngnp
5ananp 5ananp 1 j=0 Lnk+jnq

In particular we have

00 nk— +m—1 o me1
Z <_1) k—1 é'):m-i—l Lnk"i’]?’b _ ¢ p n 1 Ljn+np+n (52)
H‘Z;:O Lnk+]n 5anFpn 5anFpn 0 L]n+n

k=1

and
q

> -1 nk—1 n 1 Ln "

LnkLnk+nq B 5anFn 5anFn 1 Lnk

k=1
Theorem 19. If m, n, q and p are positive integers such that n is odd and q is even, then

o] m—1
Z Hj:l Lnk+jnq+np
m
1 szo Linktjng

1 : k 1 nk+an+np
5ananP kz:; { H Lnkﬂnq ‘

In particular,

1 - kfank—&-n
Z LnkL 5F Ja Z ((—1) L—nk , nodd, qeven. (54)

nk+ngq L —

From identity (47) and identity (54) we have
1 L F, 1 < _1 Lnkn
330 (07 = s S (B g evan, (55)
k=1 nk " =1 nk

2.4 Sums with F; . Foping - Fokt2mng in the denominator
The results in this section are obtained from identity (7b). We have

F,L, 1 (=1
Fu—vFu+U B Fu—v Fu+v 7

from which, by setting v = mnqg and u = nk 4+ mnq, we get

anank’—i-mnq _ 1 . (_1)mnq (56)
Fnank—i-anq Fnk Fnk+2mnq ’

14



so that

g—nktmng - , mngq even (57)

Fnank—i-anq Fnk Fnk—l—anq

and
anank+mnq o 1 1

= ,  mnq odd. 58
Fnank+2mnq Fnk Fnk+2mnq ( )
The derivations then proceed as in the previous sections.

Theorem 20. If m, n and q are positive integers such that mngq is even, then

HJ 0 Fnk;-‘rn]q anq k=1 HJZT:n(;l Fnk+njq

Examples from Theorem 20 include:

At (m,n,q) = (1,2, 1) and (m n,q) = (1,1,2):

Z Lop42 Z Ly _ 5 (59)
Fyy F}. 6
=1

Fri2Fyia
The first of the identities in (59) was also derived by Melham ( [7], equation 3.7).

At (m.n,q) = (2,7,1):

[o¢]
Lryi14 B 1

FrpFrppr FrppiaFrisor Fryos  6427623373464462

k=1

Theorem 21. If m, n and q are positive integers such that q is even or mnq is odd, then

i (D" Loping | 1 Z( (—1)k! )
H] ank+an anq k=1 HJQZLJI Fnk+njq

Examples from Theorem 21 include:

At (m,n,q) = (1,1,2) and (m,n,q) (1,3,2):

i (—=1)* 'Ly 1 i ML 271
0 P FriaFiia 6’ — kF3k+6F3k+12 156672

At (m.m,q) = (2,4,2):

i (=1 'Lygsis C 1T7072540680427
FurFarssFarnoFarsorFarss | 166704475185956548320480

k=1
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2.5 Sums with L,;L,ing - - Lnkt2mng in the denominator
The results here follow from the identity (9b).

Theorem 22. If m, n and q are positive integers such that mnq is even, then
o0 Fooom o a (ot
Z (Hg oLnkﬂ"q) 5B g 1; (;Ho L"’“+j"q> |
Theorem 23. If m, n and q are positive integers such that q is even or mnq is odd, then

> Jai 1 q 2m—1
(_1)k71 mnk+mnq _ k 1
; H2 Lnk+jnq 5anq ; H Lnk+]nq

2.6  Sums with F; ForiongFuktangFnk+6ng - - Frkt+2mng in the denomina-
tor

Theorem 24. If m, n and q are positive odd integers, then

f: ank-i-mnq o 1 = (i1>k_1
k=1 H] =0 Fnk+2jnq Lmnq k=1 HT:?)l Fnk+2jnq
In particular,
e 2q
Fnk+nq 1 1
—_— = —, nqodd. 60
; Fnank-l—an an ; Fnk ( )

Proof. From identity (27) and with f(k) = 1/F; (and ¢ — 2¢) in Lemma 1 we have the
finite summation identity

2q

nk—l—mnq 1 (
E — E — mng odd)
i l |j 0 Frkt2jng k=1 | |;‘n:01 Frk+2jng

(61)

=0 Fnk+nN+2jnq

From identity (27) with m, n and ¢ positive odd intergers and with f(k) = 1/F; (and
q¢ — 2q) in Lemma 2 we have the alternating finite summation identity

L (_1)k_ank+mnq - i (—1)k_1
o k=1 HTZO Fnk+2jnq k—1 1_[7;701 Fnk-i—?jnq
(=DM

DT, [ F

k—1 j=0 + nk+nN+2jng

N

(mng odd)
(62)

Theorem 24 follows from identities (61) and (62) in the limit as N approaches infinity. [
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Theorem 25. If m, n and q are positive integers such that mnq is even, then

2q

o~ k—1
Z nk+mnq o 1 (j:l)
=1 H] =0 Fnk+2]nq mnq k=1 H nk+2]nq

In particular,
2q 1

1
nk+nq
= — —, ngeven. 63
ZF1k}7nk+2nq an;Fnk 1 ( )

Proof. As in Theorem 24, with the identity (57), with mnq even.
The corresponding finite summation identities are

Fiong Z 1—[ _Lokimna Z = F (mnq even)

j= OFnk+2]nq j —0 L' nk+2jng (64)
B P
=1 H;n__ol Fnk+nN+2]nq
and
o ZN: ~ Loktmng _ i (- (mng even)
a - H nk+2jnq 1 H;n:_ol Fnk+2jnq 65
N-1 i (_1)]671 .
+ (_1) B m—1 ’
1 Hj:O Fnk+nN+2jnq
]

2.7 Sums with L, Ly ongLnktangLnk+éng - - Lnk+2mng in the denomina-
tor

In this section we state the Lucas versions of the results given in section 2.6.
Here the basic identities (from identities (9)) are:

Lmnank-l—mnq 1 1
= — ,  mngq odd 66
LnkLnk+2mnq Lnk Lnk+2mnq 4 ( )
SF g Foktmn 1 1
g~ nkmng _ - , mng even. (67)

LnkLnk+2mnq Lnk Lnk+2mnq
Theorem 26. If m, n and q are positive odd integers, then

2q

> -1 k—1
Z Lnk—l—mnq - 1 (il)

- m—1 :
1 H] -0 Lnk+2jnq Lmnq 1 Hj=0 Lnk+2jnq

17



In particular,
29
nk+nq o 1

Z ,
LnkLnk+2nq an E—1 Lnk

ng odd .

Theorem 27. If m, n and q are positive integers such that mngq is even, then

2q

(j:]_)kfl

nk+mnq _ 1
Z H 5Fng ; H;?";—Ol

k=1 Jj= ()Lnk—i—Q]nq Lnk+2jnq
In particular,
e8] 2q
E Fuking 1 ! ng even
= , .
b1 LnkLnk+2nq 5an 1 Fnk
We have the following finite summation identities:
N 2q 1
nk+mnq
mnq E E m—1 (mnq Odd)
k:l nlc+2jnq k=1 H Lnk+2jnq
B 2 : m 1 L
_ J =0 nk+nN+2]nq
N _ 2q k-1
nk—i—mnq o (_1)
Lypng E H 7 = E moTg (mng odd)
-1 j=0 Hnk+2jng k=1 H]':() nk+2jngq
2q _
(_1)k 1

DT [ L

=0 nk+nN+2jnq

k=1
2q 1
nk+mnq o
5me]§ :H—_E : m—lL
nk+2jnq k=1 Hj 0 nk+2jnq

(mng even)

_Z mlL

_ J -0

—1 k—an . 2q —1)k1
S Y ks ()
k=1

m ] m—1
Hj:o Lnk+2jnq =1 Hj:O Lnk+2jnq

2q

nk-l—nN—‘rQan

(mngq even)

(-1t

+ (=DM T

m—1 L :
j=0 tmk+nN+2jng

k=1

18
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(70)
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(72)

(73)



2.8 Sums with FanFan+2an2nk+4an2nk+6nq T F2nk+2mnq in the denom-
inator

Theorem 28. If m, n and q are positive odd integers, then

i Hmﬁénk-i-mnq _ 1 Zq: — 1
k=1

=0 FanHjnq Lmnq 1 szo F2nk+2jnq

In particular,

- F2nk+nq
_ 74
; FanFan+2nq an ; F2nk ( )
> Fynissn L\ 1
Z 2nk—+3nq — . (75)

1 FanFan+2an2nk+4an2nk+6nq L3nq 1 F2nkF2nk+2an2nk+4nq

The identity derived by Frontczak ([5], identity (18)), corresponds to setting ¢ = 1 in iden-
tity (74).
Proof. From identity (7a) with v = mnqg and u = 2nk + mng comes the identity

Lmanan—i—mnq 1 1
= — ,  mng odd. 76
FanFan—i-anq F2nk Fan—i—anq ( )

From identity (76) and Lemma 1 with f(k) = 1/Fy; we have the finite summation identity:

N
I Fan—i—mnq z :
mnq : :Hm _ m 1
k=1

j=0 Fan+2jnq F2nk+2]nq (77)
- Z N 7
F2nk+2nN+2]nq
from which Theorem 28 follows in the limit as N approaches infinity. O

Theorem 29. If m, n and q are positive integers such that q is odd and mn is even , then

i S Yy — _ 1 : (—1)~1t ‘
—1 H] o Fonk+2jng Linng €= H?Z)l Fonktajng
In particular, ,
- ! Foein 1 —1)k-1
Zl F2nkF2n:+];:q - Ling k:zl | F2)nk ' (78)
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Proof. From identity (7a) with v = mng and u = 2nk + mng comes the identity

4” 2nkrmng + , mngq even. (79)

FanFanJernq Fan F2nk+2mnq

From identity (79) and Lemma 3 with f(k) = 1/Fy, we have the finite summation identity:

mnqi I 1F2nk+mnq:i L

j= OFan+2jnq =1 H] =0 F2nk+2jnq

- (80)
+ (N i _ (=) ’
P H;nzol Fonk+2nN+2jnqg
from which Theorem 29 follows in the limit as N approaches infinity. O
Theorem 30. If m, n and q are positive integers such that mnq is even, then
N Longymng 1 o 1
; 11720 Fonk+2ing  Fiung ; H;n:_ol Fonks2jng
In particular, N ,
in?;jzznq B Finq Z F21nk ’ (81)
k=1 k=1
i Lonk+3ng _ 1 1 ‘ (82)
— FonkFonksongFonkrangFonkrong  F3ng = FonkFonk+2ng Fonkrang
Proof. From identity (7b) with v = mnq and u = 2nk + mnq comes the identity
FrungLiankmng = LI ! ,  mng even. (83)

F2nkF2nk+2mnq F2nk: F2nk+2mnq

From identity (83) and Lemma 1 with f(k) = 1/Fy, we have the finite summation identity:

N
F Lan—i—mnq
mnqi :Hm - § : m 1
k=1

=0 F2nk+2jnq F2nk+2jnq (84)
- Z i =
F2nk+2nN+2]nq
from which Theorem 30 follows in the limit as N approaches infinity:. O

Theorem 31. If m, n and q are positive integers such that q is even or mnq is odd , then

o0 -1 q k—1
z : L2nk+mnq o 1 ( 1)
k=1 H] =0 F2nk+2]nq mnq =1 H Fan+2jnq

20



In particular,

00 1L 1 q -1 k—1
Z - 2nk+ngq - (—)7 q even or ng odd.

anFan+2nq an Fan

k=1 k=1

The alternating summation identity here, valid for ¢ even or mnqg odd, is

N q

(_1)k_1L2nk+mnq _ Z ( 1)k_1

m
k—1 Hj=0 F2nk+2jm1 k=1 H] =0 Fan+2]nq

+ (_1)N—1 Z m_1<_1) -

k=1 Hj:o Fan+2nN+2jnq

F, mngq

(85)

(86)

2.9 Sums with L2nkL2nk+2nqL2nk+4nqL2nk+6nq T L2nk+2mnq in the denom-

inator

The results in this section are derived from identities (9). The proofs are identical to those

in section 2.8 and are therefore omitted.

Theorem 32. If m, n and q are positive odd integers, then

2 Lonksmn 1 < 1
S S
k=1

j=0 L2nk+2jnq mng Hj:O L2nk+2jnq

In particular,

= L2nk+nq 1 : 1
= ,  ngodd,
; LanLan+2nq an ; Lan
. Lok t3nq 1< 1

=1 L2nkL2nk+2nqL2nk+4nqL2nk+6nq L3nq =1 LanL2nk+2nqL2nk+4nq

The finite summation identity is

Yoo a 1
2nk+mn
Lng E T Tmng E — mnq odd
k=1

=0 L2nk’+2jnq k=1 Hj—O Lan—i—Zjnq

_Z N

L2nk+2nN+2jnq
Theorem 33. If m, n and q are positive integers such that q is odd and mn is even ,
i 1L2nk+mnq _ 1 : ( 1)k_1
=1 H] 0L2nk+2jm1 mnq k=1 H L2nk+2gnq

21
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In particular,

00 k=1p i 1 L (—1)k1
Z 2nk+ng _ (=1) , g odd, n even. (90)
1 L2nkL2nk+2nq an 1 L2nk

The alternating finite summation identity is

i\f: 1L2nk+mnq zq: <_1)k_1
Lipng = — q odd, mn even
-1 H] =0 L2nk+2jm] k=1 Hj:()l L2nk+2jnq (91)
N 1Zq: (—p+!
+ <_1) - m—1 °
k=1 Hj:[) L2nk+2nN+2jnq
Theorem 34. If m, n and q are positive integers such that mnq is even, then
i F2nk+mnq 1 Zq: 1
=1 H;’L:O Lan—l-anq 5anq k=1 H L2nk+2jnq
In particular,
- F2nk+nq 1 : 1
= , nq even, 92
; L2nkL2nk+2nq 5an ; L2nk ( )
= F2nk:+3nq _ 1 ! 1 (93)
1 L2nkL2nk+2nqL2nk+4nqL2nk+6nq 5F3nq 1 L2nkL2nk+2nqL2nk+4nq
The finite summation identity is
N q
F . mn 1
9 g Z — nktmng — mng even
— Hj:O Lan—i—anq k=1 ijo Lan—l—anq (94)

_z:ml )

L2nk+2nN+2jnq

Theorem 35. If m, n and q are positive integers such that q is even or mnq is odd , then

i 1F2nk+mnq _ 1 i (_1)]671
5anq m—1
k=1

H] 0L2nk+2jnq k=1 Hj:() L2nk+2jnq

In particular,

= k 1F2nk+nq 1 - (_1)k_1
S e LS e 09

=1 2nkF2nk+2nq 5 41— L2nk
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The alternating summation identity here, valid for ¢ even or mnqg odd, is

N

—1 k—an o 4q —1)k-1
Ll W E)

m
1 Hj:O L2nk+2jnq

m—1
k=1 Hj:() Lan—I—?jnq
q k—1
a3 (1)
4 (_1)N 1

m—1 :
k=1 Hj:o L2nk+2nN+2jnq

2.10 Sums with FZkFE

2 2 2
5 i k+ng "’ Fnk+mnq—nqFnk+mannk+mnq+nq T Fnk—i—?mnq
or Fnanan e Fnk+mnq in the denominator

Theorem 36. If m, n and q are positive integers such that mngq is even, then

i ( F2nk+mnq ) _ 1 ! 1

m 2
Hj:O Fnk—l—jnq

s
k=1 Finng k=1 H;'n=0 Fnk:+jnq
Explicitly,
i Fan—i—mnq o 1 ! 1
2 2 2 - 2 2 2 :
k=1 FnankJrnq e Fnkernq anq k=1 FnankJrnq e FnkJr(mfl)nq
Examples include:
Atm=1
> F2nk+nq _ L d L nq even (97)
k=1 F’r%kFr?k+nq an k=1 7%k’

At (m,n,q) = (1,1,2) and (m,n,q) = (1,2,1) :

> F >, F 98
Z 22k-12-2 —9 Z . 4k42rz 1 (98)
k=1 Fk Fk:-‘rQ k=1 FQkF2]<;+2

At (m,n,q) = (3,2,2) :

[e.9]

Flitrz 1288981
PR P I o Fors 35850395750400 °

(99)

Corollary 37. If m, n and q are positive integers, then

o0

L 1 q 2m—1 1
nk-+mng _
m—1 2m - ’
; (Fnkerm] Hj:O Fﬁk—&-jnq H Fy > F Z ( H . )

j=m-+1 " nk+jng 2mngq k=1 §=0 Fnk+jnq
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Explicitly, Corollary 37 is

Z Lnk+mnq
< F2 % F2 F2

Fnk+mn e F2
nk+ng nk+(m—1)ng 4~ nk+(m-+1)ng nk+2mnq

R 1
" Fong ; F? F?

nk+ng

F3k+(2m 1)ng

Below are a couple of examples:
At (m,n,q) = (1,1,1) and (m,n,q) = (2,1,1) :

Z Ly 1 Z Lo L
F2FpnF2, FZF2, FpoFP g F2,, 108

[e.e]

At (m,n,q) = (3,2,2) :

o)
L2k+12

P o F B s For 105y 165 00 F o 04
B 636693716175181614930457
©1701394375843622618689225675379000792710492054565683200

Proof of Theorem 36

(100)

(101)

By making appropriate choices for the indices u and v in the identity (12a), it is straightfor-

ward to establish the following identity:

anqF2nk+mnq o 1 (_1)mnq
2 12 2 I P )
Fnank+mnq Fnk Fnk+mnq
so that
anqF2nk+mnq o 1 1 mngq even
2 2 o 2 2 ’
Fnank—i—mnq Fnk Fnk—l—mnq
and g . 1 1
mnqt 2nk+mng
72 2 = + 7 ,  mngq odd.
nk™ nk+mngq nk nk+mngq

From (103), with f(k) = 1/F? in Lemma 1, we have the finite summation identity

Fan+mnq _ 1 d 1
Z H mnq ; Hm ! F?

nk+]nq nk+jngq
1< 1
— ,  mng even.
mnq k=1 H nk—i—nN-‘,-jnq

(102)

(103)

(104)

(105)

As N approaches infinity, we have Theorem 36, while specifically requiring m to be even

gives Corollary 37.
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Theorem 38. If m, n and q are integers such that q is even or mnq is odd, then

i ((_]—)lean—anq) o 1 Zq: ( (_1>k71 )
m 2 - m—1 '
=1 Hj:() Fnk-i—jnq Fm”q k=1 Hj:() Frzak:-i-jnq

Proof. The statement of the theorem follows from (102) and identity (18). O

In particular, we have

o0

(_1>k_1F2nk+nq _ L i (_1)/€—1
F% F? F F?

nk+nq ng p_q

, g even or ng odd, (106)
k=1
which generalizes Brousseau’s result ([2], Formula (6)), also derived by Melham [8] as a
special case of a more general result. Brousseau’s formula (6) corresponds to n =1 in (106).
Another Brousseau’s result ([2], Formula (15)) is also contained in the identity (106) above
atn=3,q=1.
More examples from Theorem 38:

- (= 1) Pyt ang 1< (—1)F1
= , gevenor ngodd. (107)
; FQszk-l-an’r%k-‘r?angk-l—?)nq anq k—1 ngFsk—l—anT?k—i—an

Corollary 39. If q is a positive even integer, then

0o _ 2m—1

() =S e (T )
m—1 2m 2 :

k=1 Fnk+mnq Hj:O Fsk—s—jnq Hj:erl F?%k-&—jnq Fanq k=1 j=0 Fﬂk-f—jm]

In particular:

i(—l)k_lLk-i-q_ 1 (—1)F! s

= even .
2R 2 P F2E2 0 q
kL k+qt k429 29 3.1 Tk

k=1 k+q
We note that Theorem 36, Theorem 38, Corollary 37 and Corollary 39 correspond to setting

p = 0 in Theorem 48 and Theorem 49 of section 2.12.

Theorem 40. If m, n and q are positive integers, then

i (=)™ Fypgetmng H}Zl L?%kJrjnq _ ofq 1 i ﬁ Lik-‘rjnq
Hm 2 4anq 4anq 2 '
=1

=1 j=0 * nk+jngq =0 Fnk+jnq

In particular

i(—l)"’“—%nk+nq: 50 1 N~Li (109)
IS
= Faleng A 4B 5 T

Theorem 41. Ifn and q are positive integers such that n is odd and q is even, then

foe) m—1 m—
Z Fan+mnq Hj:l Lik_,'_jnq _ 1 zq: (_1)]6 1 Lik-ﬁ-jnq
Hm ; A g k=1 J E;

k=1 j=0 Fnk+jnq i—0 ~ nk+jing
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Proof of Theorem 40 and Theorem 41

Multiplying identity (8a) and identity (8b) and choosing u and v judiciously, it is easy to
establish that the following identity holds for positive integers m, n, ¢ and k:

2
(_l)nk_14anqF2nk+mnq o Lnk+mnq N Lik ‘ (110)
Fr%kFr%k+mnq F3k+mnq Fr%k

From identity (110) and f(k) = L?/F? in Lemma 1 we have the finite summation formula:

N nk—1 m—1 r2
AF <_1) Fan—i—mnq Hj:l Lnk—i—jnq
mng E Hm 2
1 7=0 " nk+jng
q m—1 qg m—1 52
Lnk—i—nN—l—jnq H Lnk—i—jnq

k=1 j=0 Ey nk+nN+jng  p—1 j=0 FnkJrjnq

(111)

from which Theorem 40 follows in the limit N approaches infinity. Theorem 41 follows from
identity (18).

2.11 Sums with LQkL
or L L L2

The theorems in this section are the Lucas versions of those of the previous section. We
omit their proofs. The basic identity is

5anqF2nk:+mnq _ 1 (_1)mnq
L2 L? L%, L2 ’

nk+mng nk+mng

2
Lnk:—i—mnq nank+mnank+mnq+nq L

in the denominator

nk+nq nk+2mng

nk+ngq nk+mnq

(112)

which follows from the identity (12b).

Theorem 42. If m, n and q are positive integers such that mnq is even, then

f: F2nk+mnq _ 1 zq: s, 1
H] =0 nk+]nq 5anq k=1 \ j=0 Lik-i-jnq

Explicitly,

Z F2n1<:+mnq _ 1 i 1
L2 L?zk—i—nq L?lk—}—mnq 5anq — LikLik-i-nq L127,k+(m 1)ng

Corollary 43. If m, n and q are positive integers, then

e’} q 2m—1
j : Fnk+mnq o 1 1

m—1 r9 2 - 2 .
k=1 Lnk+mnq Hj:O Lnk+jnq H] =m+1 LnkJrjnq 5F2mnq k=1 j=0 Lnk+jnq
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Theorem 44. If m, n and q are positive integers such that q is even or mnq is odd, then

io: ((_1)k_1F2nk+mnq) _ 1 zq: <(_1—)k_1>
m 2 - m—1 :
k=1 HJZO Lnk+jnl1 5anq k=1 Hj:O L%LkJrjnq

In particular, we have

foj T Fonkng 1 §q | (=) dd (113)
= , g even or ng odd,
k=1 L%k’L%k-ﬁ-nq 5an k=1 L?Lk‘

Corollary 45. If q is a positive even integer, then

e
m—1 - 2m—1 :
k1 Lnk+mnq Hj:() LikJrjnq H] =m+1 L?Lk+]nq 5F2mnq k=1 Hj:O L%LkJrjnq

In particular:

() Ry 1 A (2D

L2 Ly o2 bFyy = L3LF,,

q even. (114)

-1 k+2q

Theorem 46. If m, n and q are positive integers, then

i ( 1)nk 1F2nk+mnq H 7%k+]nq _ 1 Zq: ﬁ F3k+]nq . 1 i
Hm 2 4F; 2 4anq o ‘

k=1 j=0 Lnk+jnq mng g._q =0 Lnk+jnq

In particular

o -1 q 2
F2nk+nq 1 Fk q
= oy . 115
S = ST (115

k=1 nk nkJrnq

Theorem 47. If n and q are positive integers such that n is odd and q is even, then

m—1 m—
Z Fan—I—mnq H F3k+jnq _ 1 ! (_1)k—1 g Fsk-i-jnq
[Tz L T 2 L L iing )

k=1 7=0 “nk+jng mng ;.4

In particular

~ 2 k+ q 1 - k 1F2k
= = (=1)" =%, nodd, q even. (116)
kz n nk—i—nq 4an _ L72‘Lk
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2.12 Sums with

FnkFnk+onnk+nqFnk+nq+onnk+2nqFnk+2nq+np' T Fnk+mannk+mnq+np 1mn
the denominator

Theorem 48. Ifm, n, q are positive integers such that mnq is even; and p is a non-negative
integer, then

— F2nk+mnq+np . 1 g 1
; - F Z Hm—l F

o .
_ Hj:O Fnk+jannk+jnq+np mng 1 11j=0 nk+jannk+jnq+np

Theorem 49. If m, n, q are positive integers such that mnq is odd or q is even; and p is a
non-negative integer, then

> k—1 4q k—1
§ : (_1) Fan+mnq+np o 1 (_1)

m m—1 .
1 Hj:O FnkJrjannkJrj"qunp anq 1 Hj:(] Fnk+jannk+jnq+np

Proof of Theorem 48 and Theorem 49

By dividing through the identity (13a) by FyFuspFutvFutosp, and setting v = nk and
v = mngq, the following identity is established

anqFan—‘rmnq-‘rn[) _ 1 + (_ 1)mnq+1 (1 17)

FnkFnk+onnk+mannk+mnq+np Fnank—l-np Fnk+mannk+mnq+np
so that

anq Fan—i—mnq—i—np

FnkFnk+onnk+mannk+mnq+np
(118)
1 1
= — mnq even
)
Fnank+np Fnk+mannk+mnq+np

and

anq Fan—i—mnq—l—np

FnkFnk+onnk+mannk+mnq+nP (119)

! + ! dd
= s mnq o .
Fnank—i-np Fnk+mannk+mnq+np

From (118) and f(k) = 1/(FiFytnp) in Lemma 15 we obtain the finite summation identity
N
F2nk+mnq+np
an m
! ; (szo Fnk+jannk+jnq+np

E 1
( — ) (120)
k=1 szo Fnk+jannk+jnq+np

[}

1
- m—1 F F )
k—1 szo nk4+nN—+jngL nk+nN-+jng+np
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from which Theorem 48 follows in the limit as N approaches infinity. The statement of
Theorem 49 follows from (117) and identity (18).

2.13 Sums with

LnkLnk;+annk+nqLnk+nq+annk—|—2nqLnk—|—2nq—|—np' T Lnk;—i—mnank—i—mnq—l—np in
the denominator

The results in this section are the Lucas versions of the results in the preceding section. The
basic identities are

5anqF2nk+mnq+np _ 1 (_1)mnq+1

+

121)
m m—1 m ) (
Hj:[) Lnk—i—jnank—i-jnq-i-np H]’:() Lnk+jnank+jnq+np Hj:l Lnk+jnank+jnq+np

and, if mnq is even

Hj:() Lkt jngLnk+jngtnp

N
F2nk+mnq+np
5 Frung ( - ‘ ‘ )
k=1

d 1
_ ( ) (122)
k—1 szo Lnk+jnank+jnq+np

q
1
- m—1 )
k=1 Hj:() Lnk+nN+jnank+nN+jnq+np

while if mngq is odd or q is even:

Jai 1F2nk+mnq+np
st (7

=0 LnkJr]nq LnkJrjanrnp

IR (-1
=2 (Hm_l 7 ) (123)

1 i=0 Lmk+jngLnk+jng+np

e 12 ( (~1)*! ) |

J =0 LnkJrnNJrjnq Lnk+nN+jnq+np

Theorem 50. Ifm, n, q are positive integers such that mnq is even; and p is a non-negative
integer, then

i F2nk+mnq+np o 1 Zq: 1
m o m—1
k=1 H 5anq 1 Hj:()

j=0 Lnk+jnank+jnq+np Lnk+jnank+jnq+np

Theorem 51. If m, n, q are positive integers such that mnq is odd or q is even; and p is a
non-negative integer then

Z 1F2nk+mnq+np - 1 d (_ 1>k_1
« ]I

m—1 :
j= OLnkJrJ"ankJrjanrnP 5anq =1 Hj:() Lnk+jnank+jnq+np
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2.14 Evaluation of other sums

Theorem 52. If m, n and q are positive integers, then

e8] nk—1 2 qg m—1 2
Z ( 1) Fan+mnq+2 H nk+]nq+1 9 1 H Fnk+jnq+1
- - )
1 Hj:O FnkJrjannkJr]anrZ anq anq k=1 j=0 Fnk+jannk+jnq+2
so that
F Hm 1 F2 qg m—1
Z 2nk+mnq+2 nk+jng+l nk-i—jnq-i—l q n even (124>
- - )
Hj:O FnkJr]annkJr]anrZ anq k=1 j=0 FnkJrjnq nk+jnqg+2 anq
and
00 2 q m—1
Z (_1> Fan+mnq+2 H nk+]nq+1 9 nk—l—]nq—f—l n odd
— , .
=1 Hj:o Fnk+]annk+jnq+2 anq anq k=1 j=0 Fnk+]nq nk+jng+2
(125)

Theorem 53. If m, n and q are positive integers such that n is odd and q is even, then

Z <F2nk+mnq+2 H r%k+]nq+1> 1 i (ﬂi_—[l ( )kF k+jng+1 )

—1 H]’:() Fnk+]annk+]nq+2 anq =1 =0 Fnk+]annk+]nq+2

Proof of Theorem (52) and Theorem (53)

Dividing through the identity (10) by F, 1 F,_1F,+1F,—1 and setting v = nk + 1 and
v = nk + mng + 1 we obtain the identity

k—1 2 2
(_1)n anqFan+mnq+2 o Fnk+mnq+1 - Fnk+1 (126)
Fnank+2Fnk+mannk+mnq+2 Fnk+mnq+2Fnk+mnq FnkJrQFnk

With f(k) = F,/(FyFyi2) in Lemma 1 and use of the identity (126) we get the finite

summation identity
N nk 1 m—1 12
F2nk+mnq+2 H Fnk+]nq+l
anq E

1 Hj_g Fnk+]annk+an+2

nk—i—nN-‘,-jnq—i—l
127

N+jannk+nN+an+2

q

k=1
m—1
B Z H Fy i jngs1
=0 nk+]annk+]nq+2 7
from which Theorem (52) follows in the limit as N approaches infinity. Theorem (53) follows
from the identity (126) and taking f(k) = Fi,/(FkFr+2) in identity (18).
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Theorem 54.

3

[e.e]

Z Fopqs 1 i Fopqs _ 1
LRGP, 128 P LyLi Lo Ly 829440

k=1 k41
Theorem 55.
" Fypy1 Fapyo Fors _ i Lapi1 Lapr2Fert3 _ 1
L Fis 128’ LL L4, 10240
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