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Abstract

We study the largest values of the rth row of Stern’s diatomic array. In particular,
we prove some conjectures of Lansing. Our main tool is the connection between the
Stern sequence, alternating binary expansions, and continuants. This allows us to
reduce the problem of ordering the elements of the Stern sequence to the problem of
ordering continuants. We describe an operation that increases the value of a continuant,
allowing us to reduce the problem of largest continuants to ordering continuants of
very special shape. Finally, we order these special continuants using some identities
and inequalities involving Fibonacci numbers.

1 Introduction

The Stern sequence A002487 is defined as follows: s(0) = 0, s(1) = 1, s(2n) = s(n) and
s(2n+1) = s(n)+s(n+1) for every n > 0. Stern’s diatomic array consists of rows indexed by
0,1,2,..., where if r > 0, then the rth row is s(2"),s(2" +1),...,s(2""). Stern’s diatomic
array can also be constructed in the following way. Start with the Oth row 1,1. If r > 1,
then to construct the rth row, copy the previous row, and between every two consecutive
numbers x,y, write their sum x 4+ y. This array was first studied by Stern [7]. Lehmer [4]
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summarized several properties of this array. Recently Defant [1] gave upper bounds for the
elements of the Stern sequence.

For » > 0 and m > 1, let L,,(r) denote the mth largest distinct value of the rth row
of Stern’s diatomic array. If there are fewer than m distinct values in the rth row, then
we just take L,,(r) = —oo. Lucas [5] has observed that the largest value in the rth row
is Li(r) = F,42, where F,, denotes the nth Fibonacci number. Lansing [3] determined the
second and third largest values Lo(r) and Ls(r), and formulated the following conjectures
about the L,,(r)’s. Her Conjecture 7 [3] says that if m > 1 and r > 4m — 2, then

L(r) = Lyp(r — 1) + Ly, (r — 2).
Her Conjecture 9 [3] says that if m > 2 and r > 4m — 4, then

Lm(T) = mel(r> - Fr—(4m—5) = Fro — Z Fr—(4j—5)-

=2

The following theorem is our main result. It gives a formula for L,,(r) for certain values
of r and m, and it implies the two conjectures of Lansing stated above.

Theorem 1. Ifr € Z>, then

Lm(T) = Frio — Fom—o v Fr—omi14e,

where
; < |3 20 r-
b=bm,r)= O IS or2in
L, ifm>["2] and 21 r.

We show now that Theorem 1 implies the two conjectures stated above.

Proof of Conjecture 7 [3]. Let m > 1 and r > 4m — 2. Then m < L%J, s0 Ly, (r) =
FT+2 - FQm_QFT_2m+1 and Lm(T — 1) = FT+1 — FQm_QFT_Qm by Theorem 1. If r Z 4dm —
then m < L%L while if » = 4m — 2, then 2 | r — 2, so either way L,,(r — 2)

F. — F5,, oF,_5,_1. The conjecture now follows from

Fr+2 - F2m—2F7’—2m+1 - (Fr-l—l - F2m—2Fr—2m) + (Fr - F2m—2Fr—2m—1)-

]

Proof of Conjecture 9 [3]. 1t is enough to prove L,,_1(r) — Ly(r) = F._m-5), because
Li(r) = Foys. Now m —1 < [™2], and either 2 | r = 4m — 4, or m < [Z2]. So
Ly 1(r) = Fryo — Fopy 4 Fr_opis and Ly, (r) = Fryo — FopyoF 9,11 by Theorem 1. Hence

Ly1(r) = Ln(r) = FompoFromi1 — FopaFroomis = (1) " FBF_(4m—5) = Fr—(am-5)
by Lemma 3. ]



Here is a brief description of the contents of the paper. In Section 2 we state some basic
results about Fibonacci numbers, alternating binary expansions and continuants. In Section
3 we describe the connection between the Stern sequence, alternating binary expansions
and continuants. Using this description we reduce the problem of comparing the elements
of the Stern sequence to the problem of comparing continuants, which is the subject of
Section 4. (For earlier work on comparing continuants, see Ramharter’s paper [6].) Using
some identities involving Fibonacci numbers, we finish the proof of Theorem 1 in Section 5.
Finally, in Section 6 we discuss possible extensions of our results.

2 Preliminaries

In this section we introduce some notation, and state some basic results about Fibonacci
numbers, alternating binary expansions and continuants. Let F;, denote the nth Fibonacci
number for every n € Z. So Fy =0, Fy =1, and F,, = F,,_1 + F,,_» for every n € Z. Note

that (13)" = (Flﬁiil Ff:) for every n € Z. The following basic lemma describes the sign of

the Fibonacci numbers.

Lemma 2. Ifn € Z, then F_,, = (—1)"*'F,. Hence

=0, ifn=0
F,<>0, ifn>0o0r2tn;
<0, ifn<0and?2|n.

Proof. The first part is easy to check by induction on n, and the second part follows from
the first part. m

The following lemma describes a useful identity, which allows us to compare F;F;’s with
fixed © + j.

Lemma 3. Ifi,5,k,l € Z and i+ j =k + 1, then
EF; — FE = (-1)"E_ Fjy.
Hence if i+ j =k + 1, then F;F; = Fi.F) if and only if {i,5} = {k,(}.
Proof. If n,i,j € Z, then
Fn+z‘Fn+j - FnFn+z‘+j = (—1)nFiFj'

Dickson [2, p. 404] attributes this identity to A. Tagiuri. Substituting k, i — k and j — k into
n, ¢ and j, we obtain the stated identity. To prove the second part, note that by Lemma 2,
if n € Z, then F,, = 0 if and only if n = 0. ]



The following lemma describes the ordering of F;F}’s with 7,5 > 0 and 7 + j fixed. We
need this result to prove the second half of Theorem 1.

Lemma 4. Let n € Zxq, then the set

has cardinality [“1], and if m € {1,..., [}, then the mth smallest element of this set
i Fom—a—clyp—(am—2-c), where

. 0, ifm< 2] or2fn;

1L ifm> "] and 2 | n.
Proof. The last part of Lemma 3 implies that the cardinality is [%3]. Form € {1,..., [%]}
let ¢(m) be defined as ¢ in the statement above, and let u(m) = 2m — 2 — ¢(m) and

v(m) =n—(2m — 2 —¢(m)). Then u(m),v(m) > 0 and u(m) + v(m) = n, s0 Fyum)Fuom)
is an element of the set. Let 1 < m < m/ < [25]. All we need to prove is that
Fu(m)Fv(m) < Fu(m/)Fv(m/). The difference is

Futmy Fotmry = Fumy Fotmy = (=)™ Futnr) —utm) Fomr)—utm)
by Lemma 3. Here
u(m’) —u(m) =2(m' —m) —c(m’) +c(m) >2—1>0,
80 Fymy—u(m) > 0. Therefore we need to prove that (—1)c(m)Fv(m/),u(m) > (0. First suppose
that 2 { n. Then ¢(m) = ¢(m’) = 0, so v(m') — u(m) = n — 2(m’ + m — 2) is odd, hence
(=1)™ () —u(my > 0 by Lemma 2. So let 2 | n.

Suppose that m > 2|, Then c¢(m) = ¢(m/) = 1, and m > [2H] = [2E], so

m—12>[22] > 22 > 2 hence
2lv(m)—ulm)=n—-2m'+m—-3)<n—-22m+1-3)=n—4(m—1) <0.

Thus (—1)C(m)Fv(m/) u(m) > 0 by Lemma 2.

Finally, let m < [ﬂj Then ¢(m) = 0. If m' > [®]  then ¢(m’)
v(m') —u(m), s0 Fymn—umy > 0. If m" < [®2] then ¢(m’) = 0 and 4m’ — 4 < n, so

v(m') —u(m )—n—2(m+m—2) n—22m'—3)>n—(4m’' —4) >0,

hence Fv(m/)_u(m) > 0. ]

Now we turn to the discussion of alternating binary expansions. For d,ly € Zso,
li,...,lqg € Z>, we define

d

A(lo, ceey ld) = Z(_l)d*i2l0+...+li.

=0

We call this an alternating binary expansion. The following lemma gives a bound for

Ally, ..., 1a).



Lemma 5. ]f d, l() S ZZO and ll, ceey ld S Z’Zh then
2ZO+"'+ld—1 < A(lo, e ld) < 2l0+"'+ld'
Ifd >0, then A(ly, ..., 1g) < 2lot+a,

Proof. We prove by induction on d. For d = 0 this is trivial, so suppose that d > 1 and that
the statement is true for smaller values of d. Let k; = lp+ - - -+ [; for every i € {0,1,...,d}.

Then 0 < kg < ky < -+ < kg, and A(lo, .. .,ld) = Qka _ Qka-1 4 Qka—2 _ ... 4 (—1>d2k0 =
2kt — A(ly, ..., lq_1). Here 0 < 2Fa—1=1 < A(ly, ... 1) < 2F-1 < 2%a=1 by the induction
hypothesis, so 2k~ < A(ly, ..., 1;) < 2ka. O

The following lemma describes the number of alternating binary expansions of a positive
integer.

Lemma 6. Every n € Z>1 has exvactly two alternating binary expansions, and exactly one
of these has the form n = A(ly, 1,1s,...,ls), where ly € Z>o and d,ls,...,ls € Z>1. Ifn is a
power of 2, then d =1 and the other expansion is n = A(ly), while otherwise d > 2 and the
other expansion is A(l,lo + 1,13, ...,1).

Proof. Tt is easy to check that A(lp,1) = A(lp) = 2© and A(ly, 1,1z,...,lq) = A(ly,lo +
1,15,...,1g) for d > 2. Hence it is enough to prove that every n € Zs; has exactly one
alternating binary expansion of the form n = A(ly,...,l;) such that d > 1 and [; = 1. We
prove by induction on n. Let k be the unique positive integer such that 2¥~1 < n < 2%, Let
ki=1lo+ -+ +1; for i € {0,...,d}. Then 2% < n < 2% by Lemma 5, so kg = k. Moreover
n =28~ Ay, ...,lg1),son = A(ly,...,lg-1) =28 —n. If d = 1, then [y = k — 1 and
n = A(ly,1) = 2*71. Now let d > 2. Then A(ly,...,lg1) < 2F-1 < 2F=1 by Lemma 5, so
2F1 < n < 2¥ and n’ < 2"~ < n. By the induction hypothesis, there is a unique expansion
n' = A(ly, ..., lq_1) with [} = 1, where furthermore lo+---+14_1 < k— 1, because n’ < 2F~1,
Then lg =k — (lp+ -+ + lg—1) € Z> is also determined. O

Now we will recall some basic facts about continuants. Continuants are polynomials in
several variables, which come up often when working with continued fractions. We define
the dth continuant Ky(Xy,...,Xy) € Z[Xy,...,X,] for every d € Zso, by the following
recursion: Ky =1, K;(X;) = X3, and

Ko(Xq,..., Xg) = XaKg1(Xq, ..o, Xao1) + Kgo( Xy, ..., Xa—2)

for every d > 2. We can safely write K (X,...,Xy) instead of K4(Xj,...,Xy), because d is
anyway determined by the number of variables. If X = (X3,...,X,), then we will also use
the notation K (X) = K(Xj,...,Xy). The continuants are related to continued fractions by
the following identity:

1 _K(ao,...,ad)
K<a17"'7ad)

lag,ai,...,aq] = ag+




for every d > 0.
The following lemma gives maybe the most practical description of continuants, using
2 x 2 matrices.

Lemma 7. Ifd > 2, then

Ky(Xi,... . Xg)  Koa(Xi,. Xe)\ _ (X0 1 (Xg 1
Koo (Xoyo o, Xag) Kyo(Xoy..., Xao1) 10 1 0)

Soif d >0, then Kq(X1,...,X4) = My, where M = ()il (1)) ()id (1))

Proof. This easily follows from the defining recursion by induction on d. O
The continuants have the following symmetry property.

Lemma 8. K(Xy,...,Xy) = K(X4,...,Xy) for every d > 0.

Proof. Let M = ()il é)---()id[l)), then

hence
K(Xg,...,X1)=(M")11=M; = K(X1,...,Xa)

by Lemma 7. [
The following lemma states a few simple identities involving continuants.
Lemma 9. Ifd > 1, then
K(Xq,...,Xy) = K(X1—1,Xo,...,Xy) + K(Xs,...,X,).
If d > 2, then
K, Xs,...,Xy) = K(Xg,...,Xyq) + K(X3,...,X4).

Ifd > 1, then
K(l,Xl,XQ,...,Xd) :K(X1+1,X2,...,Xd)

and
K(Xy,..., X1, X0, 1) = K(Xq,..., Xq 1, Xqg+1).

Proof. The identities are trivial for d = 1, so assume that d > 2. Using Lemma 8 and the
defining recursion of the continuants, we obtain

K(Xq,...,Xy) = Xi K(Xa, ..., Xy) + K(X3,...,X4).
Substituting X; — 1 into X7, we get
K(X1 - 1,X2,...,Xd) = (X1 - 1)K(X2,,Xd) +K(X3,...,Xd).

These two equations immediately imply the first part of the lemma. Substituting 1 into X;
in the first equation, we obtain the second part of the lemma.
The fourth identity follows from the third one by Lemma 8. Finally,

KX14+1,Xs,...,Xy) = K(Xq,...,Xq) + K(Xy,...,Xy) = K(1,Xq,...,Xy)
by the first two parts of the lemma. m



3 Connecting the Stern sequence, alternating binary
expansions and continuants

The following proposition describes the connection between the Stern sequence, alternating
binary expansions and continuants. This result plays a central role in this paper: it allows
us to reduce the problem of ordering the elements of the Stern sequence to the problem of
ordering continuants.

Proposition 10. Ifd,ly € Z>o and Iy, ..., lq € Z>1, then
S(A(lo, ll, Ce ,ld>) = K(ll, C ,ld).

Proof. We prove by induction on ly + --- + l4. So let S € Zs(, and suppose the statement
is true if [o+ -4+ 1y < S. Nowlet lp+---+1; =S. If Iy > 0, then A(lp,l1,...,ls) =
20 A(0,14, ... ,14), so s(Alg, Iy, ..., 1g)) = s(A(0,1y,...,13)) = K(ly,...,l3) by the induction
hypothesis. So assume that [y = 0.

Let ki = lo+- -+ forevery i € {0,...,d}, and let n = A(lo, Iy, ..., 1g) = S0 (—1)4-72k.
Note that kg = 1o = 0, so k; = l;. Here n > 0 by Lemma 5, and n is odd, so n = 2m + 1 for
some m € Zso. If d =0, thenn =1, and s(1) =1 = K(). Solet d > 1.

First suppose that I, > 2. If d is even, then m = A(l; —1,ls,...,1;) and m+1 = A(0,[; —
1,1y, ...,13), while if d is odd, then m+1 = A(ly —1,1ls,...,l;) and m = A(0,l; — 1,15, ..., 1q).
(Note that I; —1 > 1.) So either way we get

s(n) = s(m)+s(m—l— ].) = S(A(O,ll — 1,[2,...,ld))+8(14<l1 — ].,lg,...,ld))
:K(ll_17l27"'7ld)+K(l27"'7ld) :K(l17"'7ld>

using the induction hypothesis and Lemma 9.

Now suppose that I[; = 1. If d = 1, then n = A(0,1) = 1 and s(n) = 1 = K(1). So let
d > 2. If dis odd, then m = A(ly,...,ly) and m + 1 = A(0,ls,...,l;), while if d is even,
then m +1 = A(ls,...,ly) and m = A(0,ls, ..., lz). So either way we get

s(n) =s(m)+s(m+1) =s(A0,l,...,lq) + s(A(la, ..., 1a))
:K(lg,...,ld>+K(l3,...,ld) :K(l,l%...,ld) :K(ll,...,ld)

using the induction hypothesis and Lemma 9. O]
For r € Z let us define
E.={(li,...;la); d € Z>1,ly,.. ., lg€Zs1, i =1lg=1, 1+ +lg=1+1}
and
E . ={(li,...,1a); d € Zs1,l1,.. ., g €Ly, li=1lg=1, 11+ +1g<r+1}

Using Lemmas 5, 6 and Proposition 10, we obtain the following corollary.

7



Corollary 11. Ifr € Z>, then the set of values of the rth row of Stern’s diatomic array is
{stn); 2" <n <2} = {K(); L€ E7}.

Proof. Suppose that [ € El. Let [y =r+1—>_,l; and n = A(lp,...,lg). Then 2" <n <
27+ and s(n) = K(I) by Lemma 5 and Proposition 10. So the left hand side contains the right
hand side. Conversely, let n € {27,...,2""}. If n = 2" or n = 2""! then s(n) = 1 = K(1).
So suppose that 2" < n < 2"l According to Lemma 6, n has an alternating binary
expansion n = A(ly,...,ly) withd > 1land [y = 1. Here ly +---+ 1y < lop+---+1lg=r+1by
Lemma 5, and s(n) = K(ly,...,ls) by Proposition 10. So if i; =1, then [ = (l1,...,ls) € E!
and s(n) = K(I). If Iy > 1, then I' = (l1,...,l; — 1,1) € E! and s(n) = K(I) = K(') by
Lemma 9. So the right hand side contains the left hand side. O]

This corollary implies that L,,(r) is the mth largest distinct value in {K(l); [ € E!}. So
we need to compare the continuants K (), where [ € E!.

4 Comparing continuants

The following proposition describes a simple operation on (Iy, .. ., ;) that increases K (Iy, .. ., lq).
This operation is our main tool in comparing continuants.

Proposition 12. Let d,ly,...,lq € Z>1, j € {1,....d}, and suppose that l; = u + v for
some u,v € Z>y. Then

K(ly,....lq) <K, .. Lo u o g, ),
where equality holds if and only if j =1 andu =1, or j =d and v = 1.
Proof. Lemma 7 implies that
K(l,...,)lqg) = (P("“7"8) Q)11
and
K, w0yl la) = (P (1 6) (16) @)
where P = (4 0) - (b)) and @ = (Y3 1) -+ (% 1). Using

1 0 1 0
() EH =) = (WD) = () (v=1,1)
we obtain
A:K(lla---,lj—l,U,U,lj+1,...,ld)—K(ll,...,ld):(P(ufl)(’u—]_’l)Q)Ll
= (Pl,l(u — 1) —+ P1,2)<Q1,1(U — 1) —+ QQJ).

Here Py 1, P1 o, Q11,Q21,u—1,v—1>0,s0 A > 0. Note that det P,det ) € {—1,1}, since
det ()1( (1)) = —1. So (P1717P1,2) 7é (070) and (QLl,QQJ) 7é (0,0) Hence A = 0 if and OIlly
ifu=1and Pip =0,0orv=1and Q1 = 0. It is easy to see that P, = 0 if and only if
J =1, and similarly, Q)21 = 0 if and only if j = d. O]
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We introduce some notation. Let
d

Wl ) =Y (=) =L+ +l—d.
i=1
For r € Z and a € Z>q let

E’r,a = {(ll, e ,ld) c Er, h(ll, .o .,ld) = CL}

and
Erl‘,a = {(lb e '7ld) € E;, h(ll, Ce :ld) = CZ}.

Then E! = UaZO E;”,a = Utgr UaZO Ei,.
For s,po,p1,...,ps € Z> let

W (Xt X)) = (L, L X011, L, Xy 1 L X1, 1)
—— —— ——
po p1 Ps—1 Ps

and

and kp,, = K(wy,).

The idea is that starting from (I, ...,[ls) € E!, and using the operation of Proposition 12
several times, and also possibly increasing elements or adding new elements to (I1,...,[s), we
can increase K (ly,...,1,) to K(w,41). If we stop a bit earlier, we get the largest continuants.
The precise statement is described in the following proposition.

Proposition 13. Ifr € Z>g and | € E. \ (E,0U E, 1), then there is an m € E,_19U E, 5
such that K(I) < K(m).

Proof. We will use several times that if u,...,ug € Z>1, then
K(uy, ... ug) < K(ug,...,ug, 1),
and if u}, ..., ul, € Z>y and u; < u} for every 4, then

K(u, .. ug) < K(uy, ... ug).

We prove by induction on h(l). If h(l) = 0, then [ = w, for some d < r, so we can take
m=uw, € E,_1,. If h(l) = 1, then [ = wy, ,, (2) for some py, p1 € Z>; with po+p; <r—2,so
we can take m = Wy, r—2-p,(3) € E,2. Finally, let h(l) > 2, and suppose that the statement
is true for smaller values of h. Then thereis a j € {2,...,d — 1} such that [; > 2. Let

U=(y,... o, — 1,1, s, L),
then I’ € E/, and K(I) < K(I') by Proposition 12. Moreover h(l') = h(l) — 1 > 1, so
l'¢ E,o. If ' ¢ E, 1, then by the induction hypothesis there is an m € FE,_; ¢ U E, 5 such
that K(l) < K(I') < K(m). So suppose that I’ € E,;. Then [ € E, 5, so we can take
m =1 [



5 Fibonacci identities
Based on Proposition 13, our next goal is to calculate K([) for [ € E, cUE, 1 UE,_10UE, 5.
If r > 1, then E,o = {w, 11}, Ero1o = {w,},
B,y = {wpp,(2); Do, P1 € L1, po +p1 =1 — 1},
and B, = U, UV,, where
U = {Wpo 1 (3); Posp1 € Z>1, po+p1 =7 — 2}
and

Ve = {wPO7P17P2<2); Do, P2 € ZZl, JURS Z207 Do+ pr+p=1— 3}
In general k. (X1,...,Xs) = My, where

M=(15)" ()G (o) (oo
Note that (}§)" = (Ff;f Ffﬁ) for every p € Z. Calculating the matrix products, we get

Kpo = FP0+17
Kpo,p1 (2) = 2Fp0+1Fp1+1 + FP0+1FP1 + FPOFP1+17
Kpo,p1 (3) = 3Fpo+1Fp1+1 + Fp0+1Fp1 + Fpon1+17
Kpo,p1,p2 (2? 2) :Fpo+1Fp1Fp2 + Fpon1+1Fp2 + 2Fp0+1Fp1+1Fp2 + FP0+1FP1*1F}72+1
+ FponlFmH + 4Fpo+1Fp1Fp2+1 + QFpoFm-i-leg-i—l + 4Fpo+1Fp1+1Fp2+1~
In the following lemma we express these values in more useful forms.
Lemma 14. If py,p1,p2 € Z>o, then
Kpo,p1 (2> = Fpo+p1+3 - FPOFpl = L'po+pi+2 T Fpo+p1 + FPO*lelfla
Kpo,p1 (3) = Fpo+p1+3 + Fpo+p1+1 - 2Fpo+p1—2 - 2Fp0—2Fp1—27
Kpo.,p1,p2 (27 2) :(Fpo+p1+p2+4 + Fp0+p1+p2+2 - Fpo+p1+p2*4>
- (Fm (Fp(rlerl + 3Fp072Fp271 + 3Fp071Fp272> + 2Fp072Fp1+1Fp2*2)-
Proof. 1t i,5 € Z, then
<Fi+j+1 Fitj ) = (1 1)i+J = (1 1)1(1 1)]' _ (Fi+1 Fi ) (Fj+1 Fj >
F»L‘Jrj F¢+j,1 10 10 10 F;, F;,_1 Fj Fj,1 )
hence Fiy; = Fip1 Fj+ F;F;_1. Applying this identity twice, we get that Fi 1, = Fiiji1Fi+
E+ij_1 = (F’i—l-le-l—l + EF'])Fk: + (E—l—le + EF‘j—l)sz—l for i,j,k’ € 7. USng these
identities, one can express every term in the statement of the Lemma as a polynomial
of Fyy, Fpot1, Foyy Fpy+1, Epyy Fpo1. Comparing the obtained polynomials, one can check the
stated identities. The calculations could be done by hand, but they are tedious. Instead

we have used Mathematica [8] to carry out these symbolic calculations, this is done in the
attached file. 0
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Corollary 15. Ifr > 6, then
max{K(l);l € E,1} < Fria = Kpp1,
min{K(1); L € Ey1} = k1,-2(2) = Fogr + oy,
max{K(1); l € U} = Kop—4a(3) = Frp1 + Fry — 2F,_4,
max{K(l); l € V;} = koo,r-5(2,2) = Frp1 + Froy — Fooq.
So if r > 6, then
max{K(l); [ € Er,10U Ero} <min{K(l); L € E,1},
with strict inequality for r # 7.
Proof. Let r > 6. Recalling the description of £, ;, U, and V,, we see that

{K(); L€ Err} = {Kpyp:(2); Do, 01 € Z>1, po +p1 =1 — 1},
{KW); L e U} = {Fpyp(3); Do, p1 € Z>1, po +p1 =1 — 2},
{K); L eV} = {lpyp1p(2); Po, D2 € Z>1, 1 € Lisg, Po+ P1 +p2 =7 — 3}
Using Lemma 14 one can easily reduce the first part of the proposition to the following
statements. If py,p1 € Z>; and py + p1 = r — 1, then F, F,, > 0 and F, _1F, 1 > 0.
If Po,P1 € Z’Zl and Po+pL=1— 2, then 2Fp0_2Fp1_2 > 0. If Po, P2 € Zzl, P11 € ZZO and
potpitpr =1=3,then F, (Fp,1Fp, 1+3Fp, ol 1+3Fp 1Fp, 2)+2F, oF) 1F,, 2 > 0.
These statements follow from the facts that £, > 0 for n > 1, and F,, > 0 for n > —1.
Now we prove the last part. If [ € E,_1o, then K(I) = &, = Fy1 < Frp + Foog.
Since E,o = U, UV,, the statement follows from F, ., + F,_y —2F,_4 < F,41 + F,_; and
Fopgn+F.1—F,_7<F, 1+ F,_;. Note that here F,_; > 0if r > 6 and r # 7. O

Now we are ready to prove our main result.

Proof of Theorem 1. The second part of the theorem follows from the first part by Lemma
4. We prove now the first part. For r € {0,1,2,3,4,5} one could check the statement by
hand. The attached Mathematica file contains a program that does this.

Suppose that r > 6, and let m > 1. By Corollary 11, L,,(r) is the mth largest distinct
value in {K(I);l € E.}. If L€ E.\ (E,oUE, ), then

K(D) < min(K(); £ € B.)
by Proposition 13 and Corollary 15. Moreover
{K(); L€ Ero} = {Fria}

" {K(l);LEET’l}:{FT+2_EFjj;Z'7j6221,i+j:7”—1}
by Lemma 14. So {Li(r),..., Lig|(r)} = H, where
H={Fs—FF;;i,j€ZLsg, i+j=r—1}
Here [H| = [§] by Lemma 4. .
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6 Further research

Using our results, it would not be hard to describe the exact positions where the first [7]
largest values in the rth row of Stern’s diatomic sequence appear.

To determine L,,(r) for 1 <m <[], we needed to calculate and (sometimes) compare
the values of K () for [ € E,oUE,; UE,,. To go a step further, i.e., to determine L,,(r)
for some m > [Z], we would probably need to calculate and compare the values of K (l) for
l e U?:o E, ;. For example, we have ordered {K(l); [ € E,,U E, 1}, but we have not yet
ordered {K(l); l € E,»}.

Instead of studying Stern’s diatomic array, which starts with the Oth row 1,1, we could
study the following generalization. Start with the Oth row a, b, where a,b € R, and in each
step construct a new row by copying the last row, and writing between each two consecutive
elements their sum. One could try to understand the largest values in the rth row of this
array.
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