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Abstract

The sedenions form a 16-dimensional non-associative and non-commutative algebra
over the set of real numbers. In this paper, we introduce the Fibonacci and Lucas
sedenions. We present generating functions and Binet formulas for the Fibonacci and
Lucas sedenions, and derive adaptations for some well-known identities of Fibonacci
and Lucas numbers.

1 Introduction

Sedenions appear in many areas of science, such as electromagnetic theory and linear gravity.
Sedenion algebra, which is usually denoted by S, is a 16-dimensional Cayley—Dickson algebra.
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Because of their zero divisors, sedenions do not form a composition algebra or a division
algebra. They are hyper-complex numbers, similar to quaternions and octonions. Sedenion
algebra is a non-associative, non-commutative, and non-alternative but power-associative
Cayley—Dickson algebra over the reals. Throughout this paper, we take the basis elements of
S as {eq, €1, ..., €15}, where ¢ is the unit element and ey, . . ., €15 are imaginaries. A sedenion
S can be written as

where ag,aq,--- , a5 are reals.
Imaeda and Imaeda [8] defined a sedenion by

S - (01,02) c S, 01,02 € @

where O is the octonion algebra over the reals. As a sedenion is an ordered pair of two
octonions, the conjugate of a sedenion S = (Oy; O9) is defined by S = (O1; —O3). Under the
Cayley—Dickson process, the product of two sedenions S; = (O1; Oy) and Sy = (O3;Oy) is

5159 = (0103 + PO_402; 0,03 + 040,).

After choosing the field parameter p = —1 and the generator eg, Imaeda and Imaeda exam-
ined the sedenions. By setting ¢ = e;, where ¢ = 0,1,--- ,15, Cawagas [3] constructed the
following multiplication table for the basis of S.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1 -0 3 -2 5 —4 -7 6 9 -8 11 10 13 12 15 —14

2 2 -3 -0 1 6 7 —4 -5 10 11 —8 -9 —-14 -15 12 13

3 3 2 -1 -0 7 —6 5 —4 11 -10 9 -8 —15 14 -13 12

4 4 -5 —6 -7 -0 1 2 3 12 13 14 15 -8 -9 =10 -11

5 5 4 -7 6 -1 -0 -3 2 13 —12 15 14 9 -8 11 —-10

6 6 7 4 -5 -2 3 -0 -1 14 -15 —12 13 10 -11 -8 9

7 7 —6 5 4 -3 -2 1 -0 15 14 —-13 -12 11 10 -9 -8

8 8 -9 -1 -11 =12 -13 -14 -15 -0 1 2 3 4 5 6 7

9 9 8 11 10 -13 12 5 -14 -1 -0 -3 2 -5 4 7 —6

10 | 10 11 8 -9 14 -15 12 13 =2 3 -0 -1 —6 -7 4 5
11 | 11 =10 9 8 =15 14  -13 12 -3 -2 1 -0 -7 6 -5 4
12 | 12 13 14 15 8 -9 -10 -11 -4 5 6 7 -0 -1 -2 -3
13 | 13 =12 15 —14 9 8 11 -10 -5 —4 7 —6 1 -0 3 -2
14 | 14 -15 —12 13 10 -—11 8 9 -6 -7 —4 5 2 -3 -0 1
15 | 15 14 -13 -12 11 10 -9 8 -7 6 -5 —4 3 2 -1 -0

Table 1: Multiplication table for the basis of S

Cariow and Cariowa [2] derived an algorithm for the fast multiplication of two sedenions.

The well-known integer sequences of Fibonacci and Lucas numbers are constructed with
the same recurrence relation but different initial conditions. Namely, for n > 2, Fibonacci
numbers satisfy the recurrence relation

Fn: n—1+Fn—2a FO:()7 F1:1



whereas Lucas numbers satisfy the recurrence relation
Ly=Lnp1+ Ln—27 Lo=2, Li=1

The generating functions for the Fibonacci sequence (Fn)n> , and Lucas sequence (Ln)

are
T 2—x
ZF:{; _—l—x—xQ and ZL " = 1—x—m2
The Binet formulas for the Fibonacci and Lucas numbers are
o — Bn

a—pf

n>0

F, =

and L, =a" + (" (1)

where a = %5 and = 1= ‘f are the roots of the characteristic equation of 22 —x —1 = 0.
The positive root « is known as the golden ratio (see [11] for details).
Horadam [6] defined Fibonacci and Lucas quaternions as

Qn =F, + Foiie1 + F0es + Fi3e3

and
Kn = Ln + Ln—l—lel + Ln+262 + Ln+363

respectively, where F), is the nth classical Fibonacci number and L, is the nth classical Lucas
number. He also defined generalized Fibonacci quaternions by

Pn - Hn + Hn—l—lel + Hn+262 + Hn+363

where H, is the nth generalized Fibonacci number defined by the recursive relation H; = p
Hy=p+gq, H, = H, 1 + H, 5 (p and ¢ are arbitrary integers). Iyer [9] described various
properties of the Fibonacci quaternions and generalized Fibonacci quaternions. Swammy [12]
also studied these two types of quaternions, and obtained some relations between Fibonacci
and Lucas numbers. Harman [5] defined complex Fibonacci numbers by the following two-
dimensional recurrence relation

Gn+2,m) = Gn+1,m)+ G(n,m),
G(n,m+2) = Gn,m+1)+ G(n,m)

where G(0,0) = 0, G(1,0) = 1, G(0,1) = 4, and G(1,1) = 1 + 4. By extending this idea,
Horadam [7] defined the recurrence relations

G(h+2,l,m,n) = Gh+1,l,mn)+G(h,1l,m,n),
G(h,l+2,m,n) = G(h,l+1,m,n)+ G(h,l,m,n),
G(h,l,m+2,n) = G(h,l,m+1,n)+ G(h,l,m,n),
G(h,l,m,n+2) = G(h,l,m,n+1)+ G(h,l,m,n)
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with initial conditions
G(0,0,0,0) = 0,G(1,0,0,0) =1,G(0,1,0,0) = e;,G(0,0,1,0) = e9,G(0,0,0,1) = e,
G(l,l,0,0) = 1 —|—61,...,G(0,0,1,1) = e9 + €3,
G(l,l,l,O) == ]_+€1 +€2,...,G(0,1,1,1) == €1+62+€37
G(l,l,l,l) = 1+€1+€2+€3
and examined quaternion recurrence relations. Halici [4] investigated some properties of
the Fibonacci and Lucas quaternions, obtaining generating functions, Binet formulas, and
certain identities.

Kecilioglu and Akkus [10] introduced the Fibonacci and Lucas octonions. These hyper-
complex numbers are defined as

7
Qn = E Fn—i—ses
s=0

and

7
Tn - E Ln+s€s
s=0

respectively, where F,, and L,, are the nth classical Fibonacci and Lucas numbers. In another
study [1], they defined split Fibonacci and Lucas octonions in a similar manner.

In this paper, following Horadam, Kecilioglu, and Akkus, we define the Fibonacci and
Lucas sedenions over the sedenion algebra S. The nth Fibonacci sedenion is

15
F, =Y Fye, (2)
s=0
and the nth Lucas sedenion is s
Lyo= Lujses. (3)
s=0

Using the identities F_,, = (—=1)""'F, and L_,, = (=1)"L,, we immediately have that
the generalized Fibonacci and Lucas sedenions with negative indexes are
15

Fo=S (-1 HE, e,

5=0
and
15
Loy=> (—1)""L,_e..
s=0
For all integers n, we can easily see that
ﬁn = An—l + F\n—Z and Zn = 2/\n—l + z/\n—2~ (4)

Additionally, for any integer n, we have

~

Ln:ﬁn—l_‘_ﬁn—i—l'



2 Generating functions and Binet formulas for the Fi-

bonacci and Lucas sedenions

Generating functions for the Fibonacci and Lucas sedenions are given in the next theorem.

Theorem 1. The generating functions for the Fibonacci and Lucas sedenions are

iﬁ - o+ Foaa

1—z—2a?
and N
~ , Lo+L
1—x—2?
=0
respectively.

Proof. Define f(z) =732, F,z'. Expanding the first two terms of f(z), we have

f(z) = Fo+ Fie + Zﬁxz

=2

Multiplying both sides of this equation by —z and —x?, we obtain
—af(zx) = —Fox — Z Fy_ya
=2
and .
=2
Adding Eqgs. (7), (8) and (9) with consideration of the first equation in Eq. (4) gives

ﬁo—F(ﬁl—ﬁo)I
1l—x—22

fz) =

Using the identity F; = F} — Fp, we have Eq. (5). Similarly, we can obtain Eq. (6).

The next theorem gives the Binet formulas for the Fibonacci and Lucas sedenions.

Theorem 2. For any integer n, the nth Fibonacci sedenion is

P aa" — Bp"
a—f3
and the nth Lucas sedenion is R R

where o = Zio ases and § = Ziio Bres.

(10)
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Proof. For the first equation, we have

15
aly, +F,_1 = Z (aFn+s + FnJrsfl) €s-

s=0

From the identity aF,, + F,,_1 = o™, we obtain
aF, + F, 1 = da™. (12)
Similarly, we have L R
BE, + F,1 = pp". (13)
Subtracting Eq. (13) from Eq. (12) gives
(a = B)F, = Ga" — "
from which we obtain Eq. (10). Summing Eqgs. (12) and (13), we have
E,+2F,_ = aa" + 33"
and, with the help of the identity L,, = F}, + 2F,,_1, we obtain Eq. (11). ]

When using the Binet formulas to obtain identities for the Fibonacci and Lucas sedenions,
we require a3, Ba, a2, and $%. These products are given in the next lemma.

Lemma 3. We have

Z)ZB\ = Zo—ﬁ(ﬁo—w), (14)
Ba = Lo+ V5(Fy —w), (15)
a%> = —1505175 + Lo + V/5(—673134 + Fp), (16)
and
B? = —1505175 + Lo — v/5(—673134 + Fp) (17)
where

W = 9469 + 94610 + 188611 + 282612 — 188613 + 94614 + 893615.

Proof. From the definitions of & and B , and using Table 1, we have
R 15 15
af = (Z a"en> (Z B"en)
n=0 n=0
= 2 eq+3ep e+ 136405 — V5 (eg + ep 265 + o4 2

—60eg — 39¢10 — 99¢1; — 138¢15 + 421615 + 283¢14 — 283615)

where the final equation gives Eq. (14). The others can be computed similarly. ]

This lemma gives us the following useful identity:

aB + pa = 2IL,. (18)



3 Some identities for the Fibonacci and Lucas sede-
nions

There are three well-known identities for Fibonacci and Lucas numbers, namely, Catalan’s,
Cassini’s, and d’Ocagne’s identities. The proofs of these identities are based on Binet for-
mulas. We can obtain these types of identities for Fibonacci and Lucas sedenions using the
Binet formulas derived above. Catalan’s identities for Fibonacci and Lucas sedenions are
given in the next theorem.

Theorem 4. For any integers m and n, we have

FrinFrn — F2 = (—1)"F_,,(F,Lo — L, (Fy — w)) (19)

m

and

~

LopnLim-n — L2, = =5(=1)"F_,(F,Lo — La(Fy — w)). (20)
Proof. From the Binet formula for Fibonacci sedenions, we have

~ ~

FuinFnn— By = £ (@ = Bpmen) @am— - Bpm—)
~(@a™ - 3™)°)

= (- @B + Bas)
+(—1)’”2£0).

We require Eqgs. (14) and (15). Using this equation, we obtain

FovonBo o — B2 — §(<_1>mn+1((zo ~VB(Fy — w))a

+(Lo+ VB(Fy — w)) B2) + 2(—1)m20)

(1) ™Y (Lo Loy — 5(Fy — w) Fay,)

ol =

+2(—1)"Lo)
_ é(—nm"“ZO(LG —2(-1)")
(=1 By (Fy — w).

Using the identity 5F? = Ly, — 2(—1)" gives

~ ~

FroinFpn — F2 = (—=1)" ™™ Y(F2Ly — Fy(Fy — w)).

With the help of the identity Fs, = F,,L,, we have Eq. (19). Similarly, we can obtain Eq.
(20). O



Taking n = 1 in this theorem and using the identity L,, — F,, = 2F,,_1, we obtain Cassini’s
identities for Fibonacci and Lucas sedenions.

Corollary 5. For any integer m, we have
Fri1Fpy — F2 = (-1)"(2F, + w) (21)

and

~

L1l — L2, = =5(—=1)"(2F_; +w). (22)
The following theorem gives d’Ocagne’s identities for Fibonacci and Lucas sedenions.
Theorem 6. For any integers n and m, we have
FonFost — Fypsr By = (=1 (Fyn Lo + Ly n(Fo — )

and

~

LinLps1 — L1 Ly = =5(=1)" (Fp_nLo + Ly n(Fo — w)).
Proof. Using the Binet formula for the Fibonacci sedenions gives
F\mﬁn—&-l - F\m-l-lﬁn = é(aam - Bﬁm) (aanH - Bﬁnﬂ)
—(@a™ — Fm) (@0” ~ 7B
= ?(—1)"(&5@’”_” — pagm).
We require Eqs. (14) and (15). Substituting these into the previous equation, we have

ﬁmﬁ"“ - F\mﬂﬁn = ?(‘1)71((20 - \/g(ﬁo - W))o/”_"
B+ VB - )
= (_1)n(Fm—nzo — Lm_n(ﬁo — w))

The second identity in the theorem, i.e., d’Ocagne’s identity for the Lucas sedenions, can be
proved similarly. [

After deriving these three famous identities, we present some other identities for the
Fibonacci and Lucas sedenions.

Theorem 7. For any integer n, we have

a4 ~ ~ 12 ~
L} —F? = 5(—1505175 + Lg) Loy, + 4(—673134 + Fy) Fy,, + E(—1)”L0 (23)

and
~ ~ 6 ~ ~ 8 ~
Li + Fﬁ = 5(—1505175 + Lo) Loy, + 6(—673134 + Fy) Fy,, + g(—l)”Lo. (24)



Proof. Using the Binet formulas for the Fibonacci and Lucas sedenions, we obtain

BB = (a0" + 55— (@o" ~ Bp")’
— ( 2 2n_|_ﬁ ﬁQn_‘_aﬁanﬁn_{_ﬁaanﬁn)

—%(&20(2” + 526271 o &Ba”ﬁ" o 6&0&”5”).

Substituting Eqs. (14) and (15) into the last equation, we have

~ ~ 4, 12 ~
L2 —F? = 5( a2 4 A7) + g(—l)"Lo. (25)
Using Eqs. (16) and (17), we obtain
(@2 + 32B%) = (=1505175 + Lo) Loy + 5(—673134 + Fp) Fa,. (26)
Substituting Eq. (26) into Eq. (25) gives Eq. (23). Equation (24) can be proved similarly.
O]
Theorem 8. For any integers n,r and s, we have
En-}—’rﬁn-i-s - Zn-&-sﬁn-&-r - 2 (—1)n+r EOFS—T" (27)
Proof. The Binet formulas for the Fibonacci and Lucas sedenions give
~ =~ ~ =~ 1
LnyrFrgs — Lnys by = _(An+r+ ) (e e
+rfnt +s'n+ /5 ( s )( 56 )
( n+s 4 Bﬁn+s) (A n+r BﬁnJrr))
- _a/\an—i-r n+s+ Aa n—&-roén—&-s
\/5( B pap
+a§&n+55n+r o BaarH»rﬂnJrs) )
Using Eqs. (14) and (15), we have
ZnJrrF\nJrs - zn+sﬁn+r = i (_anJranJrszO
V5
+an+85n+7’io)
9
:_L<n+rn+r s—r sr)
2 oo (0 - )
= 2(=1)"" LoFy_.
O



Some identities for Fibonacci and Lucas sedenions are given without proof in the next
theorem.

Theorem 9. For any integers m and n, we have

F\m+n + (_1)nﬁm—n = ﬁan’

A~ o~

an - 2/\7zﬁ7\7n - _2(_1)mZOFn—m7

T

Fouln — LnFy = —2(—1)m(ZOFn_m 4 (Fy— w)Ln_m>,

)

W — FoFy = —2(=1)"(Fy — w) Fyemm,

and o R R
L,L,, — Ly,L,=10(—1)"(Fy — w)EFy_m.

The following interesting identities for Fibonacci and Lucas sedenions come directly from
their definitions.

Corollary 10. Fibonacci and Lucas sedenions satisfy
ﬁn—&—TFn—i-'r - F\n—an—r - F\QnF%";

F\n—l—an—l—r + F\n—an—r - F\2nL2r + 2(_1>n+rﬁ0’
Zn—H‘Ln—H‘ - Zn—?"Ln—?" = 5ﬁ27’LF27‘7

and R ~ R .
LTH-TLTH-T + Ln—an—r = LQTLQn + 2(—1)”"'7”[10_
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