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Abstract

We prove that the binomial transform T'(a) of a Dold sequence a is a Dold sequence
itself. We also show that if a and T'(a) are bounded Dold sequences then they are both

periodic with period 6.

1 Introduction

Let a = (an)n>0 be a sequence of complex numbers. The binomial transform of the sequence
a is the sequence T'(a) = (T(a),)n>0 defined in [16] by

1=0

The binomial transform is a linear involution and the original sequence a can be recovered

ay, = iﬁ;(—ni(?) T(a);, n>0.

We say that a sequence of integers a = (a,,)n>0 is a Dold sequence [11] if

Z,u(k)an/k =0 (modn), n>1, (1)

k|n

from the relation
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where p : N — 7Z is the Mobius function given by

1, ifn=1;
p(n) = (—1)k, if n=py---pg, ps, distinct primes;

0, otherwise.

It is easy to verify that a sequence of integers a is a Dold sequence «a if and only if for every
prime p and natural numbers m, @ such that ged(p,m) = 1 we have

Umpe = Appe-1 - (mod p).

We will say that a sequence of integers a is a weak Dold sequence if for every prime number

p
a, =a; (mod p).

Obviously a Dold sequence is a weak Dold sequence. Babienko and Bogatyi proved
that if a Dold sequence is bounded, then it is periodic [11]. Among the Dold sequences,
the Lefschetz sequences play an important role from the point of view of applications in
dynamical systems. A sequence of integers a is a Lefschetz sequence if there exist a compact
ENR (i.e., Euclidean neighborhood retract) X and a continuous map f : X — X such that
ay is the Lefschetz number L(f™) of the n-th iteration of f. Let us recall that a Lefschetz
number of f is defined by

L(f) =) (=)t Hy(f),
k>0
where Hy(f) : Hip(X) — Hy(X) is the endomorphism induced by f on the k-th singular
homology of X (with rational coefficients). One can prove [11] that a Dold sequence a =
(an)n>1 is a Lefschetz sequence if and only if there are integer matrices A € My(Z), B €
M,,(Z) such that
a, =trA" —trB", n>1.

In the sequel we will treat a Lefschetz sequence a = (a,),>1 as a sequence a = (a,),>o with
ap = tr A° — tr BY.

If a is a Lefschetz sequence with B = 0 then we call it a sequence of traces of integer matrix,
ie., a, =tr A"

The aim of this note is to study the binomial transforms of Dold sequences. We show
that a is a Dold sequence if and only if its binomial transform 7'(a) is a Dold sequence
(Theorem 7). The proof of Theorem 7 is trivial if a is a Lefschetz sequence. Indeed, if a is
a sequence of traces then we have a closed formula for its binomial transform 7'(a), namely

T(a), = zn:(—w' (”> tr AT = tr (I — A)",
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so T'(a) is a sequence of traces. In particular, binomial transform of the sequence of traces
is a Dold sequence. Obviously the same argument works in the case of a Lefschetz sequence
a with matrices A and B. Then T'(a) is a Lefschetz sequence itself with matrices I — A and
I — B. Unfortunately, there are Dold sequences that are not Lefschetz sequences. Let us
observe that if a is a Lefschetz sequence then |a,| < kp", where p is the spectral radius of
H(f) and k is a dimension of H(X). In particular, the sequence a, = >, k* cannot be
obtained as a Lefschetz sequence although it is Dold sequence [11].

We also prove that if a is a Dold sequence such that a and T'(a) are bounded then both
a and T'(a) are 6-periodic. In particular, if a is I-periodic (non-constant) Dold sequence
with [ # 6 then T'(a) is unbounded (Theorem 9). This result has interesting consequences
from the point of view of the geometric method for detecting chaotic dynamics generated
by non-autonomous periodic in time ordinary differential equations based on the notion of
isolating segments [19, 20, 15, 17]. The above method gives a sufficient conditions for the
existence of the compact invariant set I for the Poincaré map P such that P restricted to [ is
semi-conjugated to the shift map o : 3y — 3y where ¥y = {0,1}% i.e., there is a continuous
surjective map ¢ : I — 35 such that go P|; = 0 0 g. The important dynamical question is if
for n-periodic sequence ¢ € ¥, there exists n-periodic point z of the Poincaré map P such
that = € g~!(c), i.e., trajectory of x is coded by the sequence c. In the context of results in
[20] it appears that there is a Dold sequence a with the property that T'(a); # 0 implies that
g~1(c) contains n-periodic point of P for every n-periodic sequence ¢ € ¥y with k-symbols 1.
Our Theorem 9 guarantees the existence of infinitely many periodic points of the Poincaré
map.

It seems that the results we obtained can be also interesting from the point of view of
elementary number theory and combinatorics, because many classical integer sequences are
Dold sequences. For example, the k-Lucas sequences [6, 18], the generalized k-Fibonacci
sequences [5], sequences generated by Lucas functions [4, 6], and sequences generated by
Tchebycheff polynomials of the first kind [6, 9]. In particular, the classical Lucas sequence

L given by

is a Dold sequence (even sequence of traces with the matrix A = {

11

L0 ]) and the following

congruences
1. if p is odd prime then Ly, = 3 (mod p),
2. for k > 1 we have Lyx = 3 (mod 4).
3. if r > 2 then Lyr =7 (mod 8).

considered by the authors in [1, 12, 13] easily follow by Eq. (1).



We will finish this paper with the results concerning the sequences of the form

a,(l,r) = Z (—1)° (Z), bo(l,7) = lay(l,7r), n>0.
s=r (mod 1)

where [ > 2 and r € {0,...,l—1} are fixed. The congruences related to these sequences were
studied in [21, 22]. As the application of Theorem 7 we get that for { > 2 and r € {0,...,[—1}
the sequence b(l,r) is a Dold sequence exactly if one of the following conditions holds

1. 1>2and r =0,
2.l =2rand r > 1.

We also show that a,(l,0) = 0 if and only if [ is odd and } € 2N + 1. It is easy to check

that if @ is [-periodic then T'(a), = Zf;lo aya,(l,r). We prove that if a is [-periodic (weak)

Dold sequence and [ is prime then

T(a), = a,(l,0)(ag —ay), n>0.

2 Main results.

Lemma 1. Let a be a sequence of integers. Then a is a weak Dold sequence if and only if
T(a) is a weak Dold sequence.

Proof. Since T is an involution so it is sufficient to show that 7'(a) is a weak Dold sequence
provided a is a weak Dold sequence. We have

T(@)l = Qo — a1, T(a)g = ag — 2a1 + asg,
and a; = as (mod 2) so
T(a)y =ag+ ay =ap+ a; = ap — ay = T'(a); (mod 2).

Let p be odd prime. Then
p s
T(a)y = Z(—l)l()ai =ag—ap, = ag — a1 = T'(a); (mod p),

because p|(?) fori=1,...,p— 1. O

Lemma 2. Let a be a l-periodic weak Dold sequence (I > 2). If ged(n,l) =1 then a, = a;.



Proof. 1t follows by Dirichlet’s theorem that there exist infinitely many primes in the se-
quence kl + n. Let p be a prime of the form kl + n such that p > |a, — a1|. Since a is a
[-periodic weak Dold sequence, we have

an, = a, = a; (mod p).
Hence pla,, — a; and consequently a,, = a;. O]
Corollary 3. Let a be a l-periodic weak Dold sequence with | prime. Then
T(a), = a,(1,0)(ag —ay), n >0,
where an(l,0) = 32—y (moa »(—1)°(%)-

Proof. 1t follows by Lemma 2 that the [-periodic sequence a has the form

ay = ... = a1, Gy = qy,
hence
S n S n
T(a), = > (-1 (S) ao + (-1 (S> a
s=0 (mod ) s#0 (mod 1)
= a,(l,0)(ap — ay)
because Y.o_ (—1)*(") = 0. O

We recall the characterization of Dold sequences given in [6]. Let us note that Dold
sequence in [6] is called a generalized Fermat sequence. Let ¢ = (¢,)n>1 be a sequence of
integers. We say that sequence a is a Newton sequence generated by c if

Qp = C1Qp—1 + C20p—o + -+ Cp_101 +ncp, n > 1.

Remark 4. Assume that c is a finite sequence, i.e., there exists m > 1 such that ¢, = 0 for
n > m. One can check [6] that then

ap =trM), n>1

where M,, is the companion matrix of the polynomial 2 —c;2™ ' —coz™ 2 —- - - —Cpp 1T —Cp,
ie.,
[0 0 0 cm |
1 0 0 Cm—1
M,=10 1 0 Cm—2 | € M, (Z)
0 0
i 0 - 0 1 ¢ |




Proposition 5. Let a = (a,)n>1 be a sequence of integers. Then a is a Dold sequence if and
only if there exists an integer sequence ¢ such that a is a Newton sequence generated by c.

Proof. 1t follows by [6, Thm. 5, Thm. 6]. O

Lemma 6. Let a = (ay)n>1 be a sequence of integers. Then a is a Dold sequence if and only
if for every m > 1 there exists a matriz A,, € M,,(Z) such that

a, =trA,, 1<n<m.

Proof. We first prove the part “if”, so we assume that a is a Dold sequence. Let ¢ be a
sequence of integers such that a is a Newton sequence generated by c. Let m > 1 be fixed.
Let us consider a finite sequence ¢(m) such that

C(m)n =

Cn, f1<n<m;
0, otherwise.

Let b be a Newton sequence generated by ¢(m). Then
by =trM,,, n>1,

and a, = b, for 1 < n <m by definition of the Newton sequence, so the result follows.
We now prove the “only if” part. We have to show that a is a Dold sequence. Let m > 1
be fixed. We show that

Zu(k)am/k =0 (mod m).

k|m

By assumption there exists a matrix A,, € M,,(Z) such that
ap, =tr M, 1<n<m.

Let b be a sequence defined by b, = tr A7,
for 1 < n <m. In particular,

Z,u(k:)am/k = Z,u(k:)bm/k = 0 (mod m),

n > 1. Then b is a Dold sequence and a,, = b,

so the proof is complete. O

Theorem 7. Assume that a = (a,)n>0 is a sequence of integers. Then a is a Dold sequence
if and only if T'(a) is a Dold sequence.

Proof. Since T is an involution, it is sufficient to show that T'(a) is a Dold sequence provided
that a is a Dold sequence. Let m > 2 be fixed. We have to show that

Z,u(k:)T(a)m/k =0 (mod m).

klm



By Lemma 6 there exists a matrix A,, € M,,(Z) such that
a, =trAr, 1<n<m.
Let a be a sequence defined by
a, =trAp.
Then

a; = ay, Ay, = G, ap = M,

and T'(a) is a Dold sequence given by
T(a), =tr(I —A,)", n=>0.

In particular,

Z,u (@)me =0 (mod m).
klm

Let 1 <n <m. Then

T(@)m =Y (~1) C‘) d; = m — ag + g(—ni CL) a; = m — ag+T(a)m.

=0

Consequently, we get that

> k)T (@) = > p(k)T @)y + (m —ag) | Y (k)

—Zu (@)m/k =0 (mod m),
k|m
because Z,ﬂm w(k) =0 for m > 2. The proof is complete since m > 2 was arbitrary. ]

Let a be a Lefschetz sequence with matrices A and B. We call a complex number A € C
an essential eigenvalue of the pair (A, B) if the algebraic multiplicity of A as the eigenvalue
of A is different from the algebraic multiplicity of A as the eigenvalue of B. By (A, B) we
denote the set of all essential eigenvalues of (A, B). Let pess := pess(A, B) be the essential
spectral radius of (A, B), i.e

Pess = Max{|A| : X € 0ess(A, B)}.

Remark 8. Assume that a Dold sequence a = (a,),>0 is bounded. It follows by [11, Theorem
3.1.26] that a is a periodic Lefschetz sequence with [-periodic matrices A and B. We treat
a as the sequence (a,),>o with ag = tr A — tr B. Then ag = @; and binomial transform of
a is given by

T(a),=tr(/ —A)"—tr (I —B)", n>0.



Theorem 9. If a is a Dold sequence and a, T'(a) are bounded then (ay)n>1, (T'(a))n>1 are
6-periodic.

Proof. Since a is bounded Dold sequence, it follows by [11, Theorem 3.1.26] that a is I-
periodic Lefschetz sequence with [-periodic matrices A, B (ie., Al = I, A' = I,,). In

particular,
o(A),0(B) Cc{l,w,... ,wl_l},

where w = e is a primitive root of unity. We treat a as a sequence
a, =trA" —trB", n>0,

SO
T(a), =tr(I —A)"—tr(I—B)", n>0.

Observe that A € 0es(A, B) if and only if 1 — A € 0e(l — A, — B) and T'(a) is
periodic, because it is a bounded Dold sequence. Let 1 — A € 0es(I — A, 1 — B) N S!. Then
IA| = |1 — | = 1, so one can easily check that A = e*5. Observe that then 1 — X\ = \. It
follows that .

Tess (A, B) N (S'\ {1}) = 0ess(I — A, T — B)NS' C {e*5}.

Suppose that p := pes(I — A, 1 — B) > 1. Then there exists exactly one pair A\, A €

{1,w,..., w1} such that B
1=A=[1-)X=p

Then T
lim (@)n

n—00 p”

=970,
so T'(a) is unbounded, a contradiction. So we get that p < 1. We show that
Oess(I — A, T — B) C {0,575 }.
We have that
T(a), = > (1—X\)"+ > (1—=N)",

1—A€O’ess(I—A,I—B)m{O,6il¥} lfkeaeSS(IfA,IfB)ﬁ{z0<|z|<1}

so the sequence

> (-

1-A€0ess(I—A,I—B)N{z:0<|z|<1}

is the periodic integer sequence that converge to 0, so we get that
Oess(I — A, T —B)N{z:0< |z| <1} = 0.
m

Corollary 10. If a is l-periodic (non-constant) Dold sequence with | # 6 then T(a) is
unbounded.



3 Applications to binomial sums

Assume that [ > 2 and r € Z. We define the [-periodic sequence a[l, 7] = (ay[l,7])n>0 by

1, ifn= dl);
] =4 ifn 7’ (mod 1);
0, otherwise.

Then a(l,r) = (an(l,7))n>0 = T(a[l,r]) is its binomial transform where

awlr= Y )(—1)8(’;), n > 0.

s=r (mod

We define
bll,r] :=lal,r], b(l,r):=1la(l,T).

Remark 11. It follows by Corollary 3 we have
T(a) =a(l,0)(ag —ay), n >0,
if a is [-periodic Dold sequence with [ prime. Moreover, by Eq. (1)
ap = a; = ay (mod 1),

so T'(a) = kb(l,0) for some k € Z.

Remark 12. The sequence b(l, r) is particularly interesting from the point of view of applica-
tions in the detection of chaotic dynamics [19, 20]. It turns out that it is closely related to the
sequence of indices of fixed points allowing to understand the nature of symbolic dynamics
for the Poincaré mapping associated with the periodic in time ordinary differential equations
[15, 17]. More specifically, let P be the Poincaré map for the planar periodic equation

=721+ |z%e"), zeC.

For sufficiently small x > 0 there exist a compact invariant set I for P and a continuous
surjective map ¢ : I — X5 such that

go(P|;)=o00y,

where ¢ : ¥y — ¥ is the shift map [20]. It follows by [20] that if b,(k + 1,0) # 0 and
c € Yy is m-periodic sequence with n-symbols 1 then the Poincaré map P has m-periodic
point x € I such that g(x) = c.

In this section we apply Theorem 7 to prove that for [ > 2 and r € {0,...,l — 1} the
sequence b(l,r) is a Dold sequence if and only if { > 2 and r = 0 or [ = 2r and r > 1.
We also prove Glaisher-type congruences for the sequence a(l,r). Moreover, we show that
a,(1,0) = 0 if and only if [ is odd and n is an odd multiplicity of /.
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Remark 13. Let us observe that

-1

bu(l,7) = Zw‘”(l —wh™ >0,

t=0
where w = ¢ is a primitive [-root of unity. Indeed, it is well-known that
— 4 JL iflls
> = -
P 0, otherwise.

so we get that

-1 -1 n
Z w—tr(l - wt)n _ Z Wt Z(_l)n—k (n i k) wt(n—kz)

7 = kﬁ%(l)”’“ (n ﬁ k;) (g wt<n—k—r)>
n 11
= SZ:;H)S(Z) (;wt@“) = bu(l,7).

Theorem 14. The sequence b(1,0) = (b,(1,0)),>0 is a sequence of traces. In particular,
b(1,0) is a Dold sequence.

us}

Proof. Let | > 2 and w = e i . We consider the matrix 4; € M,(Z) given by

0 0 0 1
1 0 0 0
A= 0 1 00 c MI(Z)
0 0
| 0 - 0 1 0|
One can check that A; has eigenvalues 1,w, ..., w'™!, hence

-1

tr(I—A)" =) (1-w)" =0b,10).

t=0

O

Theorem 15. Let 1 > 2 and r € {1,...,1 —1}. The sequence b(l,r) is a Dold sequence if
and only if | = 2r.

Lemma 16. If [ = 2r then b(2r,r) is a Dold sequence (even a Lefschetz sequence).
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Proof. For [ = 2r and w = et we have

-1

(27, 1) Zw*tr (1—wh Z( 1)1 —wh)”
— Z (1—w) Z (1-

t even odd
Let us observe that 1,w?, ..., w2 are roots of the polynomial \" —1 = 0 and the eigenvalues
of the matrix -~ ~
0 0 0 1
10 0 0
A=10 1 0 01]¢ M,(Z)
0 0
0 - 0 1 0
and w,w?, ..., w!™! are roots of the polynomial \" + 1 = 0 and the eigenvalues of the matrix
[0 0 -~ 0 —1]
1 0 0 0
B=10 1 0 0 € M.(7Z)
0 0
0 - 0 1 0 |
hence
b, (2r,r) =tr (I — A)" —tr (I — B)",
so b(2r,r) is a Dold sequence (even Lefschetz sequence). O

Remark 17. If n > 2 then there exists a prime number p < n such that ged(n,p) = 1.
Indeed, if n is odd then one can take p = 2. If n = 2k is even then by Bertrand’s postulate
there is a prime p such that k£ < p < 2k.

Lemma 18. Ifl > 2 andr € {1,...,l— 1} then the sequence b(l,r) is a weak Dold sequence
if and only if ged(r,l) > 1. In particular, b(l,1) is not a Dold sequence for l > 2.

Proof. Assume that [ > 2. Since b(l,r) = T'(b[l,r]), so by Theorem 7 it is sufficient to show
that b[l,r] is a weak Dold sequence if and only if ged(r,l) > 1. Assume that ged(r,1) > 1.
In particular, » > 1 so by[l,r] = 0 by definition of the sequence b[l,r]. Since ged(r,l) > 1,
there is no prime p of the form ki + r. Hence b,[l,r] = 0 for every prime p, and b[l, 7] is a
weak Dold sequence.

Assume that b[l, r| is a weak Dold sequence and suppose that ged(r,l) = 1. If r > 1 then
bi[l,r] = 0 and b,.[l,7] = [ by definition. On the other hand b;[l,r] = b.[l,r] by Lemma 2,
a contradiction. Let r = 1. Then by[l,1] = [ by definition. By Remark 17 there is a prime
number p such that p < [ and ged(l,p) = 1. Then b,[l,1] = b[l,1] = | by Lemma 2 and
by[l,1] = 0 by definition, a contradiction. O
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Lemma 19. Letl > 2 and r € {1,...,1 —1}. If b(l,r) is a Dold sequence then r > 1 and
r|l.

Proof. Assume that b(l,r) = la(l,r) is a Dold sequence. We may assume that ged(r,[) > 1.
In particular, 2 < r <1 — 1. Then for 1 <n < r we have b,(l,r) =0 and b,(l,r) = (—=1)"L.
By Eq. (1) we get that

(—1)"1 Zu( )bklr_()(modr)

k|r
so the result follows. O
Lemma 20. Assume ! >2 andr € {1,...,1—1}. Ifb(l,r) is a Dold sequence then | = 2r.

Proof. Tt follows by Theorem 7 that b[l, r] is a Dold sequence. By Lemma 19 we may assume
that r|l, so | = mr for some m > 1. By definition we have that b.[l,7] = [ and b,[l,7] =0
form e {1,...,r(m+1) — 1} \ {r}. Let p < m be a prime number. It follows by Eq. (1)
with n = pr that

Z/,L bl 7] = b [l,7] =1=0 (mod n).

k|n

Hence pr|l = mr, and p|m. By Remark 17 we get that m = 2. ]
Proof of Theorem 15: 1t follows by Lemmas 16 and 20.

Lemma 21. The sequence b, (I, 1) has properties
1 by (L) =by(l,r) = bu(l,r — 1) forn >0,
2. bp(l,r) = by(l,r +1) forn > 0.

Proof. A direct calculation shows that
-1
n+1 l ’f’ _ Zw—tr n—i—l Zw—tr(l o wt)n . w—t(r—l)(l o wt)n
=0
= bn(l,r) —b,(l,r—1).

Since w! = 1 so

bo(lr + 1) =Y w1 — W) = b(1, 7).

12



Theorem 22. Let | > 2. Assume that ¢ > 1 and k > 1 are such that

1 (modgq), ifr=0 (modlI);
apt1(l,r) =4 -1 (mod q), ifr=1 (modl);
0 (mod gq), ifr=se{2,...,1—1}.

Then for every r € Z we have
an+k(lyr) = an(lv T) (mOd Q)7 n > 0.

Proof. We have
I, r=0 (mod/I);
ai(l,r)=<¢ -1, r=1 (mod I);
0, otherwise,

so the result holds for n = 1. Assume that it holds for some n > 1. Then by inductive step
and Lemma 21 we have

an+1+k(lﬂ”) = an+k(l77”) - an+k(l> r—= 1)

=a,(l,r) —a,(l,7—1) = a,1(l,7) (mod q).
[

Example 23 (Glaisher). Assume that p is prime and b > 1 is such that p* = 1 (mod 1).
Then for k = p® — 1 and g = p we get

an—l—pb—l(la 7”) = an(l7 T) (Il’lOd p)
In particular, for [ = p — 1 and b = 1 we get Glaisher’s congruence
an+p—1<p - 1>T) = an(p - 1,7") (HlOd p)7 n > 0.

Example 24. Assume that ¢ > 1 is an integer relatively prime to [ € Z*. Let g = Hi:l poe,
where py, ..., p; are distinct primes and «, € Z*. Put

n(q) = LCM (p(f“l(p‘fl — 1, ) - 1)) 7
where S, is the smallest positive integer with ps = 1 (mod m). Then we have [22]

1 (modgq), ifr=0 (mod]I);
Ay (q(l,7) = ¢ =1 (mod q), ifr=1 (modI);
0 (modgq), ifr=se{2,...,1-1}.

Lemma 25. Forn >0 and k € Z we have
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1. bo(l,n+ k) = bay(l,n — k),
2. bopi(ln+k+1) = —bopia(l,n — k).
Proof. The result is obvious for n = 0, because by(l,m) = b,(0, —m) and
[, r=Ekl
b l’ — ) Y
oll,7) {O, otherwise.

For n > 1 we get

-1 =1
bgn(l, n 4+ k) _ Zw—t(n—i—k)(l . wt>2n _ Zw—t(n—l-k)(l . 2wt + w?t)n

=0 =0
-1 -1

= Zw‘t(’”’k) (W' — 2w + W)™ = Zw_tk(wt +w' —2)™.
t=0 t=0

Since by, (I,n + k) € Z and w' + " —2 € R, s0

bon(l,n + k) = b,(2n,n + k) = Zwtk (W@ —2)" = boy(I,n — k).

By Lemma 21 and just proved formula we get

bon1(lm+k+1)=bo(l,n+k+1)—bop(l,n+ k)
=bop(I,n—k—1) — by, (I,n — k)
—(bon(l,n — k) — bop(l,m — k — 1)) = —bopya(I,n — k),

so the result follows.

Corollary 26. Forn > 0 we have b,(I,n) = (—1)"b,(l,0).
Lemma 27. Ifl is even then (—1)"b,(l,r) > 0 for n > 0.
Proof. 1f [ is even then

e =cn 3 ar() =5 ()

s=r (mod 1)

=1 ) )<Z)>0.

s=r (mod I

Lemma 28. If [ is odd and 52" € 2N + 1 then b,(l,r) = 0.

14



Proof. Assume that ”‘TQT = 2k + 1. It follows that n — 1 is even, so by Lemma 25 with
k::r—”T_lweget that
bnfl(l, 7”) = bn,l(l,n —1- 7”).

By Lemma 21 we have

by 1(l,r=1)=b, 1(I,n—1—7r+(2r —n))
=bpa(lbn—1—r—2k+ 1)) =b,1(l,n—1—1)

hence by Lemma 25 we get

bu(L,7) = b1 (1,7) = b1 (L7 — 1)
=by1(lbn—1—=7r)=by1(ln—1—7r)=0.

We will finish this paper with the result obtained in [17].
Theorem 29. Assume that | is odd. Then forn >1—1
=0, if*: = e2N+1;

(=1)"bu(l,7) § >0, if 252 € (4k — 1,4k + 1);
<0, if "% € (4k+ 1,4k + 3).

Proof. We will use the induction with respect to n. Let n =1 — 1. Observe that since [ is
odd hence =% cannot be an odd number. By definition

it = (U = o ()

S S

where s € {0,...,l — 1} is such that s = r (mod [). If [ is odd then (—1)*"

I
—
|
—_
~—

3

~[I

w
»n
@)

(—1)b(l—1,7) >0 & Tli € 9N & [ﬂ € 2N

~=

I—1-2r 1 1
€2m.2m+1) & ———— € (~dm—1— o ~dm+1- |,

Since [ — 1 is even, so

[—1-—2r

1 1
; ¢(—4m—1——,—4m—1—|—7),

l

hence

[—1—2r

1 [—1—2r
] &>

1
€<—4m—1—7,—4m+1—7 j € (—dm—1,—4dm +1).
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Similarly,

[—1—-2 1 1
(—1)Tbl_1(l,7’) <0& % € (—4m +1-— 7, —4dm+ 3 — 7
[—1-2
= % € (—4m + 1, —4m + 3),
so the result is true for n =1 — 1.
Assume that the conclusion is true for n — 1. We consider three cases. If "’TQ’” =2k +1
then it follows by Lemma 28 that b, (l,r) = 0.
Let 222 € (4k — 1,4k + 1). Then the numbers

(n—l)—2(r—1)_n—2r+1 n—-1)—-2r n-2r 1

l o I l o l
lie in the interval [4k — 1,4k + 1] and at least one of them is in the interior of [4k — 1,4k +1].
It follows by the inductive step that

(=) bpa(l,r —1) >0, (=1)"bypa(l,7) >0
and at most one of them is an equality. Hence
(=1)"bu(l,7) = (=1)"bp_s(l,7) + (=1)" b1 (l,r — 1) > 0.

In a similar way, for 252 € (4k + 1,4k + 3), we get that

(=1)"bu(l,7) = (=1)"bps(l,7) + (=1)" bps(l,r — 1) < 0.

Corollary 30. Let I > 2. Then b,(l,0) = 0 if and only if | is odd and 7 € 2N + 1.
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