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Abstract

In this work, we provide some explicit upper bounds for certain sums involving the
Mobius function. Thanks to recent results proved by Balazard, some of these bounds
improve on earlier estimates given by El Marraki.

1 Introduction and results

It is often a hard task to give completely explicit results in analytic number theory. For
instance, it is well-known that if y is a quadratic Dirichlet character to the modulus ¢, then,
for any ¢ € (O, %), there exists a non-effectively computable constant ¢, > 0 such that

Ce
L(1,x) > -
and all attempts at providing a value to c. for sufficiently small € have been unsuccessful.
On the other hand, a wide class of functions of prime numbers have been successfully
explicitly estimated during the last fifty years, starting with the benchmarking paper of
Rosser and Scheenfeld [11]. For instance, refining an earlier estimate of Dusart [4], Trudgian
[14] proved that, for x > 229

. T log
—L 2 —_— —
|7(x) — Li(x)] < 0.2795 (log )7/ exp < \/ 6.455)
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where Li is the usual logarithmic integral function. As for the Mobius function, the prime
number theorem is known to be equivalent to the estimate

> un) =o(x) (z—o0)
n<x
and the method of contour integration may lead to bounds of the form
Z,u(n) <L wexp <—c\/log m) (x>2, ¢>0)
n<x

but no explicit result of this form is known. Refining a method of von Sterneck, based itself
upon the work of Chebyshev, MacLeod [8] showed that

> uln)

n<x

[E-|—1 11

TERE) (z=1). (1)

Bounds of the form z(logx)™® with a > 0 were then obtained by Scheenfeld [12] and El
Marraki [5] who, among others, proved that [5, Théoreme 2]

0.109 17z
S| < ST g g
n<lx 08 ¥
and [5, Théoreme 3]
362 T
w(n x>1). 3
WO )

Using an inequality coming from a convolution relation and partial summation, El Marraki

[6] deduced from (2) and (3) that

Z p(n)

n<x

0.2185
<
— logx

726
log x)?

ZM

n<x

(x >33) and (x>1). (4)

Ramaré [10] refined the first estimate by showing

(z > 96955) .

69 log x

Our first result improves on (4) in the following way.

Theorem 1.



(a) For all z > 33

1
Z wu(n) _ 0 9'
— n log x
(b) For allz > 1
Yo ) o
n<x log 33)

It may be interesting to estimate similar sums twisted by additional conditions. For
instance, Ramaré [9, 10] studied sums of the type

ZM

(n,k)=1

where k € Z>,, and showed among others that

k;
Z” 078 (1 <hea).
(k) log(z/k)
(n,k)=1

Our second result is a complement to Ramaré’s bound.

Theorem 2. Let k,m € Z>,. For all x > k™

w(n k‘ C,
Z (k) (log (exk— ))

n<x
(n,k)=1

where

2
Cp, = 1100 <1+4e—1 g(m+§)) :

The first ten values of the ceiling of (), are given below.

m 1 2 3 4 5 6 7 8 9 10
[C,] 12555 8045 7221 6937 6820 6768 6743 6731 6725 6723

Next, we estimate the logarithmic mean of the Mobius function twisted by a Dirichlet
character.



Proposition 3. Let x be a non-principal Dirichlet character to the modulus ¢ > 37 and let
k € Z>y. Then for all z > 1

wx(m)| kK 2y/Glogq
2 = o) LIl

n<x
(n,k)=1

Our last result deals with the following rather curious sum which does not seem to have
been studied in the literature before.

Theorem 4. For every x > 1, define

ZMZ

n<x

Then for all z > 1664

2¢(2)

Furthermore, the prime number theorem implies that, for x sufficiently large

— 0.067v/z < S(z) < 0.0006 ( ) + T() +0.067v/z.

log

Slz) < 2,-0.4196 (log )*/° (loglog ) ~1/>

Finally, the Riemann hypothesis is true if and only if, for all € > 0 and x sufficiently large

S(z) < o't

In what follows, we define the functions M (z) and m(z) by

= Zu(n) and m(x) = Z @

n<z n<lx

2 Tools

Our first lemma follows easily from well-known convolution techniques.

Lemma 5. Let f be a completely multiplicative function and a € Z>y,. Then uniformly for
any real number x > 1

f(k
S w5 [ 5
(Jisil gjx m<x/k



Proof. If 1¢° is the characteristic function of the set of integers & > 1 such that & | a*, then
one can easily see that, for any n € Z>,

(15w ) () = {Mn% £ (n.0) = 1

0, otherwise.

Now inserting this in the left-hand side, interchanging the summations and taking the com-
plete multiplicativity of f into account achieve the proof. m

The first result is an inequality coming from the work of Balazard [1], depending on
Mobius’ inversion formula and some special properties of the Bernoulli functions, and im-
proving on the inequality used in [6, 9] by a factor log.

Lemma 6. For all x > 1

o m(x)] < [M(z)] +1/ M@)]d

In fact, this inequality is a special case of a more general result stating that, for every
k € Z>,, there exist constants C} > 0 and Dy > 0 such that

lem(z) — M(z)| < Cra®~* / M) £+-3dt + D,
1

which implies Lemma 6 by taking k = 3. The case k = 2 provides the bound
TIM()]

x|m(x)\§\M(az)\+/1 dt+2—%

which proves to be slightly weaker than Lemma 6.

The next tool is an explicit bound for a certain class of integrals.

Lemma 7. Let a > 1, a > 0 be real numbers. For all x > a
/”” tdt C,2*
<
o (logt)* = (logz)*

a’ a e\
C, = @ )
2 <<ze1oga)a/<a+l> o )

where

Proof. For any b > 1, we get

/m tdt / / tdt  _ 1 z?/b N bz?
. (logt)® o ) (logz)e 2 (loga)® = (logx)* )
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The inequality logz < Ce 2"/ used with C' = , yields

ba
2(b—1)

b @ bo C g
(log )" < (26(1)—1)) C TS e -n) (oga)e

[ e =5 () (=) +)

) X o a/(a+1)
-t 2eloga

concludes the proof. m

and hence

and choosing

The next lemma will be proved to be useful in the proof of Theorem 2.

Lemma 8. Let k,m € Z>,. For allz > 1

1(n) = pldi)? e~ pldy)? 11(din)? 1
ZT_Z d; 2 dy 2 d,, h<z h

TLS(E dl‘k d2|d1 dm|dm—1

1)
2

1<

i S S
Proof. We proceed by induction on m. For m = 1, we have
p(n) pi(ds) pi(hdy)
el el D
n<z di |k h<z/d:
(n,k)=1
_ pu(dy)? p(h)
IR Vi
da |k h<a/d;
(hd1)=1
oy AT g L 1)
dy h J
dilk h<z/d1  j<z/(hd:i)
hld3®

where we used Lemma 5 in the last equality. Now assume that the statement is true for
some m > 1. From Lemma 5 again




so that using the induction hypothesis

wu(n) ,ud1 NdQ M pu(h)
S0 M syl s ) g )

n<z dilk da|dy din | dm— h< 4=
(n,k)=1 ' ’ ' (et
o d)? u p (hdm1)
B LN U el PR ST
dy |k dm|dm—1 dm+1ldm hS g m

_ u(d)__.zu Zu+ T %}

1

di|k dm|dm—1 dm+1|dm hﬁm
(hvdm+l):1
2 .
= b)) m+1 v Loy
dq h Ji
dilk dyt1|dm h<a= cafmﬂ jShdlufierl
h‘dm+1
achieving the proof. O]

The identity below may be proved by induction. We leave the details to the reader.

Lemma 9. Let k,m € Z>,. Then

SH S 2 L) -l

dllk‘ d2|d1 dm|dm 1 p‘dm

3 Proofs of the Theorems

3.1 Theorem 1
Proof.

(a) We check numerically the inequality for x € [33,6000], and we assume x > 6 000. Let
T € [685, x| be a parameter at our disposal. From Lemma 6 and the bounds (1) and
(2), we infer

tlm(@) < M)+ (/ /) ]dt+§

0.10917x  T(T + 882) 0.10917 [* tdt 8
gz | 160z 16095 R /T logt 3

0.10917x . T?%(1 + 882/685) n 0.10917 /x tdt 8
log x 160x x r logt 3



and Lemma 7 implies that

im(z)] < 0.10917x n 1567 T2 N 0.10917 N 1 > g . 8
x|m(x =.
log = 685 160z 2 V2elogT ) logz 3

We choose T' = 0.337 x(log #)~*/2. Since z > 6000, we have T > 685 and thus

<
x|m(x)| log
8 log 6

2

1091 1 2
<0.10917+0.00163+0 0917 (1+—>

2elog 685

. 81086000
3 6000

0.19z
log x

achieving the proof of the inequality.

The inequality is first checked on |1, 2] via
546 546

(log

)2 > (log 2)2 > 1= |m(z)|

and then numerically for z € [2,33]. If x € [33,¢*8™], then

Im(x)] <

so that we may suppose z > e
and (3), we get for any 7' > 1

0.19 - 546
logz ~ (logz)?

2873 Using Lemma 6 as above, Lemma 7 with a = 2,

362.70  T2(1+882/T) 883 3627 [® tdt 8
x|m(x)| - + +

(log z)? 160x 160x z Jp (logt)? 3

362.70  T?(1+882/T)

(log )? 160z

| 3627 2 +21/33 v .8
4\ (2elogT)?/3 (logz)? 3

2873

Choosing T' = z(logz) ™! >3

873’
zlm(x)] < log (36 7+160 1+ 02873

362 7

(log r)?
546x

(log )*'

, we obtain

882 x 2 873)

2873 —2/3\ 3
s e 8 2873
( / +2<€1°g (2873)) > NEWELE

8 2873)

<362 7+ 0.00625 + 18273823 + 5 o



The proof is completed. O]

3.2 Theorem 2

We first state the following result, which is an easy consequence of Theorem 1.

Lemma 10. For all N € Z>,

N N

Z p(n) Z pi(n)
n n

n=1 n=1

Proof. We check numerically the first inequality for N € {1,...,32} and, if N > 33, then

by Theorem 1
N
Z p(n)
n=1 n

Now let us have a look at the second inequality. If N € {1,...,10'9}, then

1
= log (%(N + 1))

550
log (e(N + 1)))2 '

and

<
(

- 0.19 - 1
log N = log (£(N + 1))

p(n) 1 550
Z < c < 2
1 log (§(N'+1))  (log (e(N +1)))
and for N > 109
N
Z p(n) - 546 - 550
1 log” N ™ (log (e(N +1)))*
concluding the proof. O

We now are in a position to show Theorem 2.

Proof of Theorem 2. Setting
44/¢(m+1/2)
T = (exk;fm) 4/C(m+1/2)+e



and using Lemmas 8 and 10, the sum at the left-hand side does not exceed

< 5502”d1 Zﬂdz ' Z M Z 1

2
di [k dalds dmdm—1 h< =2 h <log (hdl—d»
hldse
p(d u 1
SN SN DN s 2
ak ol 1 <T - T<h<gz | h (10% (ﬁ))
hldm hldolo m 1 m
- pu(d u u 1 i,
< 5503, -2 2o (dy)
dl‘k d2|d1 dm|dm 1 <log (leexdm)> "
(dy) (ds) 1
45507 1/22“ ) Z“ 2)” Y M Z i
dy |k da|dy dm|dm—1 h|dg?

where in the second sum we used the fact that, if h > T, then h~! < (hT)~/2. Now from
Lemma 9 we get

p(n) 550 p(dn)? Mdz pn)?
> | < DI o)

n<z (log (Tk;m>) dilk dady dun|dm—1
(n,k)=1
p(dy) u 1\
+ 5507 1/2 Z )” Y H (1 — 1—)
/2
dllk dm‘dm 1 p|dm p
550k 1 1
= +77]] (1 - )
exr 2 s
w(k) \ (log (72)) s pmti/2
_ 550k 1 16¢ (m+3)
T oelk) \ (log (72,))*  (elogT)?
giving the asserted result if we replace T" by its value given above. O]

3.3 Proposition 3

Proof. Since a Dirichlet character is a completely multiplicative function, we get from Lemma 5

w(n)x(n) x(n) p(m)x(m)
(n,k)=1 n|k®>
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and we conclude using the inequality [2, page 4]

3 pn)x(n)| _ 2v/4logq
20| S L)
valid whenever ¢ > 37. O
3.4 Theorem 4
Proof. The proof will follow from the identity
1 2 2
S(z) = 3 <M($) + ;u(k) ) (5)

Indeed

= M) )~ 3 k)Y )
YT (Z () - u(k)>
= M@~ S(e) + Y ulk)’

giving (5). Now from [3] we know that

ZMU?) o)

k<z

<0.1333Vz

as soon as x > 1664. This along with (2) leads to the explicit inequality of the theorem.
The second inequality follows from the fully explicit bound for the Riemann zeta-function

given in [7] providing

M(z) < we 0207 8(log z)/5 (log log ) ~1/%

Now assume RH. Using Soundararajan’s result [13, Theorem 1] we infer
S(m) < xe?(loga:)l/Q(loglogx)M < pite
Conversely, if S(r) < z'*, then
M(z)* = 25(x) — z:,u(n)2 < z'te

n<x

so that M (x) < z'/?*¢ which is known to be equivalent to the Riemann hypothesis. The
proof of Theorem 4 is complete. O]
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