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Abstract

In this paper we consider the generalization G4(n) of the Broughan ged-sum func-
tion, i.e., the sum of such ged’s that are divisors of the positive integer d. Examples of
Dirichlet series and asymptotic relations for GG and related functions are given.

1 Introduction

In the recent article [5], Broughan studies the sum of the greatest common divisors of the
first n positive integers with n, i.e., the arithmetic function

n

G(n) = Z ged(k,n).

k=1

This function arises in deriving asymptotic estimates for a lattice point counting problem [5,
Sect. 5]. The function G has polynomial growth as n tends to infinity. For p € P (throughout
the paper P denotes the set of prime numbers) and « € N, it is not difficult to show that

G(p™) = (p—Dp* "7 pP+1-p*=(a+1)p*—ap™ "

number of gcd’s equal to pJ
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(cf. [5, Th. 2.2]). Following [5, Cor. 2.1] G is a multiplicative function, i.e., G(mn) =
G(m)G(n) for coprime m,n € N, that is, ged(m,n) = 1. The corresponding Dirichlet series
G (s) converges at all points of the complex plane, except at the zeros of the Riemann zeta
function and the point s = 2, where it has a double pole. Moreover, Broughan derives
asymptotic expressions for the partial sums of the Dirichlet series at all real values of s.

The following generalization of G (see [2]) arises in the study of distribution of determi-
nant values in residue class rings.

For d € N, we introduce the function

n

Ga(n) ==Y ged(k,n).
k=1
ged(k,n)|d
Obviously, G(n) = G,(n) and G1(n) = ¢(n), where ¢ is Euler’s totient function.

The purpose of this note is to study the function G4. In the next section we present
some elementary properties of G4. Furthermore, we study the corresponding Dirichlet series
Ga(s). Some of the results will be applied in a forthcoming paper on the distribution of
determinant values in residue class rings and finite fields. As an example we mention that
in the residue class ring Z,, (n € N), for r € Z,,

H,(r) = [{(i,)) € Zn X Zyn | i-j =1},

the number of products equal to r having precisely two factors in Z,, is equal to

H,(r) = Gn(n) = G(n), it r = 0;
! Ga(n) = Geeary(n), if r#0.

A similar problem as the calculation of the value H,(r) in the domain of positive integers
is the so-called multiplication table problem posed by Erdds (see [7]): how many integers
can be written as a product i - j for a given positive integer n € N with positive integers
i <nandj <n? Erdds ([7, 8]) gave the first estimates of this quantity. Tenenbaum [13] had
made the results of Erdés more precise. Ford ([9, 10]) derived the exact order of magnitude
of the n x n multiplication table size completely. Koukoulopolous [11, 12] presents a perfect
overview of the actual situation and the further development of Ford-Erdds results.

2 Properties of G

The following lemma gathers some elementary properties of G4(n).

Lemma 1.

(i) For m,n € N, we have G, (n) = Gged(mn)(n).
In particular, for m,a € N, p € P, we have Ggeamp)(p®) = Gm(p®);
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(1) for coprime d,n € N, we have G4(n) = ¢(n);
(111) for d = dydy with ged(dy,n) =1, we have G4(n) = Gay(n).

Proof. (i) Since ged(k,n) | ged(m,n) <= ged(k,n) | m for all m,n,k € N, the first
formula follows from the definition. One obtains the second one by substituting n = p®.

(ii) If ged(d,n) = 1, using (i) we get
Ga(n) = Gi(n) = @(n).
(iii) Since ged(dy,n) =1 = ged(dida, n) = ged(ds, n), it follows that

Gd(n) - Gd1d2 (n) - Gng(d1d2,n)<n) = chd(dzm)(n) - Gdz (n)v

where we used (i) twice.
The proof of the lemma is completed. m

Let pg denote the multiplicative function

() w, ifw|d;
w) =
P 0, ifwtd

Then we have the representation
Gd = pPd * ¥, (1)
where x denotes Dirichlet product. Indeed,

n

Ga(n)= > ged(k,n) = ZW( ) > pa(w) ( )Z(pdw)(n)-

k=1 wld win
ged(k,n)|d w|n

Therefore, G4 is multiplicative as it is the Dirichlet product of multiplicative functions [1,
Th. 2.5(c) and Th. 2.14].

Theorem 2. G4 is a multiplicative function, i.e., for coprime m,n € N, we have
Ga(mn) = Gg(m)Gqa(n).
We also give a direct proof of the preceding theorem.

Proof. Let d | nyny with coprime ny,ny € N. This implies d = dydy with d; | ny and dy | na,
so that d; and dy are coprime. One has

Ga(ning) = Gaya,(nanz) = Z <n1n2> Z Z WL Wa P (HIZJZ

wq
w|d1d2 w1|d1 w2|d2




Because ¢ is multiplicative and ged (”1 Z“’) = 1, one obtains
2

Galmng) = 3 wnp (%) 3 wap <@> — G, (1) Gy (n2) = G (n1) G ().

W
wi|dy

This completes the proof. m
Theorem 3. For n € N and for coprime di,dy € N, we have
Ga,(n) - Gay(n) = @(n) - Gaya,(n).
In particular, Gg,a,(n) | Ga,(n)Ga,(n).
Proof. Let d = dydy with ged(dy,dy) = 1. By Equation (1) we have

Ga(n) = (pax@)(n) = para,(w) ( ) DN pay(wi)pa (ws)e <w1w2).

wln wi|n waln

Now, decompose n = knins in a product of three pairwise coprime factors k, ni, no such
that d; | n; (i =1,2). If w; | d; (i =1,2) we conclude that

¥ (wlan) — (k) (ﬂ) - (@) o) @(%) ¢(w%> B w(w%) go(w%)

wy wo p(kng)p(kny) p(n)

Hence, we obtain

ZZPdl(wl ( )Zpdzw2 ( )zGdl(n)-G(b(n)

wi|n wa|n

which is the desired formula. O

We close this section with the following nice formula.

Theorem 4. For alln € N, we have

ZGi(n) =

Proof. Analogously to the proof of Theorem 2 one has

S6i0 = S o (2) = S (2) oot

=1 wln wln 1=
n n n
B CITP s pH A Py
win w 1<i|§n wln w w wln
where we used that Z v (w) =n. O
wln



3 Evaluation of G; at positive integers

In this section we consider the problem how to calculate the values of Gy4(n) for positive
integers. We start with the special case of prime powers. In the following d,s denotes the

1, if a=p0;

0, otherwise.

Kronecker symbol defined by d,5 = {

Proposition 5. For prime powers n = p® (a € N) and d = p, 3 < a (B € NU{0}), we
have

G (p”) = 0 (p”) (1 + 0+ p5i61> :

For prime powers n = p® (o € N) and d = p®, B > o (B € N), we have

1
G (1) = G 4) = o) (142 L)
Proof. For 0 < 8 < a, we have

8
G (p™) =D ("7 =" = (0" = p* )1+ 8) = p(p*) (1 + B),

=0
and, for § = a,
Gpo(p*) = Gpe (p*) = G(p*) = (@ + 1)p* — ap ™"
= (a+1)(p" —p" ) +p" " = o(") (L +8) +p*

In the case 5 = 0 application of Lemma 1 (ii) leads to G1(p®) = ¢(p*) = ¢(p®)(1+ ). Thus,
for all 0 < 8 < «, one has

pa—l . 5a,8>
©(p®)

Taking into account that ¢(p®) = p* — p®~! one obtains the first result.
For 8 > a, we have ged(k,p®) | p° <= ged(k, p®) | p*. Hence,

cwmﬂzwwwrwﬁ+w*ww=wwwo+ﬁ+

Q

(a7

p p

Gu(p®) = Y ged(k,p”)= Y ged(k,p®) = Gp(p®)
ccd(hp™) ged ()

and the second result follows by application of the first formula. m

Remark 6. The result of Proposition 5 can be written in one single formula: forp € P, a € N
and f € NU {0}, we have

5a,min(a,ﬂ) )

Gy (1) = (0 (14 min(a, ) + St



Theorem 7. For n € N with prime powers decomposition n = pi\l .- pM and positive
integer d = c-pit - pit withp; f ¢ forall j =1,...,t, and 0 < k; we have the representation’

t

. 1
Ga(n) = ¢(n) - H (1 +min(k;, A;) + 5/\j,min(nj,xj)p—) :

J=1 i1

Proof. Because G4 is multiplicative, by Theorem 2, and applying Lemma 1 (iii), we obtain

Guln) = G (HPA>
j=1
t
= H Gc.p’fl---pft (p;\j)
j=1
t
— H Gp;j (p;\j>
7=1

t
i 6 smin(Kq,\;
=11 ¢ (p;‘f> (1 + min(kj, \,) + %—W> ’
j=1

pi—1

where the last equation is a consequence of Rem. 6. [

We note that under the notation of Theorem 7 the equation

ged(d,n) = py* - ptt

defines unique numbers «; (j = 1,...,t) with 0 < k; < Aj, such that the result can be
written in the form
d 1
Gd(n) = chd(d,n)(n) = @(n) ’ H (1 + Kj + 5)\]‘7!{]'29' — 1) .
=1 !

4 Dirichlet series, averages and asymptotic properties

Some asymptotic formulas of the Broughan’s gcd-sum function were derived by Broughan
[5] and Bordelles [4]. The average order of the Dirichlet series of the Broughan’s ged-sum
function was studied by Broughan [6] and Bordelles [3]. In this section we give some examples
of Dirichlet series of arithmetic functions connected with G4(n). We calculate the average
functions and derive some asymptotic formulas for these examples.

'k; = 0 means that p; is not present in the decomposition of d, i.e., p; { d.



The Dirichlet series for an arithmetic function f(n) is defined (see, e.g., [1, 11.1, p. 224])
by

F(s) = Z ff:)

o0

1
The most prominent example is the Riemann ¢ function ((s) = 5 —. It is clear, that ((s)
nS
n=1

is the Dirichlet series associated to f(n) =1, for all n € N,
For any prime number p, the Bell series [1, Sect. 2.15, p. 42ff] of an arithmetic function
f is the formal power series

folx) =) f")a"

If f is multiplicative the corresponding Dirichlet series is given by
F(s)=> fmn =1 £
n=1 p

provided that the Dirichlet series converges absolutely for Res > a (see, e.g., [1, Th. 11.7,
p. 231]).

The number e € NU {0} is called the m-adic order of n € N (m € N), if m® | n and
mett {n. Tt is denoted by e = v,,,(n).

4.1 The arithmetic function Gy
4.1.1 Dirichlet series

Since G4 = pq * ¢ (see (1)) and

ns nsfl’
n=1 n|d
_en)  ds=1) ypl-op
(13(3) v ns - C(S) - 1;[ 1_ plfs’

([1, Ex. 4, p. 229 and p. 231]), we have according to [1, Th. 11.5]: for Res > 2,

nS

Gu(s) i= 3 G 5 P ) g,

SO

IRCCER) LN § S !
Ga(s) = C(s) 'Znsfl - 1;[ 1—pl—s Z ns—1’

nld nld
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¢(s—1)

If d = 1 one obviously has G, (s) = (cf. [1, Ex. 3, p. 231]). For d € P, one has

4.1.2 Average functions

We study the asymptotic behaviour of the average function
Gy (#) = _n™"Ga(n)
n<x
as n tends to infinity. Taking advantage of the representation Gy = py *  we obtain
o w) ¢ Gy
Ge ()= 33 2 ) (i)

)

n<z wn

By application of [1, Th. 3.10, p. 65], we conclude that

G () = 3 n = pa (m) 8 (7] = D wCMakl ().

n<z wl|d

where @[ denotes the average

ol (1) = Zn_acp (n)
n<x
of Euler’s totient function ¢. We distinguish 3 cases. Because, for a < 1,
:L,2fa

ol () ~ 5
—a

Ct@2)+0 (Il_a log x) (x — 00),

([1, Ex. 8, p. 71]), we have

QL‘” (x) ~ S ¢ (2) Z i + O (z'*logx) (r — 00).

2 —«
w|d

Because, for a > 1, a0 # 2,

ol (z) ~ ﬂcfl (2) + M

2—«

([1, Ex. 7, p. 71]), we have

gc[za] () ~ xQ—_aC_l (2) Z % + ¢la-l) Z w @ + O (2 log z) (x — 00) .

2 —«
w|d



Finally, for a = 2, we have

7 (2) ~ ?g; +ﬁ 440 (loiw) (2 — 00).

where 7 is Euler’s constant and A =", 1 (n)n~?logn ([1, Ex. 6, p. 71]), and we conclude
that

R P e P G B

w|d w|d

4.2 The arithmetic function G,/ zcq(n)(7)

Let r € N be given. Consider the arithmetic function

b(T)(n) = Gn/gcd(r,n)(n)'

which is easily seen to be multiplicative. Let p be a prime number and put § = v,(r).
According to Prop. 5 one has

5”77/
b7 (") = Gor ) seairam) (D7) = Gpns () = 0 (p") (1 +n—f+ f)

So, if B = 0 one has 0, ,-s = 1 and

1
0" (") = (") (1 +n+ ]:) = (n+1)p" —np"!
Therefore, for § = 0, the Bell series is given by

00 00 1—
n=0 n:O

If 3> 0 one has ,,,—5 = 0 and

bg)(x) ib(r )" —ng J(14+n—pB)a"
n=0
_nzo(p —p" N1 4+n—p)a" = ol 1) ,

Hence, the Dirichlet series is given by

BO)(s) = ¢ (;(S—) 1) 11 (p—1)(1 ;Elp:_zz ) B(p) (Res > 2).

plr

where [ (p) = v,(r).



4.3 The arithmetic function G, (ged(r,n)n)
Let r € N be given. Consider the arithmetic function
a"(n) ;== Gp(ged(r,n) - n)

which is easily seen to be multiplicative. Let p be a prime number and put § = v,(r).
According to Remark 6 one has

a(p) = G (ged(r, p")p") = Gy (pn+min(,3,n))

| 1
_ (pn—i-mln(/@’:“)) (1 +n 4+ 507min(’8’n)pTl) ’

If 8 =0, one has dpmin(sn) = 1 and

1 _
") =) (1 ) = o gt =

Therefore, for g = 0, the Bell series is given by

() = D)t = 3 (et Dt =) " = s

If B> 0 one has dg min(sn) = 0 and

al)(z) = 1+ Y (1 +n)p(p" e,
n=1

B 00
=14> (1+n)e@E™)z"+ Y (1+n)p@p" )"
n=1 n=p0+1

B oo
=14+ Z(l + n)(pZn _p2n71)xn + Z (1 + n)(pn+ﬂ _pn+571>xn
n=1

n=p+1
8 -
- 1%1 Y+ D) +p" p—-1) D (n+1)(pa)
n=1 n=p+1
_ 4 = V(B4 Dp*)™ = (6 + 2)(p°2)” — p’e +2)
B (p2x _ 1)2
(= )pPaP (B + Dpr — (B +2))
(pz — 1)? '

Hence, the Dirichlet series is given by

2

(" (g) = C(s—1) (1-p'™) o (s os
As) = S H( a0 >> (Res > 2).
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where

(p— V)p*’p=D((B+1)p'* — (B +2))

M (p=5) = 1—
ap (p ) (1 _pl—s>2
(p— L)p' (B4 1)pP=)BD — (B 4+ 2)p2=9)F — p2z + 2)
- (p?r —1)2

and 3 = [ (p) = vp(r).
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