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Abstract

In this paper, we give a matrix decomposition method used to calculate unified
generalized Stirling numbers in an explicit, non-recursive mode, and some of its ap-
plications. Then, we define generalized factorial matrices which may be regarded as
a generalization in the form of the Vandermonde matrices, and presents some of their
properties — in particular, triangular matrix factors of the inverse matrices of the
generalized factorial matrices.

1 Introduction

The unified generalized Stirling numbers, defined by Hsu and Shuie [1], are the connection
coefficients of linear relations between generalized factorial functions. The generalized fac-
torial functions of a real or complex number = with real increment «, denoted by (z|a),, are
special polynomials in x of degree n, as

(x|la)o=1, and (z|a),=z(r—a)---(r—na+a), n=12,.... (1)

Thus, the unified generalized Stirling numbers with real parameters «, 3,7, denoted by
S(n,k;a, B,7), n,k=0,1,2,..., may be defined as (see [1])

k=

0
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We see from (2) that for any «, 3,7, S(n,n;a,3,7) = 1; and S(n, k; o, 5,7) = 0if & > n.
Therefore, the upper limit oo of the summation in the right side of equality (2) may be
replaced by n.

As Hsu and Shuie pointed, the definition (2) gives a more transparent unification of
various Stirling-type numbers studied previously by other authors (see [1]). In particularly,
we see from (2) that S(n,k;0,0,0) = 0, (the Kronecker symbols), S(n, k;1,0,0) = s(n, k),
S(n,k;0,1,0) = S(n, k), and S(n,k;0,0,1) = (Z), where s(n, k) and S(n, k) are the Stirling
numbers of the first and second kind respectively.

Hsu, Shuie and other authors then investigated basic properties of the unified generalized
Stirling numbers, such as recurrence relations, generating functions, convolution formulas,
congruence properties, asymptotic expansion, g-analoque formulas and corresponding com-
binatorial interpretation (see [1, 2, 3]).

2 DMatrix Decomposition of the Unified Generalized
Stirling Numbers

Now let’s have the following definition.

Definition 1. the unified generalized Stirling (transform) matriz with real parameters a, 3,7,
denoted by S, g, is defined to be an infinite-dimensional lower triangular matrix, the (n, k)th
entries of which are S(n, k;a, 3,7) (n,k =0,1,2,...), such that

Va(z) = Sapyva(T —7) (3)

where v, () is the vector of the generalized factorials with real increment «, as follows
vo(z) = (1,2, (z|Q)s, . .., (z|)n,...)T. (4)

Remark 2. It can easily be shown that equations (2) and (3) are equivalent. We may find
immediately that matrices Soo0 = E, So01 = B, Si00 = Si, So,10 = S2 are, respectively,
the infinite-dimensional unit matrix and the matrices of the binomial transform, the Stirling
transforms of the first and second kind for integer sequences.

Remark 3. We see from the matrix definition of the unified generalized Stirling numbers,
(3), that
va(r =) = Spa—Val®).
This leads to that
Va(®) = 84,6580, Va(),
namely (S, 3+53,a,—v — E)va(z) = 0 (the infinite-dimensional zero matrix). Because x is an

arbitrary real or complex number, we have S, 3,Sg . = E, namely matrix Sg, - is the
inverse of S, 3+ .

We first investigate three basic types of the generalized Stirling matrices: Sq.~, Sa,00
and SO,,@,O'



According to the binomial theorem, we have that

oh =7 =3 ()t =0 = 3 (1) o=l

Hence, the (n, k)th entry of S, is that

S(n, k;0,0,7) :’y”k(z>, (n,k=0,1,2,...). (5)

Remark 4. In case v is an integer, Sg ., is just the v-fold binomial transform matrix for an
integer sequence, namely 7 successive binomial transform for an integer sequence (see [4]).

Next, we look at the generalized Stirling numbers S(n, k;,0,0) (o # 0) defined in
expression (z]a), = > p_,S(n, k;,0,0)z%, (n,k =0,1,2,...).
Because (z]o), = o(£]1), and ¥ = o (£)F,

n

—|1 ZSnkaOO ()

On the other hand, (£|1), = > S(n, k; 1,0,0)(%)’“. Hence, we have S(n, k;a,0,0)a* =
a"S(n,k;1,0,0), which implies that

S(n,k;a,0,0) = a" %S (n, k;1,0,0) = a" *s(n, k), (n,k=0,1,2,...). (6)

Namely, the (n, k)th entry of matrix S, 0 is the Stirling number s(n, k) of the first kind,
multiplied by a"*
Similarly, we may obtain that when 3 # 0,

S(n,k;0,3,0) = "*S(n, k;0,1,0) = " *S(n, k), (n,k=0,1,2,...). (7)
Namely, the (n, k)th entry of matrix Sg 5 is the Stirling number S(n, k) of the second kind,
multiplied by /"*.

Remark 5. We see from (5), (6), and (7) that, if 6 is an integer, then each one of the
generalized Stirling numbers S(n, k;6,0,0), S(n,k;0,0,0) and S(n, k;0,0,0)) is an integer
number.

Remark 6. In case v (or [3) is an integer, matrix S, 00 (or Sog0) defines a generalized Stirling
transform matriz of the first (or second) kind for an integer sequence. They both are a pair
of transform and inverse transform of integer sequences, if and only if o = .

Now we may give a general decomposition formula of the unified generalized Stirling
matrices, S, 3.5-

Theorem 7. Let S, 5~ be a generalized Stirling matriz with real parameters o, 3,~. Then

Sa,ﬁ,'y = Sa,O,OSO,O,ﬂ/SO,B,O- (8>



Proof. We see from (3) that

Va(®) = Sapovo(2),  Vo(r) =Soosvo(r =7), Vol =7) = Sosovs(z —7).
Hence we have
Va(r) = 84,00500~S0,80vs(T — 7).
On the other hand, we also have v,(z) =S, g~vg(x — ). Thus,

(a8 = S.00800+S0,50)Vs(z —7) = 0.
Because z is an arbitrary real or complex number, the equality (8) holds. O]

Remark 8. In case all of «, 3,7 are integer numbers, we may regard S, 3, as a transform
matrix of integer sequences. However, we see from (8) that, it is better to regard S, 5, as a
composition of three successive transforms: Sp 50, S0~ and Sq,0-

Remark 9. As we know that, a linear homogeneous recurrent integer sequence a(n) of order
¢ has the general-term with the following form: a(n) = >0, ¢; A, (n =0,1,2,...), where \;,
(1 =1,...,q) are its ¢ real or complex characteristic values. We see from [5] that if v is an
integer, the ¢ characteristic values of the -fold binomial transform b(n) of integer sequence
a(n) are \; + 7, and the general-term of integer sequence b(n) is b(n) = Y7, ¢;(A; + )™
Now, we may also obtain this conclusion by using the basic relation (3). Denoting the
vectors corresponding to integer sequences a(n) and b(n) by a = (a(0),a(1), -+ ,a(n), -+ )"
and b = (b(0),b(1),- - ,b(n),--- )", we have a = >_7 | ¢;vo(\;), and

q q

q
b = SO70’73 = SO,O,’y Z CiVO()\i) = Z CZ'SQ70’7V0()\Z') = Z Cz'Vo()\i + ’Y)
i=1

i=1 =1
Before we mention the next theorem, let us consider first the following definition.
Definition 10. Let a be an integer, and a(n) (n = 0,1,2,...) be a linear homogeneous

recurrent integer sequence of order q. The a-generalized Stirling transform of the first kind
of a(n) is defined by

b(n) = Z S(n, k;a,0,0)a(k).
k=0

Now, let us give another property related to the recurrent integer sequences, as follows.
Theorem 11. The a-generalized Stirling transform of the first kind of a linear homogeneous
recurrent integer sequence

q

a(n):Zci)\?, n=0,1,2,...,

i=1
15 an integer sequence with the general-term

q

b(n) =Y c(Nla),, n=0,12 ..

i=1

where \;, (i=1,...,q) are q real or complex characteristic values of a(n).
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Proof. Denoting the vectors corresponding to integer sequences a(n) and b(n) by a =
(a(0),a(1),--- ,a(n),---)" and b = (b(0),b(1),--- ,b(n),--- )", we have a = Y7 c;vo(\),

and
q q

q
b = Sa,o,oa = Sa,o,o Z CiVO()\i) = Z CiSa,O,OVO(/\i) = Z Civa()\i)a
i=1

i=1 i=1

that is, b(n) = Y7, ci(Nifa),, (n = 0,1,2,...). At the same time, we see from (6) that if
« is integer, each of entries of S, is also an integer, which implies that b(n) is an integer
sequences. ]

Example 12. For example, the general-term of the recurrent integer sequence of order 2
of Lucas numbers L(n) = 2, 1, 3, 4, 7, 11, 18, ... (A000032[6]) is L(n) = c1 AT + c2 Ay =
(5 + ‘/75)” +(3 - @)” Hence, we find from Theorem 11 that the general-term of its Stirling
transform of the first kind is

1 V5 1 5
Ll(n):(§+71)n+(§—7|1)n, n:O,1,2,...,

that is, Li(n) = 2, 1, 2, —3, 10, —45, 250, —1645, ... (A213593]0]).

3 Generalized Factorial Matrices

We may see that if taking S, 5~ to be a p-dimensional (p = 1, 2,3, ...) matrix, which in fact
is the p X p upper-left sub-matrix of the (original) infinite dimensional generalized Stirling
matrix, then all of the conclusions presented in the preceding section still hold. We need to
remember always this point of view while reading this section.

Definition 13. Let 1,9, ..., 2, be p distinct real or complex numbers, and « be a given
real parameter. The Generalized Factorial Matrices of order p is a p x p matrix, denoted
by Va(x1, 29, ...,x,), whose ith column entries are the entries of the p-dimensional column
vector vo(z;) (1 =1,...,p). That is

V(@1 @y ..oy xp) = [Val@1), Valz2), -, valzy)]. (9)
In particular, Vo(zy,2o,...,2,) is just the Vandermonde matrix of p distinct parameters
T1,T2,. .., T, Hence we may regard the generalized factorial matrices as a generalization in

form of the Vandermonde matrices.

Example 14. For example, the 6 x 6 matrices V,(0,1,2,3,4,5), (a« =0, 1,2, 3) are, respec-

tively,
11 1 1 1 1
01 2 3 4 5
01 4 9 16 25
Vi(0,1,2,3,4,5) = 01 8 27 64 125 |’
0 1 16 81 256 625
0 1 32 243 1024 3125



1111 1 1
0123 4 5
0026 12 20
Vi(0,1,2,3,45) =1 0 4 0 6 24 60 |
000 0 24 120
0000 0 120
1 11 11 1
0 1 2 3 4 )
0O -1 0 38 5
V2(0,172,37475>: 0 3 0 -3 0 15 ’
0 —-15 0 9 0 —15
0 105 0 —45 0 45
and
1 1 11 1 1
0 1 2 3 4 5
Va(0.1.2.3.45) =1 15 50 -8 —10
0 —80 —56 0 40 40
0 830 560 0 —320 —280

The next theorem gives basic properties of the generalized factorial matrices.

Theorem 15. Let x1,2,...,x, be p distinct real or complex numbers, and «,3,7 be three
real parameters. Then the generalized factorial matrices have the following basic properties.

(i) Two generalized factorial matrices can be connected with a suitable generalized Stirling
matrice, generally like

Vo(x1,@a, ..., xp) = Sap,Valxr — 7,02 — 7, ...,y — 7). (10)
(11) Determinant of the generalized factorial matriz Vo (z1, 2, ..., xp) is
det Vo (21,29, ...,2,) = det Vo(z1, 22, ...,2,) = H (xj; — ;). (11)
1<i<j<p
This implies that matriz Vo (x1, T, . .., x,) is invertible.
(111) The inverse of the generalized factorial matriz Vo (z1, 0, ..., xp) is
V;l(l'l, Loy ... ,]Ip) = Val(xl, T, ... ,ZEp)SO’a’(), (12)

namely, the inverse of the Vandermonde matriz with the same parameters, right-multiplied
by the a-generalized Stirling matriz of the second kind.

Proof. The matrix equality (10) is the matrix form of p equalities v, (x;) = Sqa5~,Va(xi —7),

(i=1,2,...,p). From (10), we have V,(x1,xs,...,2,) = Sa00Vo(Z1, 22, ..., x,). Then, we
obtain

det Vo (21,29, ...,2,) = det Sy 00det Vo(x1, 22, .., 2p).
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Because det S, 00 = 1 and det Vo(z1,22,...,7,) = [[,c;;<,(x; — x;), the property (11)
holds. Besides, we also see that

V. (z, ... L Tp) = Vit(z, ... ,:Bp)S;}m =V ' (zy,... 2 2)S0,0.05
that is, equality (12) holds. O

Corollary 16. Let V,(x1,2,...,x,) be a generalized factorial matrices of p distinct real or
complex numbers x1,xs, ..., x,, with real parameter . Then, we may express the inverse of
matriz Vo (z1, T2, ..., 2,) as

V;1($1, To, ... ,QTP) = HprS[La’Q. (13)

where factor matriz Ly, is a lower triangular matriz, the arbitrary entry Ly(n,k) (n,k =
0,1,...,p— 1) of which is determined by the following linear relations

L,(0,0)=1, and H(:L’ —x;) = ZLp(n, k)a®, (14)
i=1 k=0
and the matriz factor Hy, is a upper triangular matriz, the arbitrary entry hy(n, k) (n,k =
0,1,...,p— 1) of which is given by
0, if k<n,
~1
(Hfi11,i¢n+1($n+l - sz)) , if k=n

Proof. By using a triangular-matrix decomposition method given by Hou and Hou [7], we
may obtain

hy(0,0) =1, h,(n, k)= { (15)

Vii(zy, 29, .., 2,) = HL,,

where the lower triangular matrix L, and the upper triangular matrix H,, are calculated by
using (14) and (15). Hence, we see from (12) that the Corollary holds. O

Example 17. In case 21 = 0, 23 = 1, 23 = 2,..., ©, = p — 1, we have L, = S; ¢, and
H, = S%:O,—IDI” where matrix D, is a diagonal matrix, the kth diagonal entry of which is
L (k=0,1,...,p—1). Hence,

JAE)

VvV, H0,1,...,p—1) = H,S100S0a0 = 8307_1Dpsl,07050,a70. (16)

[0}

namely, V;1(0,1,...,p — 1) is a product of several triangular matrices. For example, we
may obtain the inverse matrices of the 6 x 6 generalized factorial matrix V,(0,1,2,3,4,5)
(=0,1,2,3) (see Example 14), as follows

5 _m o1 1 1

12 24 12 24

—10 ¢ _ LB _1

6 6 6 6

. 0 -2 2 -3 2
VO (07 17 2a 37 47 5) - HGSI,O,OSO,O,U - HGSI,O,O - -5 é _ﬁ 11 _i )

6 6 6 6

1 % % _3 T

12 24 12 24



2 6 24
By 0 o L I 1 _%
Vi'0.1,2,3,4.5) =HeS100800=He=| o o 2 t 1 |

0o 0 0o 0 L _X

o 0 0 0 0 L

120
[ -1 1 _1 1 1
A B
o 1 -1 _t _+ _%

V510,1,2,3,4,5) = HgS1,00S020 = 0 (2) 6 P i
o o L _3 _3 _¥
o o o 1 L T
8 12 120
and 1 1 1 1
S S G R R
00 5 5 3 u
0 o0 -5 _z _1m _I
Vgl((), 1,2,3,4,5) = HS1,00S030 = o 1 (i £9 1% E ;

I
0 0 3 3 §

where matrices Sp20 and Sg 30 are the 2- and 3-generalized Stirling matrices of the second
kind, their arbitrary entries are 2"7%S(n, k) and 3"*S(n, k) respectively.
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