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Abstract

Using the Bell polynomials, in this paper we give the explicit compositional inverses
and/or the reciprocals of some power series. We illustrate the obtained results by some
examples on Stirling numbers.

1 Introduction

The applications of the partial Bell polynomials have attracted the attention of several au-
thors. Comtet [7] studied these polynomials, and Riordan [17] used them in combinatorial
analysis and Roman [18] in umbral calculus. Recently, more applications of these polyno-
mials have appeared in different frameworks, including integration [6], inverse relations [13],
congruences [14], Dyck paths [11] and Blissard problem [10], all of which motivate us to
apply these polynomials to determine the explicit compositional inverses and/or reciprocals
of some power series.

Indeed, recall that the study of the existence of the compositional inverses of power
series is a well-known result of complex analysis; see Forsyth [9] and Stanley [19, Proposition
5.4.1]. Under some conditions on a function f, to find the compositional inverse f{~! of
f around zero, three methods are used to compute the coefficients y, for which the series
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FEV(t) = Y ynL is the compositional inverse of the series f(t) = > ,L;. The first method

n>0 n>0
is based on the solution on y = (y1, ¥, . . .) in the equation

N
Yk v
= (et )
k>0 Nj>0
If we set z,, =y, = 0 if n <0, it was shown by Whittaker [20] that

1 —1)nt S .
Y1=——, Yn= %det(((l‘i‘l—])”*‘] —1)332+ij) , n>2.
L1 n.x 1<i,j<n—1

This can be reduced to solve the equation
_ Yk
=3 () - TR o
k>1 j>1 n>1
which is equivalent to solving the system
Zkan,k(xlax% .- ) = 6n717 n > 17
k=1

where d,, is the Kronicker’s symbol, i.e. dg = 1 and d,, = 0 if n > 1, and the polynomials
By, i (21,29, ...) are the (exponential) partial Bell polynomials defined by their generating

function .
VA (SN
ZBnk 1:1,332,...)”! ]{j' (me%) .

m=1

The second method is based on Lagrange’s inversion formula [1] for which we have

_da (L)
=g\ F(p)

The third method is based on the n'" nested derivative of a function g defined in [8] by

¥=0

Dlgl(e) = 1, D"[gl(g) = %(ﬂ@@”*[ﬂ(@), .

t

for which Dominici [8] showed that if f(t) = [ ﬁdgp, with g(a) # 0, £00, we have

0 = a+ ge) 3D (g)(

n>1

For our contribution, we show that the partial Bell polynomials define two families of power
series for which we can obtain explicit compositional inverses. We also give the reciprocals
of power series connected to these families. For the applications, we give some examples on
power series whose coefficients are related to Stirling and r-Stirling numbers. Indeed, let
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7, s,d be integers with d > 1 and & = (x4, x9, .. .) be a sequence of real numbers with z; = 1.
For r > max(s, —2s) we consider

(r4+1)dn—s
((d=vm)ts ("G5, ) o
Hl(t) - t(l - Z rdn — s ((rdJrl)nfS) B(rd—&—l)n—s,rdn—s(w)m ) (1)
n>1 n

and for r > max(—s, (d + 1)s) we consider

S B r+1)n—s, rnfs(m) tdn
R e = 2)

n>1 rm=s (( rn—s ) n'

We give below the explicit compositional inverses H Vof H 1 (Theorem 3) and H U of H,
H1 t)

(Theorem 16). Also, we present the explicit reciprocal power series H—() of
The mathematical tools used are based on the connection between the partlal Bell polyno-
mials and the polynomials of binomial type. For a given real number oo and for any sequence
of binomial type (f,.(y)), in what follows we let (f,(¢;a)) denote any sequence of binomial

type such that

fn(@§a) = oan & SOfn(O‘n"’_Sp) (3)

see Comtet [7, pp. 133-175], Aigner [2, pp. 99-116] and Proposition 1 given in [12].
For example, the sequences (¢") and (¢(an + )" 1) are sequences of binomial type.
Below, we use the following notation: B, j(z;) or B, () with @ = (21, 25,...) for the
partial Bell polynomial B, j(z1, za, .. .),

D¥_of(2) for ZL(0), k> 2, and D.of(z) for L (0),
m and mr for the unsigned Stirling and r-Stirling numbers of the first kind, respectively,

{Z} and {Z}r for the Stirling and r-Stirling numbers of the second kind, respectively.

2 The first family of power series and their inverses

We give in this section the reciprocal and/or the compositional inverse of a power series
given from a large family of power series which have coefficients can be expressed in terms
of partial Bell polynomials.

Proposition 1. Let © = (21, x9,...) be a sequence of real numbers with x1 = 1. Then, for
7, s integers such that r > max(s, —2s), the reciprocal and compositional inverse of the power
series

. S B(r+1)nfs,rnfs(m) t"
H<t) o t(l o Z M — § ((r+1)nfs) ﬁ (4)

n>1 n



are given by

B 1 () t™
HEV) =+ 1 S (rts+1)n+s,(r+s)n+s (L) T 5
" ( ' 7; (r+sn+s (e ) (5)
t S B('r+1)n+s rn—|—s(w) t"
— =1 ’ —. 6
() + HZ:I ot s ((r—&-lrzn-f—s) n! (6)

Proof. We consider only the case s > 0 (for s < 0, we can proceed similarly). Let (f,(¢))
be a sequence of binomial-type polynomials such that f, (1) = z,41/(n + 1) with x5 # 0 to
ensure that D fi(¢) # 0. Then, by Proposition 1 given in [12], we get

n+k

8= (") Busste) @)

In [13, Theorem 1], we proved that

has inverse
tn
HV) =+t 1 5 " —
(t) +;(T+S)n+8f((r+s)n+s)n! ,

and because for any binomial-type sequence of polynomials (f,,(¢)) we have

(EDIACREY R Y L

n>1 n>1

then, by replacing in the last identity f,(s) by f.(s;r) defined by (3) we get

t s t"
LA : =
H(t) JrZrn—l—sf (Tn+5)n!

n>1

Then, replace f,(rn—s) and f,((r+ s)n+s) by their expressions obtained from the identity
(7) by

B(r-&-l)n—s,rn—s(“’) B(T+5+1)n+57(7’+5)”+5($)
falrn —s) = ((7"—1—1)71—8) and fo((r +s)n+s) = ((r+s+1)n+s)

n

n

The proposition remains true for the case x5 = 0 by continuity. O

Lemma 2. Let x = (x1, 2, ...) be a sequence of real numbers with xy =1, x, =0 ifdfn—1,
and y = (y1, Y2, - ..) with y; = jlaqii—1y41/(d(j — 1) + 1)\. Then, we have

Banirr(x) _ Bytiik(y)
(dn + k)! (n+k)!

and Bdn+k+l,k(az) =0 Zf 1 S l S d—1.



Proof. Setting z = (21, 22,...) with z; = y;+1/(j + 1).
From the definition of partial Bell polynomials we have

7) (S

TL

> Bui(z) = <1+Z

n>k 5>1 j=1
i.e.
i tk k mln(n k)
Z Bn,k(m)m = E (k>l Z B”’l Z nl k' Z n! Z
n>k 1=0 n>l n>0 =0

Now, from the identity [3[] given in Comtet [7, pp. 136], we have

min(n,k) —1
n+k
> (k)anJ(z):( I ) Briin(y)
=0

and the above expansion becomes

tintk n 4+ k (dn + k)! tdn+k
B x( B, = -—F—7B, —_.
; +(@) n! k;' n! ( ) +k(Y) ;O (3 or D )
This giVQS BdnJrk,k(m) == %BnJrk’k(y) and Bdn+k+l,k(w) =0if1 § l § d—1. ]

Theorem 3. Let y = (y1, 9, . ..) be a sequence of real numbers with y; = 1, r, s, d be integers
such that d > 1, r > max(s, —2s) and let

(r+1)dn+s
d—ln's( d—1)n )
Un(T’, S3 d) = <<rdn _|)_ 8) ((r51+1)31+5) B(Td+1)”+8,rdn+8(y)v n 2 17 UO(T> S3 d) =1 (8)

Then for
tdn
= t(l + ) Un(r,—s; d)H) (9)
n>1

we have

HTY (1) :t(1+ZUn(r+s,s; d)t?;i;), (10)

n>1

—1+ZU rsd (11)

n>1

Proof. In Proposition 1, choice = (xy,z,...) such that x, =0, if dtn — 1 and 24,11 =
(dn + D)yp1/(n + 1), after that, apply Lemma 2. O



Example 4. Fory = (11,2!,...,(¢+ 1)!,0,...) in Theorem 3, the identity

nl ([ k
By u(y) = & , 12
k(y) il (n B k>q (12)
see [3], gives
(r4+1)dn—s
_ ((d— 1)n)! ( (d=1)n ) (rdn — s\ t¥
H1(t)—t(1—sz e ((Td—‘ri)n—s) n qH )

((rJr(S(;rll))dn+s)

H V() = t(l +s nz;l (i(j ;);;ni's (((T—&-s);n-‘r-lr;n-‘:-s) ((r i Szldn " S) qi;i;),
i S () ()

where (Z)q is the coefficients defined by (1 + ¢ + 24+ gpq)k =3 (’f)qspn'

Example 5. For y = (0!,1!,...) in Theorem 16, the identity B, (y) = [}] gives

o - t(l = s UG e = g )

rdn — s ((Td“)”—s) rdn — s n!

n>1 rdn—s
r4s+1)dn+s
gD — 4 1+Z n)ls ((+(d+—1))n+) ((r+s)d+1)n+s td_”
! B (r—+s) dn +5( (T(jjr)sd);ii“) (r+s)dn+s n!

(r+1)dn+s)

A o (e Dn)ls (i

{(rd +1)n + 3] td_"

I7 (1) rd+1)n+s
Hi(t) = rdn + s (( r;nl; ) rdn + s n!
Example 6. For y = (1,1,...) in Theorem 16, the identity B, (y) = {}} gives

Hi(t) = t(l _y = Ui, ) {(m o - }t)

rdn — s ((rd—i—l)n—s) rdn — s n!
n>1 rdn—s
(r+s+1)dn+s n
H(_1>(t) — (1t Z ((d—1)n)!s ( (d—1)n ) ((r+s)d+1)n+s|t?
! “(r+s)dn+ s ( (T’(J;jr)g;rllfjs) (r+s)dn+ s nl )

ot 3 (d— Dn)ts ("G00 {(rd—i— 1)n + s}td_”

rdn + s ((”Cgii”) rdn + s n!’

Proposition 7. Let r,s,d be integers with s # 0, d > 1 and (f.(p)) be binomial-type



polynomials. Then, for r > max(s, —2s) we get

O e =t}

n>1

Hl(D(Zf):t(l—l-gOZ((d—1)n)!(<r+8+1)dn+s)fn((a—i_Sd)n—i_gp)ﬂ)’

pe (d—1)n (a+sdn+¢ nl
+ Ddn + s\ f.(an + @)t
= ted (@ ( (d—>1)n )f(in—i— (p)ﬁ'
n>1 % .
Proof. For Hy, take y, = f.(¢;a) = OerSafn(cm + ) in Theorem 3 and use Proposition 1
given in [12], after that, replace a by a —rd and ¢ by £. O

Example 8. For f,(¢) = ¢™ in Proposition 7 we get

(o) = (1- o 3@ 0r (V0 - o),

r+4s n+s dn
HY _t<1+¢; ( +(d+_11))dn+ )((a+sd)n+30)"_12—!),
t r+1)dn + s Lot
Hl(t)zlJrso;((d—l)n)!(( (d—)l)n )(an—l—g&) -

and for f,(¢) = n!(ﬁ) in Proposition 7 we get

=1 -ese- (5, ) (7))
Hf“<f>:f(wi«d—1>n>!(<”idt?f:”> (7))

n>1
+ Ddn+ s\ fan+ ¢\ 4
=1 .
rop- o (TG ()
The following theorem generalizes Theorem 3.

Theorem 9. Let © = (x1,x9,...) be a sequence of real numbers with x1 =1 and r, s,u,v,d
be integers such that d > 1, r > max(s, —2s) and u > max(|v|, —sd — v). Then for

Hy(t) = t(l = w ((“ an)_nv_ U) ) ((r (tll_)cfgn_ S) B<u+1>n-v,un_v(w>i—7)

n>1
we have
(r+s+1)dn+s dn
(—1) Jn)lv ( (d—1)n ) t
H, —t<1+z u+8dn+v (orsdt oy Dlutsdttnto (uwtsdno(Z) ),
( (u+sd)n+wv ) '

(u+n+ov\ (7“—|— l)dn + s fdn
-1 B e
+ Z un + v ( un + v (d _ 1)n (u+1)n+v,un+v($) ol



Proof. Let (f.(¢)) be a sequence of of binomial type of polynomials such that f,(1) =
Tnr1/(n + 1) with 25 # 0 to ensure that D fi(p) # 0. Then, f,(p) satisfies (7). Set o = u
and ¢ = v in Proposition 7, after that, use the identity (7) in the three power series of
Proposition 7, respectively, for k = un — v, k = (u + sd)n + v and k = un + v.

The theorem remains true for the case zo = 0 by continuity. [

For u = rd and v = s in Theorem 9 we obtain Theorem 3.
Example 10. Set x = (21, %2, ...) with z,, = n'(“" 2) p > 1, in Theorem 9. The identity

16, Example 13
| ! | n+klp—1)—1
B, k(x) = i ( kp — 1 ) (13)

implies for the power series

Hi(t) = t(1 = .((du; 1_)7:})“’ <(7" z;l 1_)0517;71— S) ((upu;nl)_nv; ipl— 1)tdn)

n>1
we have
‘U (T+S+1)dn+5 (<u+5d)p+1)n+vp_1
1 ( +Z u—l—sdn—l—v( (d—1)n )( (u+ sd)pn +vp — 1 )
L:1+ZM (r+1dn+s\ ((up+1)n+uvp—1 in
Hi(t) un +v (d—1)n upn +vp — 1

n>1

: p—1y 1 i :
Example 11. Set x = (x1,29,...) with z, = p(”}fll) [eriié l}q, p>1 q >0, in
Theorem 9. The identity [16, Example 13]

maw= (500" [T,

implies for the power series
pA) [n+(p+Q) }

B B U((r + 1)dn — s)! (A (p+q)A
Hl(t)—t<1 ) ((rd+ 1)n — s)! A(”*A)(("”LPA) n

tdn

), A=un—wv,

n>1 A p—1)A
we have
pBY [n+(p+q)B
+s+1 dn+s) (B)[ (p+q)B ]B tin
H(1 —t(1+ (r I—), B=(u+sdn+ov,
W e G AR

C\ [n+(p+q)C
((r+ 1)dn + s)! (p )[ (p+q)C }
= 1—1—21}

(rd +Dn+s) C("t0) () !

c tdn
4 C =un+v,

C p—1)C



Example 12. Set x = (x1,29,...) with z,, = p(]+p 1) {p+q+j_1} ,p>1 ¢ >0, in
p+q q
Theorem 9. The identity [16, Example 13]

ma= ()00 (oM, o

implies for the power series

pA n+{p+q )A
((7" + 1)dn — S)‘ (A){ (p+q)A Aqg tdn)
M =nt= ! > =un —v,
we have
B\ fn+(p+q)B
1dn + 5)! (5)1 (+a)B S gy to"
HY _t(l—i— S+ s+ q_), B = (u+ sdn+v,
2 v i Dn v sl O (R (1 5d)

g Z (r+1)dn + s)! (%) {nz;g;r)%c Cq 1"

(rd+Dn+s) (") (%)

C =un+wv,

3 The second family of power series and their inverses

We give in this section the compositional inverse of a power series given from a second family
of power series which have coefficients can be expressed in terms of partial Bell polynomials.

Lemma 13. Let © = (zg,x1,...) with xg = 1 and y = (y1,Y2,...) be sequences of real
numbers with y; = jx;j_i. Then, the compositional inverse of

t

H(t) = - 16
) =17 S ol (16)
s given by
_ n! .
HEV (1) = t(l +) (Q—WB%HM(y)t ) (17)
= (@2n !

Proof. Let (fn.(p)) be a sequence of polynomials such that f,(1) = z,, and assume that

x1 # 0 to ensure that D fi(¢) # 0. Then we get f,(k) = (”Zk)_an%,k(y). In [13, Theorem
1], we proved that

t " t”
A = 5 ame ~ 2 BV =2 Sy

n>1 n>1

Then, from the last identity, f,_1(n) can be expressed by partial Bell polynomials as

foali) = (" 1)_1Ban1,n<y>.

n

The lemma holds for the case 1 = 0 by continuity. O

9



Proposition 14. Let € = (x1,79,...), Yy = (y1,Y2,...) be sequences of real numbers with
r1 = 1,y; = jxj—1 and d be a positive integer. Then, we have the pair of compositional
TNVETSE POWET SETIES

t
H(t) = 1+Zn21$n%’ (18)
10 = 1(1+ 3 O B ). (19

Proof. For d > 2, choice in Lemma 13 z,, = 0 if d { n. On using the notations of Lemma 2
we get y, =nx, 1 =0if dfn—1 and

tdn tdn
1 n— =1 T
+Zx n! +;md (dn)!

n>1

Let z = (2,'1, 29,y .. ) with Zj = j!yd(j—l)—i—l/(d(j - 1) + ].)'
Then, on using Lemma 2 we obtain:
If dfn—1then Byyi1,+1(y) =0and if dfn—1 we get

dn)! dn)!
(26§n _3 1)!Ban+1,dn+l(y) = —|—(1)7)L n 1)!B(d+1)n+1,dn+1(2).

Therefore, the pair of the power series given in Lemma 13 can be written as

t _ (dn)!
H(t) = , HEY ) =1+ B e (2
) L+ 51 Tant™/(dn)! ®) ; ((d+ 1)n+1)! (@+1)n+1,dn+1(2)
To finish this proof, replace nlzg,/(dn)! by x,,. -

Example 15. For x = (%, %, }L, ...) in Proposition 14 we get

T 1 ((d+Dn+1\""[(d+1)n+1) "
H(t) = HEV(@) =t —
®) et — 1’ ®) ;dn—i—l( dn +1 ) { dn +1 }n!’

for x = (1!,2!,3!,...) in Proposition 14 we get

H(t) _ t(l . td), H<_1>(t) _ tz dnl_’_ : ((d an)n> in

n>0

and for x = (15', %’, %!, ...) in Proposition 14 we get

s 1 ((d+1D)n+1\""[(d+1Dn+ 1]
H _ H<*1> — —_—
®) In(1 —t4)’ (®) t; dn—irl( dn+1 ) { dn +1 1 n!

10



Theorem 16. Let © = (z1,x2,...) be a sequence of real numbers with 1 = 1, r,s,d be

integers such that r > max(s, —(d +1)s), d > 1 and let

. S B(T—i—l)n—i—s, Tn+s(m) .
Valr,s) = s ((r+1)n+s) , n>1, Vy(r,s) =1.

rn—+s

Then, we have the pair of compositional inverses

Hy(t) = t(l + Zvn@,—s)i—?)

n>1

B tdn
a0 =014 v+ s )

n!
n>1

(20)

(21)

(22)

Proof. Let (f.(¢)) be a sequence of binomial type such that f,(1) = 2=t Necessarily f,(¢)

n+1
satisfies (7) . Then because

m—+ s

s (r+1)n+s
™m+ s

—1
> B(r—l—l)n-{—s,rn—f—s(m) - fn(57 T)

and

. S B(r+1)n+s, rn+s(w> tdn ! . tdn
H(t> o t(l - Z:l rn + S ((T-i—l)n—l—s) F =1 1 + Z fn(s’ T)F

rn—+s n>1

we can state, on using Proposition 14 and Proposition 1 given [12], that

dn
HEV () = t<1 +y mﬁl((r + sd)n + s)tn—!)

and by the identity (7) we obtain

B B tsa 1)n+s (r+sd)n+8<m) "
o 1>(t):t(1+ ° (rhedlnte, —).
Z; (r+sd)n+ s ((T(:ii;)gijs) n!

It suffices to remark that from Proposition 1 we have

dn

By tyngs, rnts(T) AN Br41)n—s, rn—s(Z)
(1 +s Z 7’+1)n+s) F =1-s Z (rn o S) ((T+1)TL—S) F

n>1 (Tn + S) (( rn+s n>1 rn—s

]

Example 17. With x = (1,2!,...,(¢+ 1),0,...) in Theorem 16, the identity (12) gives

Ho(t) = t(l = ms_ - (mn_ S)qt“),

n>1

HEY (t) = t(l N ; m <(r + si)n + s) qtdn) |

11



With x = (1!,2!,...) in Theorem 16 we obtain

Hy(t) = t(l = ms_ - <(r tnl)_ns—_sl— 1)#“)7

n>1
_ +sd+1)n+s— 1\t
=11y (U — .
2 () +nz>;(r+sd)n+s (r+sdn+s—1 ) nl

With x = (1,1,...) in Theorem 16 we obtain

Hat) = t(l > . ((r i s) - {(r e s}%)
0= o E () ()

With x = (0!, 1!,...) in Theorem 16 we obtain

Hy(t) = t(l = ms_ - ((7" J;nl)_ns_ s) - {(r J;nl)_ns_ s} %)

n>1
_ +sd+1)n+s\ ' [(r+sd+1)n+s]t
") =t 1 s (0 — ]
2 (1) <+nz>:1(r+sd)n+s (r+sd)n+ s (r+sdn+s | n!

Other examples can be derived by using the identities (13), (14) and (15).

Proposition 18. Let r,s,d be integers with r > max(s,—(d+ 1)s), d > 1 and (f.(p)) be a
sequence of binomial type. Then, we have the pair of compositional inverses

i) =t(1- 3 —Effan— o)),

n>1 ¥
HEO 1) t(l i (et dgnt w)ﬁ)
pe (a+dp)n+ ¢ !

Proof. Set z,, = nf,_1(¢;a) in Theorem 16 to get

H, (1) :t(l—z ( ihd fn((a—l—rgo)n—sgo)t n),

n!

i (a + re)n — s
HSV @) t<1+z i Falla + 1o + sdg)n + )tdn)
= W((a+r sdp)n + sp)—-
2 “— (a+rp+sdo)n + sp 7 7 Pl
and change sp by ¢ a and a — r¢ and sp by . ]

12



Example 19. With f,(¢) = ¢™ in Proposition 18 we get

Haft) = (1~ ¢ (an - w)”‘lﬂ),

n!
n>1

HS V() =t (1 +2Y ((a+do)n + x)”—ltd—n>

n!
n>1
With f,(¢) = n!(¥) in Proposition 18 we get

oSl )

n>1

HéD@:#(L+§:@+d$n+x(m+d?n+¢yw)

n>1

4 Consequences and complementary results

We give in this section some properties and complementary remarks on the compositional
inverse by taking particular cases of Theorems (3) and (16).

Corollary 20. Let x = (x1,2,...) be a sequence of real numbers and r,s,d, f be integers
with d > 1 and f > 2. Then, for r > max(s, —2s) the inverse power series given by (9) and
(10) hold for

Un(r,s;d) = s

((r +1)dn + s)! ((rd +1n+ 5) 7 Blarynts—(7-in/lrdnts()
rdn + s n (rd+1)n+s—(f—1)[n/f)HV

and for r > max(s, —(d + 1)s) the inverse power series given by (21) and (22) hold for

B iynts—(t=1)n/1), ro+s(T)

Valrs) = (m ot s = b o e s = (f = D/ )"

where [¢] is the largest integer < .

Proof. Set y1 =1, yo=---=yr=0andn=mf+6 (0 < < f —1) in Theorem 3 to get
Buirk (i) Busrornnr(y;)
(n+k> - (mf+6+k)
k k
mf+9

_ k! Yj+1

-2 (2

C(mf 4R R Y@,
~ (m+0) ;%—z’)!Bm”ﬂ((Hf)!)

_<mf+5ﬂcn+5+k>43 < ﬂwﬁq)

B nlk! B ( JYjsp—1 )
T (k= (= D/ G =1y

13



Then, for z,, = nly,+r_1/(n+ f —1)! we obtain

d—1n)s ((rd+1)n—+s\ ' /(r+1)dn+s
Un(’l", S, d) = % (( TL) ) <( (d—) 1)TL )B(rd+1)n+s,rdn+s(yj)

_ ((r+ 1)dn + s)! <(rd + 1)n + s) -1 Birasiynts—(f—1)n/f]rdn+s(Z5)
rdnts " G+ D+ 5 —(f = Dln/AE

S B(r+1)n+s rn—i—s(yj) B(r+1)n+s—(f—1)[n/f] rn—l—s(xj)
Via(r,s) = ’ =(rn+s—1)nls ’ )
(rs) ™+ s ((’”;72:1:5) ( ) (r+1)n+s—(f—1Dn/f])!

O

Proposition 21. Let r,s be integers, a,x be real numbers and (f,(¢)) be a binomial-type
polynomials. Then, for r > max(s, —2s) the inverse power series given by (9) and (10) hold

for

U (s d) = A= Dnts ((7‘ +1)dn + s

rdn + s (d—1)n
and for r > max(s, —(d + 1)s) the inverse power series given by (21) and (22) hold for

)Dii%“(ezfn((rdn +5)p+ 20)),

S
Va(r,s) = — SDZZSS(ern((rn + s)p + z; @)).

Proof. For y, = nD,—o(e*f_1(¢ + z;a)) in Theorems 3 and 16 and use the identity given
in (15, Lemma 1] by Bo(jDco(e*fy1( + 2 ) = (D) DE_o(¢* fuilkp + z10)). O
Theorems 3 and 16 remain true when one use a finite product of power series as follows:

Proposition 22. Let = (21, x9,...) be a sequence of real numbers with xy =1, $1,..., Sm,
r,s,m be integers and H, s be power series defined by

BT n—s,rm—s tn
H,(t) = 75(1 — Z i (ri-Un—srn—s(2) >, r > max(s,0) ;= sT.

= rn—s ((““1)”—5) n!

n

Then, we have
T H, . (t “
tn% = H, (t) with r>max(s",sf,...,st), s= Z‘Si'
i=1 i=1
Proof. Let (f,(¢)) be asequence of polynomials of binomial type such that f,, (1) = x,+1/(n+
1) and let (f(¢;7))? be the exponential generating function of the sequence of binomial type
(fu(t;7)). Assume that zo # 0. By Proposition 1 given in [12] we get

T H (D) 1 tn e . tn tn
H% — H(Z fn(—si;r)ﬁ) = [Jrm) = = an(—S;T)E = an(—b‘;r)ﬁ,
i=1 i=1 “n>0 ’ i=1 n>0 ’ n>0 ’
and this is exactly
S B(r+1)n—s,rn—s(m> " . » Hﬁsi(t)
L= Z rn—s (=) nl HT
n>1 n i=1
The proposition remains true for the case x5 = 0 by continuity. O

14



Corollary 23. Let y = (y1,92,...) be a sequence of real numbers with y, = 1, r,s,d be
integers with d > 1 and let U,(r, s;d), V,(r,s;d) be given by Theorem 3 and Theorem 10.
Then, for r > max(s, —2s) we have

ZBmk(Uj(T, —s;d))(dn + k)1 = Un(r + s, 5;d),
ZBnk (r+s,s;d))(dn + k)p—1 = Uy (r, —s;d),
and for r > max(s, —(1 + d)s) we have

ZBnk (r,—=s))(dn + k)p—1 = Vo (r + sd, s),

n

> Buw(Vi(r + sd, s))(dn + k)1 = Vo (r, —s).

k=1

Proof. From Comtet [7, pp. 151], for h(t) = ¢(1 + Zan - =), we have

n>1

n

tdn
h=h(t) = t<1 " an_l) with by =Y (=1)f(dn + k)e1Bur(ar, az, ...).
n.:

n>1 k=1

Then, it suffices to combine with Theorem 3 by taking a, = U,(r, —s;d) and b, = U, (r +
s, s;d) and combine with Theorem 16 by taking a,, = V,,(r,—s) and b, = V,,(r + sd, s). O
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