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Abstract

In this paper we begin the first systematic study of distributions of quadrant marked
mesh patterns. Mesh patterns were introduced recently by Brandén and Claesson in
connection with permutation statistics. Quadrant marked mesh patterns are based on
how many elements lie in various quadrants of the graph of a permutation relative to
the coordinate system centered at one of the points in the graph of the permutation.
We study the distribution of several quadrant marked mesh patterns in a symmetric
group and in certain subsets of the symmetric group. We find explicit formulas for the
generating function of such distributions in several general cases and develop recursions
to compute the numbers in question in other cases. In addition, certain g-analogues of
our results are discussed.

1 Introduction

The notion of mesh patterns was introduced by Briandén and Claesson [1] to provide explicit
expansions for certain permutation statistics as, possibly infinite, linear combinations of
(classical) permutation patterns. This notion was further studied in [2, 10]. In particular,
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the notion of a mesh pattern was extended to that of a marked mesh pattern by Ulfarsson
in [10].

In this paper, we study the number of occurrences of what we call quadrant marked
mesh patterns. Let N = {0,1,2,...} denote the set of natural numbers and S,, denote the
symmetric group of permutations of 1,...,n. If o =01---0, € 9,, then we will consider the
graph of o, G(0), to be the set of points (7, 0;) fori = 1,...,n. For example, the graph of the
permutation o = 471569283 is pictured in Figure 1. Then if we draw a coordinate system
centered at a point (i,0;), we will be interested in the points that lie in the four quadrants
I, 1T, III, and IV of that coordinate system as pictured in Figure 1. For any a,b,c,d € N
and any 0 = o01---0, € S,, we say that o; matches the quadrant marked mesh pattern
MMP(a,b,c,d) in o if in G(o) relative to the coordinate system which has the point (i, 0;)
as its origin, there are > a points in quadrant I, > b points in quadrant II, > ¢ points in
quadrant III, and > d points in quadrant IV. For example, if 0 = 471569283, the point o4 = 5
matches the quadrant marked mesh pattern MM P(2,1,2, 1) since relative to the coordinate
system with origin (4,5), there are 3 points in G(o) in quadrant I, there is 1 point in G(0)
in quadrant II, there are 2 points in G(o) in quadrant 111, and there are 2 points in G(0)
in quadrant IV. Note that if a coordinate in MM P(a, b, c,d) is 0, then there is no condition
imposed on the points in the corresponding quadrant. In addition, we shall consider patterns
MMP(a,b,c,d) where a,b,c,d € NU{(}. Here when one the parameters a, b, ¢, or d in
MM P(a,b,c,d) is the empty set, then for o; to match MM P(a,b,c,d)ino =0y ---0, € S,
it must be the case that there are no points in G(o) relative to the coordinate system with
origin (7, 0;) in the corresponding quadrant. For example, if o = 471569283, the point o3 = 1
matches the marked mesh pattern MM P(4,2,0,() since relative to the coordinate system
with origin (3, 1), there are 6 points in G(¢) in quadrant I, 2 points in G(0) in quadrant II, no
points in G(¢) in quadrant III, and no points in G(o) in quadrant IV. We let mmp(»**9 ()
denote the number of ¢ such that o; matches the marked mesh pattern MM P(a,b,c,d) in o.
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Figure 1: The graph of o = 471569283.

Note how the (two-dimensional) notation of Ulfarsson [10] for marked mesh patterns
corresponds to our (one-line) notation for quadrant marked mesh patterns. For example,

k
MMP(0,0,k,0) = , MMP(k,0,0,0) = o ,
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In Section 2 we will consider M M P(=k,0,0,0), another type of quadrant marked mesh
patterns, which requires presence of exactly k elements in quadrant I. This type of patterns
is expressed in the terminology of Ulfarsson [10] as follows:

MMP(0,a,b,c) = and MMP(0,0,0,k) =

MMP(=k,0,0,0) =

Also, in Section 5 we define and study M M P(k<max, (), 0,0), yet another type of quad-
rant marked mesh patterns, which is equivalent to the following pattern in the terminology
of Ulfarsson [10]:

MM P(k<max, ,0,0) =

//////

Given a sequence o = oy - - - g, of distinct integers, let red(o) be the permutation found
by replacing the ¢-th smallest integer that appears in ¢ by ¢. For example, if 0 = 2754, then
red(o) = 1432. Given a permutation 7 = 7 ---7; € S;, we say that the pattern 7 occurs in
0 =010, €5, provided there exist 1 <7, < --- <i; < n such that red(oy, ---0;;,) = 7.
We say that a permutation o avoids the pattern 7 if 7 does not occur in o. Let S, (7) denote
the set of permutations in S, which avoid 7. In the theory of permutation patterns, 7 is
called a classical pattern. See [3] for a comprehensive introduction to permutation patterns.

Given a permutation o = o0y --- 0, € Sy, we say that o; is a right-to-left mazimum of o
if o; > o, for all i > j. We let RLmax(o) denote the number of right-to-left maxima of o.

The main goal of this paper is to study the generating functions

tn a,b,c,
RebedD(t 2y =1+ Z — Z G
n

n>1 " o€Sn

For any a,b,c,d € {0} UN, let

Rgla,b,c,d)(a:) _ Z mmmp(“’b’cvd)(o)'

O’GSn

Note that there is a natural action of the symmetries of the square on the graphs of permu-
tations. That is, one can identify each permutation o € S,, with a permutation matrix P (o)
and it is clear that rotating such matrices counter-clockwise by 90 degrees counterclockwise
or reflecting permutation matrices about any central axis or any diagonal axis preserves
the property of being a permutation matrix. For any permutation o = o1---0, € S,, let



0" = o, ---0; be the reverse of 0 and 0 = (n+1—0y)---(n+ 1 — 0,) be the complement
of . Then it is easy to see that the map ¢ — ¢” corresponds to reflecting a permuta-
tion matrix about its central vertical axis and the map o — ¢¢ corresponds to reflecting
a permutation matrix about its central horizontal axis. It is also easy to see that rotating
a permutation matrix by 90 degrees corresponds to replacing o by (o71)". It follows that
the map o — (0~1)" shows that R{"“?(z) = R{**") (), the map o — o" shows that for
R (z) = RP™)(2) and the map o — o° shows that for Ry () = RMPD ().
Moreover, taking the inverse of permutations shows that R wbed) () = RO (1), applying
a,b,c,d) (e,d,a,b) .

() = Rn""""(x), applying
the composition of reverse and inverse shows that Ry (a-be.d) (x) = Rfleda)( ), and finally,
applying the composition of reverse, complement and inverse, that is, the map ¢ — (67)7},
shows that RY"?(z) = R (z). Any other composition of the three trivial bijections
on S, will not give us any new symmetries. Thus we have the following lemma:

the composition of reverse and complement shows that R

Lemma 1. For any a,b,c,d € {#} UN,

R(a,b,c,d) ($) - R

Rflo’o’k’o)(x) _ R%o,o,o,k)(x) and
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The equalities in the section title are true by Lemma 1. Thus we only need to consider the
quadrant marked mesh pattern MM P(k,0,0,0).

First assume that £k > 1. It is easy to see that R{FO00) () =nlif n < k. For n > k,
suppose that we start with a permutation o = oy---0, € S, and then we let ¢ denote
the permutation of S, that is produced by adding 1 to each element of ¢ and inserting 1
before the element o; +1 if 1 < i < n and inserting 1 at the end if ¢ = n+ 1. Then it is easy
to see that

(£0.0.0) (i) _ {mmp(’“’o’o’o)(a), ifi>n—k+1;
mmp (c') = o
1+ mmp®o00 (), ifi<n—k+ 1.

That is, clearly the placement of 1 in position i in ¢® cannot effect the elements in quadrant
I relative to any pair (j,0; + 1) for any j < i or relative to any pair (j + 1,0; + 1) for

any j > i. In addition, the 1 in position i can contribute to mmp®%%9 (@) if and only if
1 <n-+1—k. It then follows that for n > k,
Rt @) = (k4 aln +1 = k) R @), M)
[terating this recursion, we see that
R0 () —k:'H (k + iz) (2)



for all s > 1. In this case, we can form a simple generating function. That is, let

P(k:,O,O,O) (t, I) _ Z Z mmp(#:00, 0)(0')‘

n>k aGSn

Then we know that

n—k
(k’,0,0,0) _ k ,0,0 0
PEOOO (¢ 7) = k14 R )
n>k
tnfk

= K+ Y (RS @) + (0= ReRE0 ()

n>k (TL N )

(k0 00, o kel (£,0,0,0) tnk
_ ] - et -
_ k+txz%R n—k—l)!+kaR"_1 (x)(n_k)!.
n> n>
Hence X
. (k,0,0,0) _ (k,0,0,0) "
(1= 1) ROV ) = kb Y RSOV 0) g

n>k

Taking the derivative of both sides with respect to t, we see that

0

675((1 — tm)P(k’O’O’O) (t,z)) = f p(%:0,0,0) (t,x) =

(1 — tx)PEOOO (¢ ).

1—tx

Thus
9((1 = to) PEOOO (¢ 1)) k

(1— t2))PEOOO (¢t 2) 1tz

It then follows that
k
In((1 — ta) P*O0O (¢ 7)) = —ZIn(1 — tz) + c.
T

Hence, using the fact that P*%00(0, 2) = k!, we obtain the following theorem.

Theorem 2. For all k > 1,

k
Z Z 1\«
P(,0,0,0) t _ mmp(*-0:0.0) (& _ .
(he) = 1 —tx

n> O'ES

Next, we consider another type of quadrant marked mesh pattern. That is, given a permu-
tation o = oy -+ - 0, € S, we say that o; matches the marked mesh pattern M M P(=k, 0,0, 0)
in ¢ if and only if, relative to the coordinate system with origin at (i, 0;), there are exactly
k points in G(c) in quadrant I. Let mmp™=*"%0(5) denote the number of i such that o;

matches M M P(=k,0,0,0) and

R kOOO § mmp(kooo) )

UESn
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Then we can use the same reasoning to show that

R(E=F0.00) (x) =n!

n

if n <k, and, for n > k,
R (@) = (n+ 2) R0 (a),

The difference in this case is that insertion of 1 will contribute to mmp&=*009 (@) if and
only if © = n 4+ 1 — k. Iterating this recursion, we see that

R0 @) = R [Jtk i 140)

=1

for all s > 1. It is then easy to see using the same reasoning as above that if we let

P(:k,O,O,O) (t, IE) _ Z ' Z mmp(=5:0,0,0)( )
/,’L —

n>k oESy

then

1 z+k
P(:k‘70,070) (t,x) = k" (—) .

1—-t

It is also known [1] and is easy to see that a point o; matches the pattern MM P(0),0,0,0)
inoc=o01---0, €5, if and only if g; is a right-to-left maximum of . It is well-known that
the number of permutations o € S, such that RLmax(o) = k is equal to the signless Stirling
number of the first kind ¢(n, k) which is the number of permutations 7 € S,, such that 7 has
k cycles. Thus

RSZ),O,O,O) (JJ) _ Z pRImax(e) _ Z C(?’L, k)ZEk

0€Sh k=1
= z(x+1)---(x+n—-1).

It is well-known that Y, 5 >0 ¢(n, k)z¥ = (1%)". Thus
RO (1 7y — 14 37 RO000 (m)ﬁ (LY
’ — " n! 1—t

b,0,0
3 RO >(x) and some other cases of two non-zero pa-
rameters

Note that it follows from Lemma 1 that R{""* ( ) equals

R7(1b,0,0,a) (Q?) — R;0,0,a,b) (.CE) — RglO,a,b,O) (SL’) — Rglb,a,O,O) (LC) —



RS}O,b,a,O)(x) _ R(O’O’b’a)(l’) _ Rﬁla,O,O,b) (l‘)

First, we consider the case where a,b > 1. It is easy to see that RH00) (x) = nlif

n <a-+b. Forn>a-+b, it is easy to see that if c =01---0, € 5,, then
mplat00) (5 () = mmp(»*09)(g), ifi<bori>n-—a-+1; )

14+ mmp(“’b’o’o)(a), ifb+1<i:<n—a+1.
That is, clearly the placement of 1 in position ¢ in o@ cannot effect the elements in quadrant
I or II relative to any pair (j,0; + 1) for any j < ¢ or relative to any pair (j + 1,0, + 1)
for any j > 4, and the 1 in position i can contribute to mmp®%%0(¢®) if and only if
b+1<i<n-—a+ 1. It then follows that for n > a + b,

RO (@) = (a+ D) RSOV (2) + (n+ 1 = (a+ b)) 2RO (@), (4)

Note this is the same recursion as the recursion for R,ﬁf_’&o’o) () if a+ b = k. Thus it follows
that

R (@) = (a+ ) [ ((a+b) +ix) (5)
=1
for all s > 1 and that
(a,0,0.0) " ab00) 1\
P a,b,0,0 ¢ — a,b,0,0 — b)!
(t,x) ,E;An—a—mﬁﬁ (z) = (a+b) - (6)

for all a,b > 1.

Next we consider the case RS"*% (x). Clearly, Rgl’m’o’o) () =1. Forn > 1 and any o =
o1+ 0, € S, we again consider the permutations ¢ in S,,,1. Fori = 1, mmp®?09)(5(1)) =
1 + mmp™?%9 () and, for 4 > 1, mmp® 209 (¢®) = mmp299 (). It follows that for all
n>1,

RIS (@) = (2 + n) RO ()

so that for n > 1,
RO () = (z+1) -+ (x +n—1).
It then easily follows that

1—t)=*—1
Rﬁmmu@):1+i——L——f

(7)

Next fix k& > 2. Clearly, 2’“’@70’0)(3;) =nlforn < k. Forn > kand o € S,, it

is easy to see that for i = 1, mmp*%99 (M) = 1 + mmp*?99(5) and that for i > 1,
mmp 200 (50)) = mmp*99) (5). Hence, for all n > k,

RY9(2) = (x +n) REOO ().

Thus for n > k,
REDOO (1) — kl(z + k) - (x 4+ n — 1).

7



It follows that for k > 2,

nfk 1 z+k
P(k@UO)tx ZRkQOO k)':k'(l t)
n— . —

n>k

and that

R(k,@,O,O) <t755) — 14+ Z Rglk,@,o,o)(x)ﬁ

n>1 n‘
= t + k:—l— (R(I,Q,O,O) (t, l‘) —1—-t- - (l‘ + Z)) .
j=0 [Ti= (@ +4) =2 J! i=1
4 ¢g-analogues to marked mesh patterns considered above
We let
ml, = 14qt -t 4qt=i"T
q 1—¢q’

[n],d = (1], [2](1" [n]g, and

denote the usual g-analogues of n, n!, and (Z) We shall use the standard conventions that
0], = 0 and [0],! = 1. For any permutation o = oy ---0, € S,, we let coinv(c) equal the
number of co-inversions in o, that is, the number of 1 <7 < j < n such that o; < o;.

Let
R%a,b,t:,d) (SL’, q) — Z xmmp(“’b*cvﬂ(J)qcoinv(a).
UGSn
It turns out that we can easily obtain g-analogues of the recursions (1) and (4). That is, for
any permutation o = oy --- 0, € S,, it is easy to see that

—1 i (k,0,0,0) .r -
qCOiHV(O'(i))xmmp(k’o’o’o)(a'(i)) _ {qn-‘rl zqcomv(a)xmmp (0)7 ifi>n— k?,

qn+17iqcoinv(a’):L,1+mmp(k’0’0*0)(0') if 4 <n-— k.

9

It then follows that for n > k,
R(kooo) — (k] R(k0.0.0) k 1 — k] R(k,0,0,0)
w1 (@, q) = [klgR, 0 (@, q) + 2 [n + Jolt, " (w0, q).
Thus for n < k,
%,0,0,0
R;H )($aQ) = [n],!

and for s > 1,

s

REVO (@, q) = [K] T (K], + 24"[i],)-

i=1



Similarly, we can find a g-analogue of the recursion (3). That is, for any 6 =0y ---0, €
Sy, it is easy to see that

q

: : a,b,0,0 . . .
coinv (o)) _ mmp(®::0:0) (5(2)) qn+1fzqco1nv(a)xmmp( )(0)7 ife<bori>n-—a+ I;
x = o
griTigeonv (@) limmp® P00 if 41 <i<n—a+1.

It then follows that for n > a + b,
RSOV (x,q) = ([a]y + ¢" 0] ) REC0 (2, q) + ¢°[n + 1 — (a + b)]z REC00 (2, ).

Thus for n < a + b,
b,0,0
RE%O(@, q) = [n],!
and for s > 1,

s

a,b,0,0) a z a, [
RGO (2, q) = [kl T (lalg + ' [Bly + q*=[il,).
=1

Note that if a + b = k where a,b > 1 and n > k, then R,(f"b’oo (z,q) # R(kOOO (, q).

5 Rffsmax’@’o’o)(x) — another type of quadrant marked

mesh patterns

We say that o; matches the quadrant marked mesh pattern MM P(k<max,{,0,0) in o =
010, € 9, if in G(o) relative to the coordinate system with origin (i, 0;), there are no
points in quadrant II in G(o) and there are at least & — 1 points that lie in quadrant I
to the left of the largest value occurring in quadrant I. Said another way, o; matches the
pattern MM P(k<max,(,0,0) in o if none of oy, ..., 0;_; is greater than o; and if o; > o is
the maximum of 0,41, ...,0,, then there are at least & points among o1, ...,0; which are
greater than o;. It is easy to see that MM P(k<max,(,0,0) is equivalent to the following
(ordinary) marked mesh pattern in the terminology of Ulfarsson [10):

(k< max,0,0,0) (0.)

For o € §,,, we let mmp be the number of i such that o; matches

MM P(k<max, ,0,0)

in o and we let
R(k<max@00 Z mmp(k< max,8,0,0) (5 )

c€Sh

Clearly, R =m0.00) (x) = R,&l’w’o’o)(a:). We can compute R{™ max’ﬁ’o’o)(m) for £ > 2 as
follows. leen a permutation o = oy ---0, € S,, let ¢l denote the permutation of Sna1

9



that results by inserting n + 1 immediately before o; if 1 < i < n and inserting n + 1 at
the end of o if i = n + 1. It is easy to see that the set of all ¢l for ¢ € S, contributes
;") R¥TH00 () (n + 1= 4)! to R,(llflmax’w’o’o) (x). That is, the presence of n + 1 in the i-th
position of ¢l means that none of the elements to the right of n + 1 in ol! can contribute
to mmp#=max0.0.0)(500) while an element to the left of n + 1 in ol! will contribute 1 to
mmp k< max0.0.0)(5l1) if and only if it contributes 1 to mmp*~1009 (g ... 5, ;). Tt follows
that for all n > 0,

n+1
k< max,(,0,0 . n k—1,0,0,0
R0 =3 -n(" RE )

i=1

or, equivalently,
k< max.0,0,0) (2) nt1 p(k=1,0,0,0) (z)

T =2 F(lz'—l)! ' (9)

=1

Thus multiplying (9) by t" and summing it over all n > 0, we obtain that

9 R(kS max,0,0,0) (I‘)tn
¥ p(k<max,0,0,0) t — n+1
(9tR (t,2) ; n!

n+1 k—1,0,0,0
R( )( )

= XY

n>0 =1
1
_ 1__tR(k—1,@,0,0) (t, 1‘)
Hence we obtain the recursion
t
1
Rk max,0,0,0) (t,z) =1 —i—/ T R(k_l’@’o’o)(z, x)dz. (10)
o 1—2

Note that one can find an explicit formula for R%*=10.00)(

For example, one can use Mathematica to compute that

z,x) by using formulas (7) and (8).

1
RE=max000) (¢ ) =1 4t + % + 06+ x)t? +

1 2\ 44 1 2 3\ 45
57 (17 +60+2%)1 +m(74+35x+10x +2°)t° +

1
=0 (394 + 225z + 85z + 152° + z*) t° +

1
010 (2484 + 1624z + 7352% 4+ 1752° + 212 + 2°) 7 +

1
1330 (18108 + 131327 + 67692” + 19602” + 3222 + 282° + 2°) ¢ +

269580 (149904 + 118124z + 672842” + 224492° + 45362" + 5462° + 362° + 27) ¢ + - - -

10



and

1 1
R(3<max,0,0,0) (tx) =141+ 2443 ﬂ2(11 + :p)t4 + mQ (50 + 9x + xQ) 4+

1 1
g2 (24 + Tl + 142% + 2°) 15 + =g 2(1764 4 580z + 1552% 4 202° + o)t +

1
m2(13068 + 51047 + 16652% + 2952° + 272" + 2°)% +

262850 2(100584 + 48860z + 184242 + 40252° + 511zt + 352° + 2O) % + - - .

and
1 1
RUsmaxDO0) (¢ 0y — 1 4t 442+ 3+t + 1500 19+ ) 5+ 5 (107 + 122 + 2?) 5 +

1
——6(702 4 1192 + 1822 + ™)™ + 6(5274 + 1175z + 2452% + 252° + )% +

2040 40320
44712 + 12154z + 31352” + 4452° ) 4
3628806( 712 + 121542 + 31352° + 4452° + 332" + 2°)t” +
There are several of the coefficients of RF=™ %0 (2} that we can explain. First, we
claim that
RUk=max000) ()| — (k— 1) for n > k + 1. (11)

That is, it is easy to see that for n > k + 1, the only permutations ¢ = o1---0, € S,
such that mmp(kgmax’@’o’o)(a) =n —k must have o, =t fori =1,...,n—k, 0, = n and
Op—k+1 " Op—1 be some permutation of (n —k+1),(n —k+2),...,(n—1).

Next, we claim that

—1
Rk=max000) 0y = (k—1)! ((Z) — (k ) )) forn >k + 2. (12)

First observe that any permutation o = oy --- 0, € S, such that n € {oy,...,0, 2} cannot
have mmp#=m2x000)(5) = — k — 1. Now assume that n > k+2and 0 =0y ---0, € S, is
such that mmp#<max0.00)(5) = p—k—1. Thus it must be that case that n = 0,,_; or n = 0,,.
If 0,,_1 = n, then it must be the case that mmp*<m2x0.00)(ved(gy---0,_1)) =n—k —1. In
this case, we have n—1 choices for o,, and (k—1)! choices for red(o; - - - 0,,_1) by our argument
above. Thus there are (n—1)((k—1)!) such elements. Next assume that n = 0,,. Then in this
case, the only way to produce a o = oy - - - 0,, € S,, such that mmp*=m2x000)(5) = p — k —1
is to start with a permutation

T:Tl...Tn: 1 2 "(n_k)7n7k+l7—n71 n
where 7, g1+ T,—1 is some permutation of (n — k + 1),(n — k+2),...,(n — 1) so that
mmpF=mex000)(7) =y — k. Now if k > 2, then take some i € {1,...,n — k} in 7 and move
1 immediately after one of 7;,1,...,7,_1. This will ensure that ¢ does not match the pattern

MM P(k<max,,0,0) in the resulting permutation because ¢ will have a larger element to

its left. Each such 7 gives rise to (n —2) + (n —3) + -+~ + (k — 1) = (") — (*}') such

11



permutations. If &k = 1, then take some i € {1,...,n— 2} in 7 and move ¢ immediately after
one of 7i11,...,7,—1. In this case, each such 7 gives rise to (n —2) 4+ (n —3) +--- 4+ 1 =
(";1) = (”;1) - (2) such permutations. Thus in either case, the number of o € S, with

0, = n and mmp*sma00 (o) = — k —1is (k — 1)1 ((",') — (kgl)) It thus follows that
the number of o € S, with mmp*=m2x000) (g = — k — 1is (k— 1)1 ((3) — (*71))-

2
Next we observe that the sequence (Ry="""%(0)),; is
1,2,5,17,74,394, 2484, 18108, 149904, . . ..

This is sequence A000774 from the OEIS where the n-th term in the sequence is
n!(1+ i 1)
gl

The sequence (RE="%09 ()| 1), is
1,6,35,225, 1624, 13, 132, 118124, . ..

which is sequence A000399 in the OEIS. The n-th term of this sequence is ¢(n,3) which is
the number of permutations o € S,, which have three cycles. We can give a direct proof of
this result. That is, we have the following proposition.

Proposition 3. For all n > 3,
R%ngax,&o,ﬂ) (l')‘x _ c(n, 3)

Proof. Suppose that n > 3 and ¢ is a permutation of .S,, with 3 cycles C4, Cy, C3 where
have arranged the cycles so that the largest element in each cycle is on the left and we
order the cycles by increasing largest elements. Then we let @ be the result of erasing the
parentheses and commas in C1C5C3. For example, if 0 = (5,3,4,1) (8,2,6) (9,7), then
c=534182697. Itis easy to see that under this map only the first element of &
matches the pattern MM P(2 < max, (),0,0) in &.

We claim that every 7 € S, such that mmp! ) = 1 1is equal to @ for some
o € S, that has two three cycles. That is, suppose that mmp®<m@0.00)(7) = 1 where 7 =
71+ Tn € S, and 7; matches the pattern MM P(2 < max,,0,0) in 7. First we claim that
1 = 1. It cannot be that any of 71,...,7;,_1 are greater than 7; since otherwise 7; would not
match the pattern MM P(2 < max,,0,0) in 7. Butifi # 1, then 7y < 7; and 71 would match
the pattern MM P(2 < max, $,0,0) in 7 which would mean that mmp®sma0.0.0)(7) > 2,
Next suppose that 7, = n and 7; is the maximum element of {7, ..., 7;_1}. It must be that
case that 71 < 7; since otherwise 73 would not match the pattern MM P(2 < max,,0,0)
in 7. We claim that 7,...,7;_1 must all be less than 7;. That is, if 7, is the maximum of
{r2,...,7j-1} and 7, > 7y, then we would have 7, < 7; < 7, = n so that 7, would match
the pattern MM P(2 < max, (,0,0) in 7 which would imply that mmp?smax0.00)(7) > 2 Tt
then follows that if o = (7,...,7-1) (75,...,7j-1) (Tk,...,Tn), then @ = 7. Thus we have
proved that for n > 3, RE=m*0:00) (2)]|z = ¢(n, 3). O

2<max,,0,0) (7.
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The sequence (%R;BSmax’@’o’o)(O))nEQ is

1,3,11,50,274,1764, 13068, 109584, 1026576, . . .

which is sequence A000254 in the OEIS whose n-th term is ¢(n + 1,2) which is the number
of permutations of S, 1 with 2 cycles. We shall give a direct proof of this fact.

Proposition 4. For alln > 2,
RE=max000)(0) = 2¢(n, 2).

Proof. Suppose that o = oy - - -0, is a permutation in S, such that mmp®G<max0.0.0)(5) =
0. Let a(o) be the i such that o; = n. If a(o) # 1, then let b(c) = j where 0; =
max({o1,...,040)-1}). If b(0) # 1, then let c(o) = i where o; = max({o1,...,0ur)-1})-
First we claim that if c¢(o) is defined, then c¢(o) = 1. That is, if ¢(0) # 1, then 0y < 0¢(r) <
Ob(o) < Oa(o) = 1 50 that o1 would match the pattern MM P(3 < max, (,0,0). We also claim
that if c(o) is defined, then o; must be the second largest element among {o1, ..., 0a()-1}
otherwise o7 would match the pattern MM P(3 < max,(),0,0) in 0. Thus we have three
possible cases for a o € S, such that mmp®=»ax00.0)(5) =,

Case 1. a(o) = 1.
There are clearly (n — 1)! such permutations as o9,...,0, can be any arrangement of
,...,n—1.

Case 2. b(o) = 1.

Case 3. ¢(o) =1 and 0, is the second largest element in {0y, ..., 04)-1}.

Next we define a map € which takes the permutations in Cases 2 and 3 into the set of
permutations 7 of S,, which have 2 cycles CC5 where we have arranged the cycles so that
the largest element in each cycle is on the left and we have max(C}) < max(Cy) = n. In
Case 2, we let

9(0) = (06(0)7 . 7Ua(g)—1) (Ua(o), - ,an).

In Case 3, we let

9(0) = <0b(0)7 -3 0a(0)=1,0¢(c)y - - - ao—b(cr)fl) (Ua(o)7 ce 70n)~
Now suppose that 7 is a permutation with two cycles C1Cs, C7 = (aq,...,q;) and
Cy = (f1,...,Bn-k), where |C;| = k > 1. Again we assume that we have arranged the cycles

so that the largest element in the cycle is on the left and max(C}) < max(C2) = n. Then
there exists a o in Case 2 such that §(c) = 7 and a  in Case 3 such that () = 7. That is,
if a; is the second largest element in {a,...,a;}, then

U:ah'"a&kﬁl"'ﬁnfk

is a permutation in Case 2 such that 6(¢) = 7 and
Y= CVj"'aka1,-~-,@j—1ﬂ1"'5n—k

13


http://oeis.org/A000254

is a permutation in Case 3 such that () = 7. The only permutations with 2 cycles C;Cy
that we have not accounted for are the permutations 7 where |C;| = 1. But if |C}| = 1, then
o= a1 - [B,_1 is a permutation in Case 2 such that 6(¢) = 7. 0 shows that the number of
permutations in Cases 2 and 3 is equal to 2¢(n, 2) minus the number of 7 such that |C| = 1.
However, it is easy to see that the number of 7 with two cycles C1Cy such that |[Ch]| =1 is
(n — 1)! which is equal to the number of permutations in Case 1. Thus we have shown that

=m0 (0) = 2¢(n, 2). O

The sequence (%R?(@S4 max00.0)0)),,55 which is

1,4,19,107,702, 5274, 44712, 422, 568, . . .

does not appear in the OEIS. However, the sequence (%R§L4Smax’@’0’o)(:c)|x)n25 which is

1,12,119, 1175, 12154, 133938, . ..

seems to be A001712 in the OEIS whose n-th term is >p_o(=1)"**(*1%)3%s(n + 2,k + 2)
where s(n, k) is the Stirling number of the first kind.

Problem 5. Can we prove this formula (directly)?

6 Rfla,o,b,())(x) — R;b,o,a,O)(x) — R%O,G,O,Zﬁ(x) — R%O,b,o,a)(x)

The equalities in the section title are true by Lemma 1. We will consider R0 (x).
In this case, we do not know how to compute the generating function R(010(¢ x).
However, we can develop a recursion to compute ROL0) (). That is, for any permutation

o=01 0, €5y, let

A;(0) = x(o; matches the pattern MM P(1,0,1,0) in o) and
Bi(o0) = x(o; matches the pattern MM P(0,0,1,0) in o)

where for any statement A, x(A) = 1 if A is true and x(A) = 0 if A is false. Note that at
most one of A;(0) and B;(o) can be equal to 1. Then let

FROMO (g wie, ) = 3 [y, (13)

oesS, i=2

Note that (1, 0,) never contributes to mmp™®%'9 () or mmp@®%19 () so that
FHOL0) (T2, ..., Tn;Ya,- .., Yn) records all the information about the contributions of
0y, ...,0, to mmpHP10(g) or mmp@O10(4) as o ranges over S,,.

Recall that given a permutation ¢ = oy ---0, € 9, ol!l denotes the permutation of Sna1
that results by inserting n 4+ 1 immediately before ¢; if 1 <1 < n and inserting n + 1 at the
end of ¢ if i = n+ 1. First consider all the permutations o'l as o ranges over S,. Clearly,
since each of these permutations start with n + 1, the first element of oI, which is n + 1,
does not contribute to either mmp™®%19 (g) or mmp @10 (sl1). Moreover n + 1 does not
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effect whether any other o; contributes to mmp%10(gll) or mmp@10 (5111} but it does
shift the corresponding indices by 1. Thus the second element of ¢!l which is oy does not
contribute to either mmp%19) (1) or mmp®91:9) (511, However, for the (i + 1)-st element
ol which is the old ;, we have

1. Ajp1(o) = 1if and only if A;(c) =1 and
2. Biy1(c!) = 1if and only if B;(o) = 1.

Thus it follows that the contribution of the permutations of the form ¢! to

Féi?’l’o)(mg, e Tpa13 Y2, - Yna1) 1S just FoL 0)(373, ey Tpi13Y3y -5 Yna1). For i > 2,
again consider all the permutations o[ as ¢ ranges over S,. For j < i, if A;(o) =1, then
A;(ol) =1 and if Bj(0) = 1, then A;(cll) = 1. For j > i, if Aj(0) =1, then Aj,,(oll) =1
and if Bj(o) = 1, then Bj, (o) = 1. Moreover the fact that n + 1 is in position i in o
means that B;(c) = 1. Since at most one of A;(c) and B;(c) can equal 1, it follows that

the contribution of the permutations of the form ol to F, 1(2a,..., Zpni1i%2, . Yng1) 1S
just
1,0,1,0 .
yzFé )(1'2, e L1, g1y e s 15 X2y - e e s L1, Yid 1y - - - 7yn+1)-
Thus
(1,0,1,0) . 1,0,1,0 .
Fn+1 (x2>"'7xn+17y27'"7yn+1) F( )< 37---7$n+1;y3a---7yn+1)+
n+1
1,0,1,0 .
E yzFé )(an-"7xi71axi+la"'7xn+17x2>-"axi71>yi+1>-"ayn+1)' (14)

It is then easy to see that
RUOLO () — pAOLO) (g1 1), (15)

Using (14) and (15), one can compute that

Rgl,o,l,o) (z) = 1,

R§1,0,1,0) (z) = 2,

Ré1,0,1,0) (z) =5+ z,

RN (2) = 14 + 8z + 222,

RO (2) = 42 + 462 + 26x + 622,

Rél’o’l’o) (r) = 132 + 232z + 22022 + 112x + 2425,

RUOLO(4) 420 1 10032 + 15272 1 1275% 1 5960 4 12027, and
Rém,l,o) (1) = 1430 + 4944x + 943622 + 1138423 + 863821 + 3768:c + 72025,

It is easy to see that a permutation o avoids MM P(1,0,1,0) if and only if it avoids the
pattern 123, that is, if o € S,(123). From a well-known fact (see, e.g. [3]), it follows that
the sequence ( 21’0’1’0)(0))@1 is the Catalan numbers. Thus it is not surprising that it is
difficult to find a simple expression for RM010 (¢ 1) since then RM010) (¢, 0) would give us

an exponential generating function for the Catalan numbers which is not known. It is also
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easy to see that for any n > 2, the most occurrences of the pattern MM P(1,0,1,0) occurs
when o1 = 1 and ¢, = n. Clearly, there are (n — 2)! such permutations which explains the

coefficients of the largest power of z appearing in (RS’O’LO’(x))nZl. We note that neither the
(1,0,1,0) (1,0,1,0)

sequence (Ry "7 (2)|z)n>3 nor the sequence (Ry, " (x)|n-3)n>3 appear in the OEIS.
We can use similar reasoning to develop a recursion to compute Rﬁ}’o’“’o’(:p). That is, for
any permutation o = oy -0, € 5, let

Al(o) = x(o; matches the pattern MM P(1,0,a,0) in o) and
Bf(c) = x(o; matches the pattern MM P(),0,a,0) in o).

Then let .
00y mign ) = 3 [ (16

oES) 1=2

We can now use the same analysis that we did to prove (14) to prove that

(1,0,a,0) . _ 1,0,a,0 .
Fn+1 (‘rQ”"7xn+17y27”'7yn+1)_Fr(L )<x37"’7$n+17y37"->yn+1)+

a
}: 1,0,a,0 )

FT(L )(.CL'Q, e L1 L1y e s 15 L2y o oo s L1, Yit s - - - ,yrn+1) +

1=2

n

1,0,a,0 .

E yiFé )<x2,...,.Ii_l,xi_l’_]_,...7$n+1,$2,...7xi_1,yi+l,...,yn+1). (17)

i=a+1

The difference in this case is that if n > a, then inserting n 4+ 1 immediately before
o1,...,0, does not give rise to an extra factor of y;, while inserting n + 1 immediately
before o,41,...,0, or at the end does give rise to a factor of y; since then n + 1 matches the
pattern MM P((,0,a,0). It is then easy to see that

R0 () = FM0a0 (g a1, ). (18)

Using (17) and (18) one can compute that for a = 2,

94 + 232z + 8222 + 1223,
806 + 1776x + 106222 + 34823 + 48z*, and
558 + 125462 + 1111822 + 60222° + 18362 + 2402°.

1
2
6
2

= 90 + 267 + 422,
3
1
8

Again, it is easy to see that one obtains the maximum number of MM P(1,0,2,0)-matches
in a permutation ¢ = o1 ---0, € S, if either 01 = 1,00 =2, and 0, = n or o1 = 2,05 = 1,
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and o, = n. It follows that for n > 4, the coeflicient of the highest power of = in RS’O’?’O)(:U)
is 2(n — 3)!. The sequence (Rg’o’z’o)(()))nzl whose initial terms are

1,2,6,22,90, 394, 1806, 8558, . . .

is the so-called large Schroder numbers, A006318 in the OEIS. This follows from the fact
that avoiding MM P(1,0,2,0) is the same as avoiding simultaneously the patterns 1234
and 2134, a known case (see [3, Table 2.2]). The same numbers count so-called separable
permutations (those avoiding simultaneously the patterns 2413 and 3142) and other eight
(non-equivalent modulo trivial bijections) classes of avoidance of two (classical) patterns of
length 4 (see [3, Table 2.2]). We note that neither the sequence (RY "> ()[,)n=4 nor the

sequence (RS*Y ()| gn—1)n>4 appear in the OEIS.

One can also develop a recursion to compute RP00) (x) when b > 2 but it is more
complicated. That is, in such a case, we have to keep track of the patterns MM P((,0,a,0),
MMP(1,0,a,0),..., MMP(b,0,a,0). We will show how this works in the case when a =

b = 2. That is, for any permutation o = oy ---0, € S,, let

A?*(0) = x(o; matches the pattern MM P(2,0,2,0) in o),

B??(c) = x(o; matches the pattern MM P(1,0,2,0) in o, but does not match the pattern
MMP(2,0,2,0) in 0) and

C**(6) = x(o; matches the pattern MMP(,0,2,0) in o).

Then let
n 2,2, 2,2 2,2,
GO0 (o T sy Uni 23 2n) = E | | x?" ( )yZB" ( )ZZ-C’ @), (19)

Note that for any ¢ = 01 ---0, € S, we cannot have either o; or g, match any of the
patterns MM P((,0,2,0), MMP(1,0,2,0), or MMP(2,0,2,0) in ¢ so that is why we do
not need variables with subindices 1 or 2. Clearly, for n < 3,

2,0,2,0 . . _
ng )(xg,...,xn,yg,...,yn,zg,...,zn)—n!.

For n = 3, we can never have a pattern match for MM P(2,0,2,0) or MMP(1,0,2,0).
We can have a pattern match for MMP((,0,2,0) only if 0 = 123 or 0 = 213. Thus
G3* (23,3, 23) = 4+ 2z3.

Consider all the permutations o) where i € {1,2} as o ranges over S,,. Clearly, since each
of these permutations start with n + 1 or has its second element equal to n + 1, n + 1 does
not contribute to either mmp®°29 (gll), mmp*929 (51)  or mmp@®029 (). Moreover
n -+ 1 does not effect whether any other o; contributes to mmp®29 (gll) mmp™-020) (gll),
or mmp®%20(sll), but it does shift the index over by 1. Thus the contribution of the

permutations of the form o' and ¢ to G7(12+’01’2’0) (T35 o s T 133y -y Unt 1} 23y - - Zngl) 1S
just 2G,(12’0’2’0) (Tgy ooy Tt 15 Yty -+ s Yntly 24y - - -5 Zni1)- Fix @ > 3 and consider all the permu-

tations ol as o ranges over S,. For j < i, if A;(¢0) = 1, then A;(cll) = 1, if B;(0) = 1,
then A;(oll) = 1 and if Cj(0) = 1, then B;(cll) = 1. For j > i, if Aj(0) = 1, then
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Aja (o) =1,if Bj(0) = 1, then Bj,, (o) = 1 and if Cj(0) = 1, then C; 1 (o) = 1. More-
over, the fact that n + 1 is in position 4 in ¢/ means that C;(¢) = 1. Since at most one
of Aj(c) =1, Bi(c) =1, and C;(c) = 1 can hold for any 4, it follows that the contribution

. , 2,0,2,0 ..
of the permutations of the form ol to warl )(:L’g, e Tt 15 YSy ey Ynd1) 23y - -+ Znt1) 18 just
ZiFn(CEg, N i I l’i+17 e ,.’l’nJrl; T3, ... ,l’ifl,yi+1, Ce 7yn+1; yg, Ce 7%’717 Zi+1, Ce ’ZnJrl). ThUS
(20.20) . ) _
n+1 (I3)"'7In+17y37'"7yn+17z37"'7z’n+1) -
(270’270) . .
2Gn+1 (ZE47 ey Tty Y4y - -y Yngly R4, - - 7Zn+1> +
n+1
E Zz 1’3,...,,177;_1,],’1'_’_1,...,$n+1;l’2,...,93'2'_1,

Yitts oo Ynt13Y3s -+ -5 Yiody Zigls - - -5 Zn1). (20)
It is then easy to see that
RZ020) (3 = G020 (a1, 151,000 1). (21)

2020(
2020
(

s

(2)
(@)
2 ,0,2,0)
2 (2,0,2,0) Ex;
2 ,0,2,0) (m)
2 (2,0,2,0) (m)
2 (2,0,2,0) )
)

Again, it is easy to see that one obtains the maximum number of M M P(2,0, 2, 0)-matches
in a permutation ¢ = oy---0, € S, if {01,002} = {1,2} and {0,-1,0,} = {n —L,n}. It
follows that for n > 5, the coefficient of the highest power of z in R\ 0)( )is 4(n—4)!. In
this case, the sequence (R?%29(0)),>; does not appear in the OEIS, but it clearly counts
the number of permutations which avoid the permutations 12345, 21345, 12354, and 21354.

While we cannot find a formula for R1019) (¢, x), we can find a restricted version of this
generating function. That is, let S, (1 — n) denote the set of permutations o = oy --- 0,
such that 1 appears to the left of n in ¢. Then let

B0 Z B (1 0.1.0)( "2 (22)
(n—2)!
n>2

where (
1,0,1,0 N mpp(L0:1,0) (o
Bé )(x) — E PP ()

o€Sp(1—n)

Let S, (7, j) denote the set of all permutations o = o1 - - -0, € S, such that o, = 1 and 0, = n
where 1 < i < j < n. It is easy to see that for s < i, o5 matches the pattern MM P(1,0,1,0)
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in o if and only if o, matches the pattern M M P(0,0,1,0) in oy - - - 0;_1. Clearly ifi < s < j,
then o, matches the pattern MM P(1,0,1,0) in o. Finally, if j < s < n, then o, matches
the pattern MM P(1,0,1,0) in o if and only if o5 matches the pattern MM P(1,0,0,0) in
041 0p. It follows that

n—2 . _i—1(0,0,1,0 1,0,0,0
B = 30 (oo )i D R @R

1<i<j<n
or, equivalently,
1,0,1,0 0,0,1,0 (1,0,0,0)
B )(x) _ Z il Rz(—l )(x) R, ()
(n—2)! o (1 —1)! n—j)!
0,0,1,0 1,0,0,0
_y eR@ R (23)
a ! o

a,b,c>0,a+b+c=n—2

It is easy to see from (2) that REO00 (¢ z) = ROOLO(# 1) = (1 — tx)~Y/*. Multiplying (23)
by % and summing for n > 2, we obtain

BUOLO (¢ 3y = ROOLO) (¢ ) ROOLO (¢ 7) = (1 — tz) 13, (24)

(1 —tx)

One can use (24) to show that for n > 1,

n—1 n—1
By (@) = 2 [T+ i) T2+ (20 — 1)) (25)
=1 =1
and
n—2 n—1
By O (@) = 2 [T+ o) T2+ (20 — Da). (26)
=1 =1

Problem 6. Can one find a direct explanation of formulas (25) and (26)7

For example, it follows that the number of permutations ¢ € S,(1 — n) which avoid
MMP(1,0,1,0) is 2"~2. This is easy to see since to avoid MM P(1,0,1,0) one must have 1
and n adjacent and there must be decreasing sequences on either side of 1 and n. Thus such
a permutation is determined by choosing for each i € {2,... ,n — 1} whether it is placed on
the left or the right of the adjacent pair 1n.

There is a second class of permutations for which it is easy to compute the generating
function for the distribution of matches of the pattern MM P(1,0,1,0). That is, suppose
that k,£ > 0 and n > k + ¢, Let 8 = (3 --- B, be any permutation of n —k +1,...,n and
a = qj ...q be any permutation of 1,...,£. Then we let S?® denote the set of permutations
o € S, such that fa is a consecutive sequence in o. Now suppose that a < k, b < /,
mmp(»%99) (red(3)) = 0, mmp®2*0 (red(a)) = 0, and

Rgla,o,b,o),ﬂ*a(x) _ Z xmmp(a,o,b,O)(U).

UGSEQ
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Then we claim that for n > k + ¢,

n—k—~
a Ba n—Fk—1/ 0,0,b,0 ,0,0,0
RSO = 3 ("I RO @RS o),

- 1
=0

That is, suppose that o € SP is a permutation where there are i elements to the left of the
occurrence of fa. Then a o; with j < i matches the pattern MM P(a,0,b,0) in ¢ if and only
if o; matches the pattern MM P(0,0,0,0) in oy - - - 0;. Similarly for j > i+ k+ ¢, o; matches
the pattern MM P(a,0,b,0) in ¢ if and only if o; matches the pattern MM P(a,0,0,0) in
Oktet1 - On. Finally our assumptions ensure that none of the elements in Ba matches the
pattern M M P(a,0,b,0) in 0. It then follows that

_ n—k—4 _
R(a,O,b,O),ﬁa(t’x> _ Z ( t - 6)‘R7(1a,0,b,0),ﬂa<x) = R(a,o,o,o)(@ JU)R(o,o,b,o)(t?gg).
n—~k—=1)!

n>k+/

For example, since ROOLO(¢ ) = REOO0 (¢ 7)) = (1 — tz)~1/=, it follows that

_ 2 _
R(l,O,l,O),n1<t 33) _ Z R(l,O,l,O),n1<x)
7 _ ‘ n
= (n—2)!
m n—1
= (-t) =14 —J[@+in).
n>1 =0

" Ry(ll,O,l,l)(aﬁ _ R7(10,1,1,1)<x) _ Rgll,l,o,l)(aﬁ _ R7(11,1,1,0)<x>

The equalities in the section title are true by Lemma 1. Thus we shall only consider
RULOLI ().

In this case, we can develop a recursion to compute Rg’o’l’l)(x) which is very similar
to the recursion that we developed to compute R,(ll’o’l’o)(x). That is, for any permutation
o=01--0, €85, let

Ci(c) = x(o; matches the pattern MM P(1,0,1,1) in o) and
D;(0) = x(o; matches the pattern MM P(0,0,1,1) in o).

Then let .
O i) = 3 [[a52.

ocESy 1=2

Note that oy and ¢, never contribute to mmp™®%HY () or mmp®®V(4) so that
F£1,071,1)(x2’ ey Tp_13Y2, .-, Yn—1) records all the information about the contributions of
2,...,n—1to mmp®®tY(g) or mmp®®V)(5) as o ranges over S,,.

First consider all the permutations ¢!l as o ranges over S,,. Clearly, since each of these
permutations starts with n 4+ 1, n + 1 does not contribute to either mmp™®®11 () or
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mmp®01D(gM). Moreover, n + 1 does not effect whether any other o; contributes to
mmp0LY (g or mlrnp((a’o’l’1 (o), but it does shift the index over by 1. Thus the contri-
bution of the permutations of the form o to Féi?’l’l)(xg, e TR Y2s o Yp) 1S just

F,Sl’o’l’l)(a:g, e T Y3, ... Yn). Next consider all the permutations o"*! as ¢ ranges over
Sp. Clearly, since each of these permutations ends with n + 1, n + 1 does not contribute
to either mmp®%HY(¢) or mmp@9:Y(s). However, while n 4+ 1 does not effect whether
any other i contributes to mmp™®%5Y (), it does ensure that each (i,0;) that contributed
to mmp®%11 () will now contribute to mmpH0HD (g**+1) Thus it is easy to see that
(1011)(x2,...,xn;y2,...,yn) is
just F,Sl 0’1’1)(;52, ey Ty 13To, ..., Ty 1). For 2 <14 < mn, again consider all the permutations
ol as o ranges over S,. For j < i, if C;j(0) = 1, then Cj(cll) = 1 and if D;(0) = 1,
then C;(oll) = 1. For j > 4, if Cj(0) = 1, then Cj;,1(0ll) = 1 and if Dj(¢) = 1, then
Djy1(ol) = 1. Moreover, the fact that n + 1 is in position i in ol means that D;(c!) = 1.
Since at most one of C;(c) = 1 and D;(¢) = 1 holds, it follows that the contribution of the

the contribution of the permutations of the form ot to F

permutations of the form ol to F(1 0’1’1)(x2, e TRl Y2, e Yp) 1S just
yiFr(Ll’O’l’l)(:vg, e T Tty e T Ty e ey L1y Yid 1y - - s Un)-
Thus
Frsicl)’l’l)(xg, e T Yy ey Yn) = F,(Ll’o’l’l)(xg, e T Y3y ey Yn) T
F,gl’o’l’l)(arg, e T 13Ty Tp1)
Z yiFél’O’l’l)(xg, Ty Tig Ly e s T Ty e ey L1y Yid s« - s Yn)- (27)

It is then easy to see that
RUOED () = FLOED (g 1L ). (28)

Using (27) and (28) one can compute that

= 252 + 300z + 144x + 2413,
= 924 + 1812x + 15722 + 636x + 962*, and
= 3432 + 9960x + 1344022 + 957623 + 3432:6 + 48025.

In this case, the sequence ( (LOL, 1)( 0)) is A000984 in the OEIS which is the sequence
whose n-th term is the central binomial coefficient ( ) which has lots of combinatorial inter-

pretations. That is, we claim that ROL 1)(0) = (2” 2) Note that avoiding MM P(1,0,1,1)
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is equivalent to simultaneously avoiding the patterns 1324, 1342, 2314 and 2341, which, in
turn, by applying the complement is equivalent to simultaneous avoidance of the patterns
4231, 4213, 3241 and 3214. It is a known fact (see [3, Subsection 6.1.1]) that the number of
permutations in .S,, avoiding simultaneously the patterns 4132, 4123, 3124 and 3142 is given
by (**77). Mark Tiefenbruck [8] has constructed a bijection between the set of permuta-
tions of S,, which simultaneously avoid the patterns 4132, 4123, 3124 and 3142 and the set
of permutations of S,, which simultaneously avoid the patterns 4231, 4213, 3241 and 3214.
Indeed, this is a special case of a more general bijection which will appear in a forthcoming
paper by Remmel and Tiefenbruck [9] so we will not give the details here.

In this case it is also easy to understand the coefficient of the highest power of x in the
polynomial R 0.1) (x) That is, one obtains the maximum number of occurrences of the
pattern MM P(1,0,1,1) when the permutation o either starts with 1 and ends with either
2 n orn 2 or it starts with 2 and ends with either 1 n or n 1. Thus it is easy to see that the
coefficient of the highest power of x occurring in RS’O’I’D(Q:) is 4((n — 3))z" =3 for n > 4.

While we cannot find a formula for R0 (¢ ), we can find generating functions for the
distribution of MM P(1,0,1,1)-matches in certain restricted classes of permutations. That
is, let )

n—2)

B(170,11 ZB (1,0,1,1)

n>2

B(l,O,l,l)(x) _ Z xmpp(l’o’l*n(o)'

O'GSn(l—Wl)

where

Consider the set S,(LkH) of all permutations ¢ = o1---0, € S, such that o,,; = 1 and
oj = n for some £+ 1 < j < n. It is easy to see that for s < k, o, matches the pattern
MMP(1,0,1,1) in o if and only if o4 matches the pattern MM P(0,0,1,0) in oy --- 0.
Clearly oj+1 = 1 does not match the pattern MMP(1,0,1,1) in 0. If k+1 < s < n,
then oy matches the pattern MM P(1,0,1,1) in o if and only if o5 matches the pattern
MMP(1,0,0,1) in 0py9---0,. It follows that

n—2
n— 2 0,0,1,0 1,0,0,1
B (z) = Z < k )Rii )(x)Rn—k:—l)('r)

or, equivalently,

B(l 0,1,1)( n—2 R! (0,0,1,0) (ac) RS_’(L’S’P(&?)
(n— (n—2—Fk)!

k=0

(29)

Multiplying (29) by ), and summing for n > 2, we obtain

BOOLD (4 2y = ROOLO 4 Z Rﬁfﬁo 1)

n>0

By (6), we have that

" (1,001 _2_
> RIS @) =201 —ta)

n>0
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Hence

t
Z Rn1+010 Diz) =1+ / 2(1 — zx)_%_ldz = (1 —tx)" /=,
! 0

n>0

Since R0 (¢ ) = (1 — tz)~'/*, we obtain

BUOLD (¢ g) = (1 — ta)™*/* = 1+ 3t + Z | 3+zrc
>2 7 =0

For example, it follows that the number of permutations ¢ € S,(1 — n) which avoid
MMP(1,0,1,1) is 3".

Next suppose that k, ¢ > 0 and n > k+/, and let v, = n(n—1)--- (n—k+1)(({—1)--- 1.
Then we let Sp** denote the set of permutations ¢ € S, such that ke 1S a consecutive

sequence in o and
1,0,1,1), (1,0,1,1)
Rq(l ) Vet (I) z : mp (0’)'

UES;/LI67
Then it is easy to see that for n > k 4 ¢,
L n—k—{ n—k—/
R7(11,0,1,1),’yk,z (x) _ Z < ' )RZ(O,O,I,O) (QI)RS (;CO l}) z(x> (30)
i

=0

That is, if o € S)** is such that there are i elements to the left of the occurrence of Vit
then a o; with j < ¢ matches the pattern MM P(1,0,1,1) in o if and only if o; matches
the pattern MM P(0,0,1,0) in oy - - - 0;. Similarly for j > i+ k 4 ¢, o; matches the pattern
MMP(1,0,1,1) in o if and only if o; matches the pattern MM P(1,0,0,1) in 0gyt1--- 0y
Clearly no element that is part of 7, can match MM P(1,0,1,1) in o.

It then follows that

tnfkff
RLOL) ke Rt ) = Z WRS,O,LU, kl(l,) — R(1,0,0,0) (t,x)R(l’OvO»l)(t, 7).
n — — .

Since

tn—l
> o ) = (- )

we have that

t ' 1- 1—tx)'%
S LRI (2) = 1 4 / (1 zry e = L2 A
0 — X

Hence,

r+ (1 —tx)™
2—x




One can use Mathematica to show that
3 4

t t
RUOLDNT(4 ) = 1 4+ 2t + (5 + )+ (14482 4207 5 +

to t6
(41 + 50z + 2327 + 62° )5 (122 + 268z + 2142” + 92z34x" )5

7

t
(365 + 12832 + 16892* + 11172° + 4662 + 1202° )7|

t
(1094 + 5660z + 11412 + 116562° + 6934z + 28442° + 7202° )8'

8

(3281 + 23524z + 6804222 + 10288027 + 89849z +
9

t

499961° 4 202682° + 504027 )9'
The sequence (RS’O’L”’H(O))@O is

1,2,5,14,41,122, 365, 1094, 3281, . ..

which is sequence A007051 in the OEIS whose n-th term is # This is easily explained
from the recursion (30) which shows that for n > 2,

n—2

- —9
RO =3 (” b )R£°’°’1’°><O>R£37%°’P<o>.
k=0
Now ngo,o,l,O)(O) = 1 since only the decreasing permutation ¢ = n(n — 1)---21 has no

MMP(0,0,1,0) matches and R"%%D(0) = 27=%~1 by (5). Thus

n—2
RUOLDAT () = (n - 2) on—k—1
k=0

_ %(1 b1+ 2)72) = %(1 32,

Also the coefficient of the highest power of z occurring in RS nt () is (n—3)! forn >4

which counts all the permutations that start with 2 and end with nl.

8 The function R ’1’1’1>( )

We can develop a recursion to compute R 1)( ) but our recursion will require 4 sets of

variables. That is, for any permutation ¢ = oy --- 0, € Sy, let
K;(c) = x(o; matches the pattern MM P(1,1,1,1)
(6) = x(o; matches the pattern MM P((,1,1,1) in
M;(0) = x(o; matches the pattern MM P(1,0,1,1)
(6) = x(o; matches the pattern MM P((,(,1,1)

Q

1 )

no)
Li(o o),

in o), and
Ni(o in o).
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Then let

1,1,1,1 . . .
HT(L )<$27 sy Tn—13Y25 -y Yn—13225 - - -5 Zn—15 W2, - - - 7wn71>

-y ﬁchi(o)yfi(a)zzgm(o)wzgvi(o).

oESy 1=2

First consider all the permutations o' as ¢ ranges over S,. The point (1,n + 1) in
ol does not contribute to either mmp®HbY (gl mmp@LtD (o) mmp®8D (o) or
mmp®0LY (o) However,

1. if K;(0) = 1, then K; (o) =1,
2. if Ly(o) = 1, then L (o) =1,
3. if M;(0) =1, then K;; (o) =1, and
4. if Nj(o) =1, then L;y (o) = 1.

It follows that the contribution of the permutations of the form o' to

(17171?1) . . . 3
H 07 (T, o Tni Yoy ooy Uns 22, -+ oy 2ns Was - o, W) 1S

1,1,1,1 . . .
Hé )(l'g,- s Ty Y3y Yns X3y, T Y3,y - e ayn)-

Next consider all the permutations o"*! as o ranges over S,,. Clearly, since each of these per-
mutations ends with n+1, n+1 does not contribute to mmp™®H (gl +1)  mmp@11.1 (g+1])
mmpOLD (1) or mmp @01 (g1 However,

1. if K;(o) = 1, then K;(olt)) =1,
2. if L;y(o) = 1, then K;(c) =1,
3. if M;(o) = 1, then M;(c!)) =1, and
4. if Nj(o) = 1, then M;(oM)) = 1.

It follows that the contribution of the permutations of the form o™+ to

(1,1,1,1) ) , . )
H, (o ooy Ty Y2y e ooy Yny 225 v oy 2 Wy vy Wy) 18

1,1,1,1 . . .
H’r(L )(.1'2, sy 13025 -+ 3 Tn—13 225 -+ + 5 Bn—15225 « - + anl)'

For 2 < 7 < n, again consider all the permutations oll as o ranges over S,. First note
that the fact that n 4 1 is in position i means that N;(¢) = 1. Then for j < i,

1. if K;(0) =1, then K;(oll) =1,
2. if Lj(0) = 1, then K;(c!) =1,

3. if Mj(0) =1, then M;(oll) =1, and
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4. if Nj(o) = 1, then M;(oll) = 1.
Similarly, for j > i,

1. if K;(o) = 1, then K;,,(oll) =1,

2. if Lj(0) =1, then L; (o) =1,

3. if Mj(0) =1, then K;, (o) = 1, and

4. if Nj(0) =1, then Lj,(oll) = 1.

It follows that for 2 < i < n, the contribution of the permutations of the form ¢ to

H(lflvl’l) . . . 3
ot Ty T Y2, Yns B2,y s B Way L, Wy) S
1,1,1,1 ) .
wz‘Hy(l )(172,~'~7$i—17$z‘+1,'~~,$n,I27~~-7$i—1,yi+1,---,yn,
Z2’...’Zifl’xi+l,...’xn;z27...’Zifl,yiJ’,l’...’yn)
Thus
(171’171) . . . J—
Hy 0 (T, Tns Yos ooy Uns 22, e vy 21 Wy o, Wy) = (31)
1,111 . . .
Hr(L )<x37"'7$nay37"'7ynax3>"'7xnvy37'"7yn)+
1,1,1,1 . ) )
H»,(L )(wQa"'7mn—1)x27'"7‘7;71—1’2:27"'azn—1a227"'7zn—1)+
n
Z 1,1,1,1 . .
wl-Hyg )(x27"'7'Ii—17xi+17"'7xn7x27"‘7$i—layi+17"‘7yn7
=2
Z27--wzi—l;xi—‘rl;-'wxn;'zQ;'--7Zi—17yi+1a---7yn)-

It is then easy to see that
RULLD () = gL (g1 0 15, 151 . (32)
Note that for all o € S;
mmp Y (o) = mmp©@ Y () = mmptPLY (o) = 0.
However, for mmp®%1Y () = 1 if o equals 132 or 231. Thus
Hél’l’l’l)(.rg, Y2, 22, Wo) = 4 + 2w.

Using (31) and (32), one can compute that

Rgl’l’l’l)(x) _ 1,

Rgl,l,l,l)(x) —9

Rél’l’l’l)(x) _6,

Rfll,l,l,l)($) —

RV () = 104 + 162,

Rél’l’l’l)(ﬁ) = 464 + 224x + 3222,

R (1) = 2088 + 2088z + 76822 + 962%, and
RO (7)) = 9392 4 16096 + 1105622 + 33922 + 384,
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In this case, the sequence (Rg’l’l’l)(O))nzl seems to be A128652 in the OEIS, which is
the number of square permutations of length n. There is a formula for the numbers, namely,

2n —6
= 2(n + 2)4"8 — 42 .
afn) = 2(n+2) ()

Problem 7. Can we prove this formula (directly)?

In this case, it is again ea?f to understand the coefficient of the highest power of x
occurring in the polynomial R, 1’1’1’1 (z). That is, one obtains the maximum number of
occurrences of the pattern MM P(1,1,1,1) when the permutation o either

(i) starts with 1 (n — 1) or (n — 1) 1 and ends with either 2 n or n 2,

(ii) starts with 2 (n — 1) or (n — 1) 2 and ends with either 1 n or n 1,

(iii) starts with 1 n or n 1 and ends with either 2 (n — 1) or (n — 1) 2, or

(iv) starts with 2 n or n 2 and ends with either 1 (n — 1) or (n — 1) 1.

Thus it is easy to see that the coefficient of the highest power of x occurring in R,(ll’l’l’l)(a:)
is 16((n — 4)!)a"* for n > 5.

9 Conclusion

In this paper, we have began the study of the distributions of quadrant marked mesh patterns
of the form MM P(a, b, ¢,d) in S,, and certain subsets of S,,. As is evidenced by several of our
examples, avoiding a quadrant mesh pattern M M P(a, b, ¢, d) is equivalent to simultaneously
avoiding certain classes of classical patterns. For example, avoiding the quadrant mesh
pattern MM P(1,1,1,1) is equivalent to simultaneously avoiding all classical patterns of the
form oy09030405 where 03 = 3 and {01, 02} is either {1,4}, {2,4}, {1,5}, or {2,5}. Thus our
results also give results on classical pattern avoidance. Note, however, that our distribution
results are not necessarily equivalent to studying the occurrences of such patterns. For
example, avoiding MM P(1,0,0,0) is equivalent to avoiding the classical pattern 12. The
number of occurrences of the pattern 12 in a permutation ¢ is the number of coinversions
in 0. However, mmp?%9(132) = 1 while coinv(c)(132) = 2 since 1 participates in 2
coinversions in 132 but only contributes 1 to mmp*%%0)(132).

There are several other special subclasses of permutations where we have studied the dis-
tribution of the quadrant mesh patterns MM P(a,b,c,d). For example, with Mark Tiefen-
bruck, we have studied the distribution of quadrant mesh patterns in 132-avoiding permu-
tations where we can find explicit formulas for generating functions of the form

n>0  0€S5,(132)

See [5, 6]. Similarly in [4], we have found generating functions of the form

14 Z Z mmp(a,b,c,d) ()

n>1 o‘GUDzn

t2n
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and

t2n—1

oc€UDop_1

where UD,, is the set of up-down permutations of S,, and (a, b, ¢, d) is any four-tuple which
has one 1 and three 0s. For example, we have shown that

10

t2n

mmp(1:0:0:0) (¢ T
1+Z(2—n)‘ Z P @) — sec(xt)V/*.

n>1 " 0€UDoy,
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