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Abstract

We give an answer to a recent question of Prodinger, which consists of finding
g-analogues of identities related to Fibonacci and Lucas polynomials.

1 Introduction

The bivariate polynomials of Fibonacci and Lucas, denoted respectively by (U,) and (V},),
are defined by

U0:07 U1:17 and %:27‘/1:t7
Un = tUn_l + ZUn_Q (n Z 2) s Vn = tVn—l + an_g (TL Z 2) .
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It is well-known (see, for example, [3]) that

2 w2
Ups1 = Z ( i )t"%zk, Vo = Z n—k( i >t"2kzk (n>1).

k=0 k=0

In [1], Belbachir and Bencherif proved the following five formulae:
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‘/271—1 = icn,k‘tkUZ’n—ka with Cnk = 2 (—1)k+1 <Z) — [k = 1] s (3)
k=1

2‘/271—1 - i dn,ktk‘/én—l—ka with dn,k’ = (_1)k+1 # (Z)? (4)
k=1

2U2n = zn: en,ktk%n—ka with (5)
k=1

J]=

2n —k (n ! e j 1 n—1
= (-1 + 1)/ k-1 Z(1)ntk
enk = (=1) n (k> 0( ) kE—1 2< ) k—1

and they also gave the following simple sixth one:
‘/211 - 2U2n+1 - IUQn- (6)

The results presented in [1] are companion generalizations for Chebyshev polynomials
2].
Without loss of generality, we suppose that ¢ = 1. We refer here to the modified polyno-
mials given by Prodinger in the introduction of [5].

In order to give g-analogues of these instances, Prodinger considered Cigler’s [4] sugges-
tion to replace U, and V,,, respectively, with

s f USRS f O

with the following g-notations

Wy =1 gt 4 q Il = a2y [l [



Prodinger [5] found the following two g-analogues for identities (4) and (6) respectively

Fou (2) = Y BupFonoi (2), with By = (~1)"" () {Z] , (7)
k=1 q

n (z)
L2n—1 = Z 5n,kL2n—1—k: (Z) > with 6n,k = (_1)k+1 d

e (2] e )
— 14 gt ko], k|, '

and left the three others as a challenge.
We give an answer to the remaining three instances and we find a g-analogue for identity

(6).
2 An answer to Prodinger’s question

Here, we find a g-analogue for the identities (6), (3), (1) and (5), which can be considered
as an answer to Prodinger’s question [5].

Theorem 1. The following q-identities hold

Lo (3) = Favss (£ 4 Fanss (2) ~ Fan 2). )
Lot (2) = Z e (B )+ o (2) ) =P 2 (10)
Pansr (2) = 1= (L 02) — "L (2). (11)

Pan (2) = 1 gzt (Lana (6) = "' Lana (2) (12)

Proof. We have

oo (2) 4P (- Ra 0 = V01 (1 F 2;]) .
] ()
_ ]in:/jj q(g) _n ; k qll —qgik L
= Z,EZOQJ e n . k q%z’“ =L, ().

For the second identity > 7, Bk <F2n_k (z) + Fo, & (%)) —Fy,_1(2) = Fy, (2)+Fy, <§> _
Fo, 1 (2) = Lan-1(2).



To establish (11) and (12), we have

L, (g2) — 'Ly (2) — Ztn/% q(g) {n - k} [n], (¢" — ¢") 2*

k=0

= S {” ) ’“} (1—q") 2
= (=) Fun (),

and then take n odd and n even respectively. O]

Remark 2. We have to notice that the expressions of relations (11) and (12) do not give, for
g = 1, the initial formulae as given in relations (1) and (5). We obtain, when ¢ — 1, the well
known identity U1 (2) = V,, (2) — 2U,—1 (2) , for n odd and n even respectively. However,
they express, as in Belbachir’s and Bencherif’s work [1], an odd Fibonacci polynomial in
terms of Lucas polynomials starting with a smallest even index, and an even Fibonacci
polynomial in terms of Lucas polynomials starting with a smallest odd index.
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