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Abstract

We consider s-Fibonacci polynomial sequences (Fy (z), Fs (x), Fas (x),...), where
s € Nis given. By studying certain z-polynomials involving s-polyfibonomials (Z) Fo(a)™

angs)&;fi(}’;;k(;)(z) and s-Gibonacci polynomial sequences (Gy (z) , G5 (z) , Gas (2) ,. . .),

we generalize some known results (and obtain some new results) concerning sums of
products and addition formulas of Fibonacci numbers.

1 Introduction

We use N for the natural numbers and N’ for NU {0}. Throughout this article s will denote
a natural number.

Recall that Fibonacci polynomials F, (z) are defined as Fj(x) = 0, Fy (z) = 1, and
F,(z) = xF,—1 (z) + F—2(x), n > 2, and extended for negative integers as F_, (z) =
(=1)"*" F, (). Similarly, Lucas polynomials L, () are defined as Lg (z) = 2, Ly (z) = ,
and L, () = xL,_1 (x) + L,—2 (x), n > 2, and extended for negative integers as L_,, (x) =
(—1)" L, (z). Tt is clear that F, (1) and L, (1) correspond to the Fibonacci F,, and Lu-
cas L, number sequences, respectively (A000045 and A000032 of Sloane’s Encyclopedia,
respectively). A generalized Fibonacci (Gibonacci) polynomial G, (x) is defined as G,, (x) =
G-t (2)+Gpa (z), n > 2, where Gy () and Gy () are given (arbitrary) initial conditions.
We will use also H, (z) to denote Gibonacci polynomials. It is easy to see that

Gn(x) =Gy (x) Froy () + Gy () F, (),
and that we can extend for negative integers as

Gy (z) = (=1)""' G (2) + (=1)" Go () L (2) .

1


mailto:cpita@up.edu.mx
http://oeis.org/A000045
http://oeis.org/A000032

We have Binet’s formulas

1
)= o= @@ =B (@) L@ =a"@+ @), )
where
o) = TEVEEL gy o 2oV 2)
(the roots of 22 —xz — 1 =0).
For a Gibonacci polynomial Gy, (z) we have
Go () = = (1 ()" (2) = a2 () 5" (). ®)

where ¢; () = Gy (x) — Gp (x) B (x) and 3 () = Gy () — Gy (z) o ().

Some basic relations involving « () and 5 (z) (as a (z) § (x) = —1) will be used through-
out the work, as well as some basic Fibonacci polynomial identities (most of times without
further comments). About this point we would like to comment the following: some Fi-
bonacci number identities are valid as Fibonacci polynomial identities. For example, the
well-known identity

Fn+m :FnFm+1+Fn—1Fm
is just the case x =1 of
EFoim (@) = B () Fipgr () + Fa (2) Fi (2) (4)

However, it is more natural to accept the existence of Fibonacci number identities that
are not valid as identities with Fibonacci polynomials. An example is the Gelin-Cesaro
identity

Fo oFy 1Fy1Fypo+1=F2

which is false for Fibonacci polynomials: for example, for n = 3 we have that the left-hand
side is the polynomial

Fy (z) Fy (2) Fy (z) Fs (z) + 1 = 2® + 52° + 7o + 227 + 1,
while the right-hand side is
Ff (2) = 2% + 42% + 62" + 42® + 1.
What we can say in general about this example is that
Foo () Byt (2) Fog (2) Foga (2) +1 = F:],l (2)

is a polynomial that has a zero for x = 1. For example, for n = 3 this polynomial is
2?2 (2% — 1) (2? + 2).

For a given Gibonacci polynomial sequence G,, (x), the corresponding s-Gibonacci poly-

nomial sequence Gy, () is given by G, () = (Go(x),Gs(x),Gas (x),...). We will be
dealing with s-Gibonacci polynomial factorials, denoted as (G, (x)!),, where n € N, and
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defined as (Gp (z)!), = 1 and (G, (2)!), = G5 () Gas (x) - - - Gps (z) for n € N. Also we will
be working with s-Gibonomials

(Z> o <Gk!§i@!)§_kl)s’

(see [7]), where the s-Gibonacci sequences are replaced by s-Gibonacci polynomial sequences
Gsn (x). We will refer to these objects as s-polygibonomials, and we will use the natural
notation (}.) (with n, k € N’) for them. That is, we have that

Gs(z)

(n) . (Gal)),
ko (o@D, (G (@),

for 0 < k <n, and (Z) =0 otherwise. In other words, if 0 < k < n we have

s(2)

i — Gsn (37) GS(H—I) (w) co Gs(n—k+1) (37)
<k> v Go@) G (@) G (m) (5)

Plainly it is valid the symmetry property (Z) Cole) = (nf k) Ga(z)’ and then we have also
2n—1
2n —1
k
S~ ©)
k=0 Gs(x)

We call the attention to the fact that in the case G, () = F, (z), the s-polyfibonomials

(Z) o) 9T€ indeed polynomials (despite the polynomial quotients in the definition). To see
this we use the same argument that shows that s-Fibonomials (}),. are integers (see [1]):

from (4) we have that

Fs

Fs(n—k)+1 ((L’) F, (ZL’) + Fsk—l (CL’) Fs(n—k) (ZL‘) - an ([L’) ’

and then we can write

n n—1 n—1
Py () ( ) T Fus (2) ( ) |

Thus, with a simple induction argument we obtain the desired conclusion. In fact, it

is easy to see that the degree of (Z) Fu(a) is sk (n — k). (Of course, the number sequences

() £y correspond to s-Fibonomial sequences (see [7]).) However, s-polygibonomials are in
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general rational functions. For example, the 2-polylucanomial (3) Lo(2)

(4) _ Lg () Le (z)
2) La@) ~ Lo(z) Ly (2)
(2 +42% + 1) (28 + 82° + 202" + 162% + 2)
xt + 42?2 4 2




Z)Fs(a:)’
k=0,1,...,n for columns, are the following:

For s =1 we have

Two examples of s-polyfibonomials ( as triangular arrays, with n for lines and

1 1

1 x 1

1 2241 2241 1
1 342z 4432242 342z 1
1 x* 32241 20 +5xt 72242 204524 +7224-2 x* 32241 1
For s = 2 we have
1

1 1

1 2242 1

44422 44422
1 +3 +3 1
1 264624 284826 264+624 1
+1043:2 +21x4g20x2 +1on
+ + +
284826 212412410 212412210 284826
+1272% 46022 +12724 46022
+10 +10

(The case x = 1 of the previous arrays corresponds to Fibonomials and 2-Fibonomials,
A010048 and A034801 of Sloane’s Encyclopedia, respectively.)

In this work we are concerned with sums of products of s-Fibonacci polynomial sequences.
The problem of finding closed formulas for these sums in the case s = x = 1 has a quite long
story. Lots of results for different particular cases are now available. Some examples are the
works of Melham [4, 5]; Prodinger [8]; Seibert & Trojovsky [9]; and Witula and Stota [11],
among many others.

The motivation for this work came from identity (5) in [10] (and all the nice and important
formulas that can be derived from it). A version of this identity can be stated as follows:

for m € N and aq,...,a,, € Z given, one has that
- rrt) (M i |
Z (_1) ’ r GH""'m_r H Gai"'m_r - Gm'Hn+a1+~--+am+W’ (7)
r=0 i=1

where H,, and G, are two given Gibonacci sequences, with Go = 0. What we present in
this work are closed formulas for sums that resembles the left-hand side of (7), where the
involved Gibonomial (T) o 1s replaced by the s-polyfibonomial (T) Fu(z)’ and the remaining
Gibonacci sequences H,, and G,, are replaced for the corresponding s-Gibonacci polynomial

sequences Hy, (z) and Gy, (z). (Thus, identity (7) becomes the case x = s = 1 of some of
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our results.) While the proof of (7) presented in [10] is an induction argument, in this work
we proceed explicitly to study certain polynomials, their factorizations and the evaluations
of them in certain powers of a (z) and [ (x), that eventually will lead us to the required
proofs.

The main results presented in this work are the following polynomial identities: for given
m € Nand k,[,p1,...,pom+1 € Z, we have

2m+1 2m+1

<sr+2<s+1>)<r+1> 2m +1
E ( r ) H s(2m—r+k) +l H G s(n+r+p;) (8)
Fs(x)

r=0
1
1 s(m+k) +l+1 24 4) 2 (F2m+1 (I)')S

( Hy () a (x)) (Gy (x) = Go () § ()"

2m+1)(n+m)+p1+ “+p2m41—k+1)— l(:lj'

Ho( )6 (2)) (G () — Gy (xga()x))zmﬂ ;

Xﬂs (2m~+1)(n4+m)+p1+---+p2m+t1—k+1) T

an

2m

Gsr2(s+))(r+1) [ 2m
Z (_1) ? ( r ) H; (2m+r+k) +l H GS(n+T+p1 (9>
— Fu(x)

= ()T (@7 4 4) 7 (B (),
(H, (x) — Hy (2) B (2)) (G1 (2) — Gy (2) B (2))™"

x o (2m(mn)+pi+- +P2m+3m+k)+l (a:)

—(Hi (2) — Hy (x) o (2)) (G (2) — Go (x) o ()™

% ﬂs(2m(m+n)+p1 +-+p2m+3m—+k)+1 (:E)

NI

In section 3 we present the proofs of (8) and (9). What we do to prove these for-
mulas is studying the factorization of certain polynomials involving s-polyfibonomials and
s-Gibonacci polynomial sequences, and the evaluation of these polynomials in certain powers
of a(x) and § (x) as well. This is done in section 2. In section 4 we give some examples of
the results proved in section 3. Finally, in the appendix we give the proofs of some identities
used in section 2.

2 Preliminary results

We begin this section by showing the factorization of a z-polynomial with s-polyfibonomials
as coefficients.



Proposition 1. Fort,m € N’ we have that

2m
(e g (=) (e (2?”) o (10)
r
r=0 Fs(x)

=TI+ 0™ Lo (2) 2 + (-1)7).

p=1

Proof. We proceed by induction on m. The case m = 0 (and m = 1) can be verified easily.
If we suppose the result is true for a given m € N, then we consider the right-hand side of
(10) with m + 1 replacing m and write

m—+1
H (22 + (_1)St+1 Ls(4p72m73) (ZL’) zZ 4+ (—1)8)
p=1

m

22+ (_1)St+1 Lsemt1) (2) 2 + (_1)5) H (22 + (—1)St+1 Lsap-2m-3) (¥) 2 + (_1)5) :

p=1

~—

Observe that

s

(z2 + (—1)8t+1 Lsap-am-3) () 2 + <_1)8>

]
Il
_

(2% + (=" Lesap-zmoy) () 2 + (=1)°)

I
s

S
Il
—

I
s

(22 + (1" Ly oy (2) 2 + (<1)°).

3
Il
—



Then, by using the induction hypothesis we have

(2% + (=)™ Lugp-2m—s) (2) 2 + (=1))

3
T

S
Il
—

(2 + (=)™ Luggp-2m—s) (2) 2 + (=1))

s

22 + (—1)St+1 Ls(2m+1) (LU) z+ (-1)8)

|
—~

I
—

p

= (1) 2 (1) Ly (2) 2 + (—1)7)

" Z (_1)%%% (2m> 7
r=0 r Fq(z)
2m—+2
I (=
s(m+1)+1 m (s(r=1)+2(s+D)r | (00 s m
= (—1) (m+1)+ +Zz +1( 1) 2 +s(r—1)t+st+1 (7«2 1)Fs(x)LS(2mH) (x) |2

+ 32 (1) Cr) po)
2m—+2

= (_1)8(m+1)+1 Z (_1)%—&-5%7&4—1) (2m + 2) - 1
" Fs(x) Fy@m+2) (%) Fs@mt) (2)

X ( (=1 Fyp (@) Fyp (2) + (=1)° oy (2) Fyomez—r) () Logame) (@) )

2m

7”—2) Fs(x)

1 (s(r—2)+2(és+1))(r—1)+S(r,2)t (

T

(sr+2(s~;l))(r+1) +srtts

+ (_1)S(T+1) Fs(2m+2—r) (QZ) Fs(2m+1—r) (13)

2m—+2
— (_1)s(m+2)+1 Z (_])%4-87’@4-1) (2m+2> ,zr’
r=0 T Fy(x)

as wanted. In the last step we used that
(_1)S(T+1) Fo () Fyr-1y (x) + (=1)° Fy (2) Fs@m+2-r) (z) Lyom+1) (z) (11)

+ (=" Fyomsa—r) (7) Fuomei—r) (2)
= (=1 Fiemr2) () Famiy (7),

(see appendix for the proof). O

The following identities (factorizations of signed sums of s-polyfibonomials) can be ob-
tained as corollaries of (10)

2m m
r(r—142s42t42rs) [ 2m m
E (—1) 2 < . ) =(-1) tHL(stl)(4p72'mfl) (z). (12)
Fos_1(x)

r=0 p=1

i(_l)r (QT)FLLM H 2s(4p—2m-1) (2) (13)
i“: (27)“ _HLzs (4p-2m—1) () - (14)
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We continue, in propositions (2), (3) and (4), with other algebraic properties of certain
z-polynomials, that will be used in the remaining results of this section (propositions (5) to

(8))-

Proposition 2. Fort,m € N' and k,l € Z, we have that

2m—+1
(sT42(s D) (r41) | o 2m +1 ,
Z (1) 2 Fer(E+) ( ) Hy@m—rik)+1 (T) 2
=0 " /R
= (=)™ ()" Hygnys (@) 2 + (= 1) Hyomiw 11 (7))
X H (22 —|— (—1>St+1 L5(4p_2m_1) (I) z —|— (-1)5) .
p=1

Proof. According to (10) it is sufficient to prove that

2m+1
mz+ (1) (re2(H0)HD) |y 1) (Zm +1
r=0 "

= (=0 a0 (2) 2 + Hoamany (1))

2 (sr42(s+ 1) (r+1) om

ST S ™ tl
Y (e (2
—o "/ Fu(x)

We have

(=1 Hoay (2) 2 + Hyom iy (2))

2 (s74+2(s+ 1) (r+1) 2m
ST S T t 1
X3 (1) e e ( ) J
r=0 " Fa(x)
2m—+1

(sCr=1)42(s+1))r | 2m .
S Z (—1) 5 +rs(t+1)+1 <T " 1> .
r=1 Fs(x)

2m

(sr2(s ) (rD) |, 2m r
+Hs@mik)+1 (2) Z (1) ’ e ( r ) :
—0 Fs(z)

2m—+1

-y
r=0

X
F

(_1)%“%“) <2m + 1)
r Fy(x)

1
s(2m+1) (I)
But
(_1)S(T+1) Hs(kfl)Jrl (ZE) Fsr (ZL‘) + Hs(2m+k)+l (ilj’) Fs(2m+1fr) (ZB)
- Fs(2m+1) (CL’) Hs(?m—r+k)+l (l’) 5

(see appendix). Then (16) follows.

) Hs(2m—r+k)+l (.Z') 2"
Fs(z)

(15)

(16)

(=17 Hygoayia () For (2) + Hymstyst (2) Frmsrn (1)) 27

(17)



Proposition 3. For given t,m € N and k,l € Z we have

(a)

s 2m—1
(—1)** Hyamiy () 2 ) Z (_1)%%(”1) <2m — 1) r
Fy(x)

+(—=1)" Hyomar (x) o r
2m (s7+2(s+1)) (r+1) om
— (_1>#+sr(t+l) ( ) Hs(2m+r+k)+l (l‘) s (18)
T
r=0 Fo(x)
(b)
2 s(t+1) iy W—Fst(r—&-l) 2m — 1 r
(;; (1) L, (x)z—i—l) So(-p 2
=0 " R@
2m+1
(sr+2(s+1))(r+1) 2 1
— Z (_1)%-1-5?5(1”-1-1)-%57’ ( m + ) o (19)
=0 r Fy(z)

Proof. (a) We have that

2m—1
< (—1)s+1 Hgamry+i () 2 ) Z (_DMJFSWH) <2m — 1) o
Fy(x)

+ (_1)St Hyom+k)+1 (z) —0 r
2m
(s(r=1)+2(s+1))r 2m —1
— Z (_1) 1 +2 FIT 4 pptstl ( m ) H3(4m+k)+l ($) ST
— r=1/ k@
ol Gra26+))0+D) 4 o (2m — 1 ”
+ Z (_1) 2 Hs(2m+k)+l (SL’) Z
=0 " /R
LY (g D e (Qm) 1
r=0 ") by F2sm (%)
« < 81;15(4m+k)+l (Qf) Fy (,I’) ) ST
-+ <_1) Hs(2m+k)+l (ilf) Fs(2m77') (:U)

But

Hyamiry+t (2) Fyr () 4+ (1) Hyomir)+ (z) Fyam-r) (x) (20)

- F2sm (l’) Hs(2m+r+k:)+l (ZE) 3

(see appendix). Then (18) follows.



(b) We have that

2m—1
(sT+2(s+1))(r+1) 2m — 1
<22 _ (_1)s(t+1) Lowm () 2 + 1) Z (—1) F2AHED D) 4 gp (1) ( m ) o7
Fq(x)

r=0 r
=2 =2 ) pw
2m
S (—n) T sty (2m - 1) Laam (1) 2
=1 r=1/nw
- z
r=0 "R
= 2§1 (_1)w+st(r+l)+sr (2m + 1)
r=0 " JFR@
. (_1>S(T‘+1) Fy () Fypr_y) () )
X +L25m (l’) Fsr (l’) Fs(2m+1fr) (1‘) z .

Foams) (@) Foom @) \ (1Y 11y (2) Fagome (2)

Now we use the identity

(—1)*" Fy () Fapory () + Lagn () Far () Fami1—r (2)
+ (_1)r8 Fs(2m+1—7") (l‘) Fs(Qm—T) (fL’)
= Fs(2m+1) (l’) F25m (ilf) s (21)

(see appendix) to obtain (19). O

Proposition 4. For given t,m € N and k,l € Z we have that
2 (sr42(s4 1) (r+1) 2

(_1)3‘#—0—3# ( m
0

) H8(2m+r+k)+l (.1') -4 (22)
"/ Fy(a)

_1)3m+3+1 (2 — (—1)5(t+m)> (Hs(4m+k)+l (z) 2 — (_1)St Hyom4r)+1 (5’7))
m—1
% <22 . (_1)3(P+m+t) L25p (:B) z + 1) .

p=1

—~ 3

Proof. We proceed by induction on m. To see that (22) is true for m = 1 we use the identity

Hy21 k)41 (z) + (—1)8 Harny+ (x) = (=1)" Ly (x) Hz 1m0+ (),

(easy to check). Let us suppose the result is valid for a given m € N, and let us see it is also
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valid for m + 1. We begin by writing
(_1)S(M+1)+s+1 <Z o (_1)S(t+m+1)> (Hs(4m+4+k)+l (ZE) P (_1)st Hs(2m+2+k)+l (x))

% H ( s(p+m+1-+t) Lasy () 2 + 1)

HS m HS m s
(—1)° (4m+4+k)+l (z) 2 — (- s(>t+1) @mr2+k)+ (2) (,22 —(-1) (t+1) Logm (2) 2 + 1>
Hymiry+1 () 2 = (=17 Haam )41 ()
— (=

X (—1)omst ( 1) t+m+1)> (Hs(4m+k)+l () 2 — (—1)"ED Hiyomi 41 (x))
m—1

% ( s(p+m+1+t) Loy, () 2 + 1)
p=1

_ Hyamyatry (z) 2 — (_1)St Hyom+241)+1 (z) (ZQ o (_1)s(t+1) Logm (2) 2 + 1)
(=" Hymanynr () 2 + (=1)* Hy@men) (2)

2m
(sr42(s+1)(r41) oy 2Mm ,
X E (—1) 2 +s(tt+1) ( ) Homriry+1 (x) 2"
r=0 Fs(@)

r

By using proposition (3), first (a), then (b), and finally again (a) (this second time with m
replaced by m + 1 and ¢ replaced by ¢ + 1), we obtain that

- Hs(4m+4+/€)+l (l’) Z = (_1)St HS(2m+2+k)+l (I) (ZQ N (_1)s(t+1) L2 (I’) 2+ 1)
(=)™ Hoammy () 2+ (=1 Hy@mry4 (2)

2m
(sr+2(s+ D) 4 41y, (2T .
(3 () () )
— Fq(z)

r

= — (Hsmyarnyr () 2 = (=1)" Hyomiarnyn (2)) (752 — (1) Loy, (2) 2+ 1)

2m—1

(r2(+ D)) | gy (2m — 1 r
x 3o (- )( , )F()z

= — (Hsmrarn () 2 = (=1)" Hymparny s (7))

2m+1

(sr42(s4 D)) (r41) 2m+1
y 1 . +st(r+1)+sr r
> (1) . :
r=0 Fi(=)
2m—+2
Gra2(st) ) o (2m + 2 r
- Z (=1) ’ : t( r > Hiomrry (1) 27
r=0 Fs(x)
as wanted. -

The following identity is a corollary from (22):

2m m—1

2m
Z ( . ) Hosomariky+ () = 2 (Hasmr)+1 (2) + Hog@mery+i H Lgsp . (23)
r=0 Fas(x) p=1
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Another immediate corollary from (22) is the identity:

2m—1

(sr+2(s+1)) (r+1) 2m — 1
) ( " ) =0. (24)
=0 "R

Observe that (24) is of the same type of (6). In (24) we have a non-trivial distribution of
signs in the list of s-polyfibonomials (2’";1) Py "= 0,1,...,2m—1, that makes they cancel

out in the sum, as happens in (6) (where we have the trivial distribution of signs given by
(=1)7").

Proposition 5. Let m € N, k;l € Z, and t = 1,2,...,2m be given. For u = «(x) or
u = (x) we have

2m+1

(s7+2(s+1))(r+1) 2 1
Z (_1) 5 +sr(t+1) ( mr‘i‘ ) Hs(Qm—r+k)+l (ZL’) usr(Qt—Qm—l) —0. (25)
r=0 Fs(x)

Proof. First of all observe that for given 1 <t < 2m there exists p, 1 < p < m, such that
W) (L (2) w2 4 (—1)° =, (26)
where u = a (z) or u = [ (x). Indeed, observe we can write (26) as
Latap-2m-1) (2) = (=1)" Loar-am-1) () .

Thus, we see that if t = 2k, k = 1,2,...,m, we can take p = k, and if t = 2k — 1,
k=1,2,...,m, we can take p = m — k+ 1. This fact, together with (15) give us the desired
conclusion. O]

Proposition 6. Let m € N, k,l € Z, and t = 1,2,...,2m — 1 be given. For u = «(x) or
u = [ (x) we have

2m
(sr+2(s+ )+ | 0 (2m sr(2t—2m
I 0 (21)
r=0 FS(‘T)

Proof. We begin our proof by claiming that for given 1 <t < 2m — 1, t # m, there exists p,
1 <p<m—1, such that

u25@2t=2m) _ (_1)s(p+m+t) LQsp ($) S 2t—2m) +1=0. (28)
In fact, observe that we can write (28) as
Loy () = (_1)S(p+m+t) Ly@t—2m) (T) -

Thus,ift =kort=2m—k, k=1,2,....,m — 1, take p = m — k to see our claim is true.
On the other hand observe that the case m = 1 of (27) is the identity

(=" Hyormyar () + Ly () Hygmyt (7) — Hyaamy (2) =0,
2t—2m)

which can be verified easily. So let us take m > 2. Consider (22) with z replaced by u*( .
Observe that if ¢ = m the conclusion follows from the fact that w*2=2m) — (—1)*"+m —

For the remaining cases (t # m) use the previous claim to obtain the desired conclusion. []
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Proposition 7. Let m € N' and k,l € Z be given. For u = a(x) or u = [ (x) we have the
following identity

2m—+1

(r+2(s+0))(r+1) (2m + 1 sr(2m
I A i L (29)
r=0 Fy(x)

_ (_1)s(k+m)+l+1 (1‘2 + 4)m (F2m+l ($)')5 (Hl (l’) N HO (.1') u) us(m(?m-ﬁ-l)—k—i—l)—l.

Proof. By using (15) with ¢t = 1 and z = u*®™*1 we can write

\gE

re2s+) e+ (2m 4+ 1 sr(2m
—1) 2 ( > Hyom—riky1 (T) u S
Fs(x)

r
r=0
= (D" ()" Hygeonyp (2) w4 (=1)° Hyomesy o (@)
% H 2s(2m+1) 1>s+1 Ls(4p—2m—1) (LC) us(2m+1) + (_1)5) .
p=1

Use the identities (straightforward proofs)

u2smA (1)t Lyap—2m—1) () Wt 4 (—1)°
= (172 + 4) F2sp (iL’) FS(Qm—2p+1) (IE) u5(2m+1)>

and

(_1)sk+l+s+1 Fs(2m+1) (27) (Hl ((L’) o HO ((L‘) u) us(—k—‘rl)—l

s(2m+1)

== Hs(kfl)Jrl (ZL‘) (% - Hs(2m+k)+l (ZE) 5

to obtain
2m—+1

sm Gre20s+1)r+1) (2m + 1 sr(2m
<_1) ! Z (_1) ? ( ) Hs(2m—r+k)+l ('T) u (2m+1)
Fy(x)

r
r=0

= (=)™ (=" Fyamy) () (Hy (2) = Ho () u) u?CHD

m

X H fL' -+ 4 F2sp ( ) Fs(2m—2p+1) (ZL’) us(2m+1))

p=1
= (-1 sbm Fyom+1) (x) (H1 (z) — Ho (z) u) D (752 + 4)m
% (FQm (x)')s usm(2m+1)
_ (_1)s(k+m)+l+1 (ZL’2 + 4>m (F2m+1 (x)')s (Hl ($) N HO (x) U) us(m(2m+1)—k+1)—l’
as expected. O]
Proposition 8. Let m € N be given. For u= «a(z) and u =  (x) we have

2m
(srt2(s+1)(r+1) [ 2m sy
L3 (S i o) (30

= (DT (@ )" (B (@), () = Ho () ) ()

13



where the plus sign of the left-hand side corresponds to u = « (z) and uw = [ (z), and the
minus sign corresponds to u = () and u = o (z).

Proof. We use (22) with ¢ = 2 and z = u*™* to write

2m
2msr

<sr+2<s;1>><r+1) (Qm

) Hs(2m+r+k)+l (IL') u
"/ Fy()

1)8m+8+1 (™ = (=1)"") (Hoamry 1 (2) 0*™ = Hyominy+ ()

m—1
v ( dms (p+m) Lo, () u®™ + 1) )
p=1

/\ﬁ

Use now the identities (straightforward proofs)

a™ = (1) Loy ()0 1 = (2% 4 4) 6P Py (7) Fagmpy (2)
H (a1 (2) 0™ = Homary (x) = (Hy () — Ho (2) ) Fag () u*4m 04
1
u2ms o (_1)sm = 4+ (1;2 + 4)2 Fsm (SC) usm7

(in the last identity we have + if v = a (z) and — if u = §(2)) to obtain

2m
(srt2(+)) 4D (2m msr
£ (-1) 2 ( r )F( )Hs<2m+r+k>+l () u”

= (—1) (22 4 4)7 By () w (o (2) — Ho () T) Fagm (2) utm 04!

m—1
X H 2% 4+ 4) W Fynip) (2) Fom—p) ()
p=1

= () (@ 4 4)" 7 (B (@), (Hi () = Ho (2) ) w0,

as wanted. ]

3 The main results

Let m € N, p1,...,pm € Z be given. For every t = 0,1,...,m, let J;,,, be the family of
subsets of {1,2,...,m} containing ¢ clements. (Thus J,,, contains () subsets.) For each
subset A; belonging to J;,,, define py, as pa, = Zwe A, Do

Let us consider the s-Gibonacci polynomial sequences

_1
Gonip) () = (2% +4) 72 (e () 0*"P) (2) = 3 () BP9 ()
where 1 =1,2,..., M, and

cfr) = Gi(z)—Go(x)fb(x),
co(xr) = Gi(z)—Go(x)a(x).

14



It 12 not difficult to establish the following formulas for the products H2m+1 Gsntpy) ()
and J[;7) Gsnp,) (%)

2m-+1
11 Gt () (31)
=1

2m+1

= (47 Y () AT (06 (x)

=0
y Z s((@2m+1-2t)n+p1+-+pam 1 pAt)(l.) BPar(z).

Jt,2m+1

2m
[T Gt (2) (32)
=1

2m
= (4" (0T (@) ¢ ()
t=0
y Z ((@m—2t)ntp1+-+p2m—pa, ) (z) BP4 ().

Jt 2m

(The summation ), in (31) and (32) is over all the subsets contained in J; ,,.)
Now we are ready to establish the two main results of this article.

Theorem 9. Let m € N and k,l,p1,...,pamsi1 € Z be given. We have that

2m+1 2m+1

Gr+2s+0)r+1) (2m + 1
Z (—1) 2 ( . ) Hym—r+k)+i ( H Gs(ntrpi) (33)
r=0 Fs(x)

= ()T 4)7%(F2m+1 (),
(H, (x) — Hy (2) o (2)) (Gy () = G (2) B ()"

><as((2m+1)(”+m)+p1+---+p2m+1 k+1)— (l’)
X m
—(Hi (x) = Hy () B (2)) (G1 (x) = Go () a (2))"""
X65((2m+1)(n+m)+p1+--~+p2m+1 k+1 =l JJ)
Proof. After inserting (31) in the left-hand side of (33), we obtain an expression of the form

- 2m+1
<sr+2<s+1»<r+1><2m+1 T

) Higm—rk)+i ( H Gs(ntr+p:) (34)
r Fs()

U (z,t,m,s),

20

15



where
U (z,t,m,s) (35)
= (x2 + 4) —m3 (—1)t(sn+1) A (1) e ()

« Z OZS((2m+172t)nprt+p1+---+p2m+1) (x) 3P (a:)

Jt2m+1
2m—+1
(s742(s+1)) (r+1) 2m+1 _
X g (—1) 2 HST( Hy(om—rtry41 (2) G720 ()
r=0 r Fy(2)

(with ¢1 () = Gy (x) — Gy (x) B (z) and ¢ (x) = G (z) — Go (z) a(z)). By writing the
right-hand side of (34) as

2m—+1 2m
Z U (z,t,m,s) =V (z,0,m,s) + V¥ (x,2m+ 1,m, s) +Z\Il(x,t,m,s),
t=0 t=1

the proof ends if we show that
2m
lef(x,t,m,s) =0,
t=1
and that the remaining sum
U (x,0,m,s)+ WV (z,2m+ 1,m,s),

is equal to the right-hand side of (33).
According to proposition 5, for t =1,2,...,2m we have

(1) s <2m +1 sr(2m+1-2t) (z)

) Hs(?m—r-l—k)—f—l (ZE) Q
A Y C0)

(1) (ra2(sH 1)) | gp(s41) (2m +1

) Hs(2mfr+k)+l (33’) ﬁsr‘(2t—2m_1) (Z’)
" FS(I)

16



and then Zf;nl U (z,t,m,s) = 0. On the other hand, by using proposition 7 we have

U (z,0,m,s)+ V¥ (z,2m+ 1,m,s)
— (x2 + 4)—7”—% C§m+1 (z) oS (@mAD)ntpit-4pam+1) (z)

2m—+1

(srt2(s+))(r41) [ 2m + 1 sr(2m
X Z (—1) 2 Hyom—rii)+1 (2) @ @m+D) ()
r Fu(z)

_ (ZE2 + 4) m—3 Cgm-i-l ( )68((2m+1)n+p1+'“+p2m+1) (Qf)

2m+1

Gre2s+) e+ [(2m + 1
. sr(2m—+1)
X Z: (—1) 2 ( . )Fs(z)Hs(Qm—r-i-k)-i-l (z) B (x)

= (gg2 + 4) s C%mﬂ (:1:) oS (@mA1)ntpit-4pam+1) (m) (_1>s(k+m)+l+1 (xg n 4)m
X (Fymyr (2)!), (Hi () — Ho () o (7)) s mEmAL+H(=RH)) =L ()
— (2 +4) T AL () gH@mtlntpittpam) () (1) kML (a2 +4)"
(Fami1 (2)!), (Hy () = Ho () B (x)) goOm Gt R ()
)s(m+k)+l+1 (1:2 + 4)_%(F2m+1 (l,)!)s
) ( (H (2) = Ho (o) () v (o)X (Cmeblermm sl o) ) |

(-1
(
(Hl ( ) ( )ﬁ( )) 2m+1 (Z‘) 63((2m+1)(n+m)+p1+...+p2m+1_k+1)_l (1})

as wanted. ]

Theorem 10. Let m € N and k,l,py, ..., pom+1 € Z be given. We have that

2m

Gr2s+0))+1) (2m
Z (—1) 2 < . ) Hy@mtr+k)+i ( H Gsntrip) (T (36)
r=0 Fs(x)

= (1) (22 4+ 4) 72 (P (2))),
(Hy (z) — Ho (x) B () (G1 (z) — Go (z) B (2))*"

X’ s(2m(m4n)+p1+---+pa2m+3m+k) +l (m)

— (Hy (z) — Ho (z) a (2)) (G1 () — Go (x) a ()™

% 55(2m(m+n) +p1+-+pom+3m+k)+i (l’)

N[

Proof. We follow the same strategy of the proof of theorem 9. Substituting (32) in the
left-hand side of (36) we can write

(=1

i ngs

(sr+2(s+1))(r+1) (2
? ( ) H (2m4r+k) +l H Gs(n+7‘+p1
" /) Fy(x)

2m—

= ®(x,0,m,s)+ P (z,2m,m,s) + Z O (z,t,m,s),

17



where

d ({E,t,m, S) _ (12 + 4)7m (_1)t(sn+1) c%m—t (l‘) Ct2 (l‘)
% Z &s((2m—2t)n+p1+..-+p2m—pAt) (IE) 68pAt (l’)

Jt,2m

2m
(srt2(+) 4D (2m sr(2m—
x Z (=1) ’ ( , )F ( )Hs(2m+7"+k)+l () =20 ()

(with ¢1 (z) = Gy () — Gy (x) B (x) and ¢ (z) = Gy (x) — Gy (z) a(x)). According to propo-
sition 6, for t =1,2,...,2m — 1 we have

2m
Gre26+0))r+) o (2m sr(2m—
e (r ) Hyomriyrt () @720 (2)
r=0 Fi(=)
2m

(sr2(st))(r41) | 0 (2
(=1

) Hyomiriky+1 (T) QT E=2m) ()
" Fs (x)

=0

I
O 3

?

and then

mz O (z,t,m,s) =0.

On the other hand, by using proposition 8 we get

¢ (2,0,m,s) + D (z,2m,m, s)

= (22 +4) " " (2) ¥ Zmntpittpm) (1)

2m
(sr+2(s+D))(r+1) [ 2M smr
X Z (=1) ’ ( ) Gi@mtr+iy+ () o ()
r=0 Fy(z)

r

(a4 4) G ) g (2)

2m
Gr+2(s+1)(r+1) (2m msr
X E (—1) 2 ( ) Gsamrsiy+t (2) B2 (2)
r=0 Fs(@)

r

= (2P 4) @) () (Z1)T (2 4 )" (B, (2)),
x (H, () — Ho (2) B (x)) &™ () o*(Grot3m k)4t ()
— (2% + 4) T gEemn ) (1) (—1) M (22 4 4)72 (B, (2)),
x (Hy (x) — Hy (x) o (x)) ™ () gr(2m* tmHh) + ()

= (1) (2 4 4) T (B (),

( (.0) ~ Ho(@) S @) (@)ool st ) )
— (H (x) — Ho (x) (1)) ™ () (POt e spamtm 41 ()

as wanted. ]

w\»—t
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4 Some examples

If in (33) we take Hg, (x) = cLg, () + dFg, (x) and Gy, () = aLg, (x) + bFy, (z) (with
a,b,c,d € R), we obtain

2m+1
(sr+2(s+1))(r+1) [ 2m + 1
T (o) ( ) (Lo siys1 (2) + APyt (2)
Fy(@)

T
r=0
2m—+1
X H (aLs(n+r+pi) (:C) + bFS(n+7"+pi) (.2?))
=1

_1
_ (_1)s(m+k)+l+1 (332 4 4) 2 <F2m+1 (x)‘)s
(A= eV ) (b4 av/a? +4)" aeCram etk D ()
—(d+cvVa?2+4) (b—ava? + 4)2m+1 FEEmAD (et m)tprtectpam k)=l () ]
By expanding the binomials (b +avar?+ 4) " e can write this expression as

2m—+1

X

2m—+1
(sr2(s+ () [ 2m + 1
e A N ARICD |
Fs(x) i=1

r=0
= (=1 (B (2))),

xZaQJ 22 +4 b2m_2j

Jj=

2m-1 2 -1 o2m-+1
oS(@mA1)(ntm)+pi+-+pam1—k+1)—1 (x)< ( )bd (2% +4) 2 (2y+1)ad)

(ZT;jl)bc— (3 ac (2 + 4)?

X 1
2m—+1 2m—+1
_ﬁs((2m+1)(n+m)+p1+---+pzm+1fk+1)fl () ( ( 2j )bd (¢® +4)72 - (2j+1)afl>
+ (e Cpi)aca + )

A simple further simplification gives us finally

2m—+1
(sr+2(s+D))(r+1) [ 2m + 1
Z (_1) 2 ( ) (CLs(2m7r+k)+l ($) + dFs(2m7T+k)+l ($)) (37)
Fs(x)

T
r=0
2m+1

X H (aLS(n'H’-H?i) (CL’) + bFS(n-&-r—f—pi) (.73))

i=1
_ (_1)s(m+k)+l+1 (F2m+1 (37)!)5 Za2jb2m72j ($2 + 4)j

§j=0
((22?:11)“‘1 (27;;1)1’0) Ly(@mt1)tntm)tpi-+-+pamsr—k+1)-1 (7)

X
T <<2W2LJ+1>bd (éTill) ac (xQ + 4)> FS((2m+1)(n+m)+p1+---+p2m+1karl)fl (x)

?
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Similarly, beginning with (36) and taking Hy, (z) = cL, (x) + dFy, () and Gy, (z) =
aLg, (x) + bFy, (x), we can obtain

2m
(sr42(s+1)(+1) [ 2m
Z (_1) 2 ( r ) (CLS(2m+r+k)+l (ilf) + dFs(2m+r+k)+l (l’)) (38)
r=0 Fy(z)
2m
X H (aLS(n+7’+pi) ('r) + bFS(’fH‘T"H?i) (JJ))
=1

= (=) (B (),
m— 2m 2m

» Zl anme_2j_1 (x2 4 4)] <(2j+1) CLd + (23 )bc> Ls(2m(m+n)+p1+'~~+p2m+3m+k’)+l (.’,U)
3=0 + <(227jn) bd + (23-111)“@> Fy@m(m+n)+p1+-+pam-+3m+k)+ (T)

+a®m (x2 + 4)m< Ls@m(mtn)+p1+-+pam-+3m+k)+1 () > '
+dFS(2m(m+n)+p1+"'+p2m+3m+k)+l(x)

More concretely, if in (37) we set ¢ =0, p; = ¢ —n —m, k=1 and | = 0, we can write
the resulting expression as an addition identity, namely

om (_1)%“(%1)“ 2m+1

E @D B @, L @staerm (04 PFriaierm) () (39)
2m + 1

N o2 S (2m+1
— jgo a2jb2 27 (]jQ + 4)j ((QJ + 1 )aLS(il+“'+i2m+1) (x) + ( 2] )bFs(i1+---+’i2m+1) (.’L')) .

Similarly, if in (38) weset c=0,p; =¢ —n—m+1, k= —4m and [ = 0, we obtain

(]

r=0

wﬁ-s(r-‘rmﬁ-l) 2m

E @Y, Forrs @1, L @starsiom (04 Pt () (40

r=0
o k 2m 2m
— 2 a2]b2m72j*1 (;L-Q -+ 4) ((2] X 1) aLs(i1+...+i2m+m) (x) —+ <2j )bFs(i1+-~-+z'zm+m) (:L‘))
+a2m (JJQ + 4)m Fs(i1+...+i2m+m) (QJ) .
Some examples are the following:
(_1)S+1
F. (2) (aLsq, () + bFsq, (2)) (aLsg, () + bFsg, () (41)
1
) (aLsgr+1) (%) + bFs(qir1) (7)) (aLsgerny () + DFygo1) (2))

= 2abLy(gy1g41) (1) + (0 + 0 (2% +4)) Fygrrgoin) (@) -
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o (D) (e ) (e )

P, () Fs (1) (42)
(G (aee) (5a)
F? ()

( aLS(Q1+1) (ZL‘) ) < al s(q2+1) ( ) > < aLS(lJ3+1) (l’) )
+0F (g 41 () +bF(g,11) () +bF (4511 ()
+
Fy (z) Fys (2)
= (3b2 +a’ (x2 + 4)) aLis(qy+qa+as) ( ) + (b2 + 3a? (562 + 4)) bFs(q1+q2+4s) ().

Formula (41) includes (—1)**" F2, (z x)+FZ, 11 (2) = Fy (2) Fyanin) (7) (the case s =z =
1 is a famous identity). Formula (42) includes

1

Ly ()
é (1))FS(“‘1) (@) Fyp-1) (%) Fy(e-1) () -

F32 (z) Fyatbro) () = Fyay) (x)FS(b+1) (x)FS(chl) (z) + (_1)S+1Fsa ()P (2) Py ()

(The case s = z = 1 is also a known identity. See [3, identity 45, p. 89] and [2, p. 5].)
Finally, we want to call the attention to the fact that (37) and (38) include identities
that express s-Fibonacci and s-Lucas polynomial sequences as linear combinations of s-
polyfibonomial sequences.
Consider (37) witha =0, k =1,1=0,p; = 1,7 = 1,2,...,2m + 1, and n shifted to
n—2m — 1. If c =0 and bd # 0 we can write the identity as

F(2m+1)sn (;E) (43)
(1) mH D+ ( )i( 1)(Sr+2(75§1))(r+1> (Qm) ( n+r )
= = (2m+1)s \T - s
r=0 " Fs(x) 2m +1 Fs(x)

and if d = 0 and bc # 0 we can write

L(2m+1)sn (l’) (44)

2m—+1
(sm+2(s+1))(r+1) 2m + 1 n—+r
— (—1)5(mtD) ~1 2 Ls©mi1-r
(—1) ;( ) @m+1-r) (T) b ) we\am 1)

Similarly, if in (38) we set a =0, k = —4m, [l =0, p; =i, i = 1,2,...,2m, and shift n to
n — 2m, we obtain if ¢ = 0 and bd # 0

2m—1
s(m (sr42(st )41 | o0 (2m — 1 n+r
Fogn () = (—1) o) Foms () Z (=1) : ' ( > ( ) » (5)
r Fy(x) Fi(x)
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and if d = 0 and bc # 0

2m
s(ma1)+1 (sTH2(s4 D)) (rd1) | 2m n+r
Losmn (37) = <_1) (T E :(_1) ’ " LS(Qm*T) (33) ( r ) ( 2m ) '
Fy(x) Fy(x)

r=0
(46)
(Formulas (43), (44), (45) and (46) when x = 1, were obtained in [7] by using different

methods.)
Some examples are

Faon () = Fas (1) ((" ) 1) L, tenT (Z) FS@) |
02

ngnmngs(x)(( : )Eg(m)ﬂL(—l)SHLs(a:) (”gl)wu—l)s (Z)Eg(w)).

Fom(2) = 2 (” _?: 3) e Z;?::((;”)) b0 (" ;: 2) Fi(a)
S %((f)) L) ( 3 >Fs(x) +HEU" L @ (;L) Fa@)

+(=1)

n+4 n+3
Lysn (x) = 2( 4 ) — Lo (2) Lg (x) ( 4 )
Fs(x) Fs(x)

+(=1)""" Ly (2) Las (2) Lss (2) (” I 1) e b () G) F@)

5 Appendix. Proofs of some identities

In this appendix we present proofs of identities (11) and (17) used in propositions (1) and
(2), respectively. We will use some identities related to the so-called index-reduction formula

Fo(z) By (v) — Fo(2) Fy () = (1) (Fay (2) By (2) — Foer (%) Fyr (7)) (47)

where a,b,¢,d,r € Z and a + b = ¢+ d. Johnson [2] proves (47) in the case x = 1, but the
argument can be adapted to our case (of Fibonacci polynomials) by replacing the matrix

1 1
Qz{lo],
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by the matrix

for which we have .
Fp(z) | [z 1] |1
Froi(z) | [ 10 0]"
We will use also the identity
Fup (2) = (=1)" Fury (2) = Lo (2) Fy () , (48)

which proof is trivial (by using Binet’s formulas).
Proof of (11). We can write (11) as

(=1 Fo (z) Fyg—1) () + For (2) Fyma2—r) (2) Ls@m+1) (2) (49)
+ (_1)87" Fs(2m+277’) (.T) Fs(2m+177’) (.%')
- Fs(2m+2) (I) Fs(2m+1) (ZL’) .

Let us consider the left-hand side of (49)

LHS (37 r,m, .’17) = (—1)57' FST (-Z') Fs(rfl) (:U) + Fsr (.T) FS(2m+277ﬂ) ({L’) Ls(2m+1) (Z’)
+ (_1)37” F5(2m+2_r) (x) FS(2m+l—r) (I) .

Observe that the right-hand side of (49) does not depend on 7, and that (49) is trivial
for r = 0 and » = 2m + 2. Thus, to prove this identity it is sufficient to prove that
LHS (s,r,m,z) = LHS (s,r +1,m,z).

We have

LHS(S r,m,x) — LHS (s,r +1,m,x)
= (=17 Fyy (1) Fyp) (@) + For (2) Fyomsa—n) (2) Lugamen (@)
+ 1) s(2m+2 r) (CE) Fs(2m+1fr) (:E)
1) +D Fs o+1) () For (2) = Fyriny (%) Fyome1—r) (2) Lsam1) (2)
D" Fyomsi—r) (2) Fumer) (2)
1)5 (r+1) o ( ) (Fs(r+1) (3;-) _ (_1)5 Fs(r—l) (33'>)
D" Fymii-n) (@) (Fsmia—n () = (=1)° Fyem-r) (2))

s(2m+1) ( ) (Fs(r-l—l) (I) Fs(?m—l—l—r) (‘7;) — Fy ((L’) Fs(2m+2—7‘) ((L’)) .

Now use (48) to write

(=
—(=
- (=
= —(=
+(=
~L

Fyrt1) (z) = (=1)° Fyr—) () = Ls(2) Fs (),
Foomia—r) () = (=1)° Fyom-r) () = Lsom+1-r) (x) Fs (),

and use (47) to write
Fs(rJrl) (l‘) Fs(2m+1fr) (ZL‘) - Fsr (I) Fs(2m+27r) ($) = (_1)87‘ Fs (:E) Fs(2m+1727‘) (:E) :
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Then, by using again (48) we have

LHS (s,r,m,z) — LHS (s,r +1,m,x)
= - <_1)8(T+1) Fo (2) Fs (%) Le () + (=1)" Fyemi1-r) (2) Fs (2) Lsmi1-r) (2)
—Lsm+1) (2) (=1)"" F, (x) Fyomy1-2n ()
= (=1)" Fy(x) ((—1)8+1 Fog () + Fosem+1-r) — Ls@m1) (z) Fooms1-2r) (x))
= ()’

as wanted.
The proof of (21) is similar.
Proof of (17). We want to prove the identity

(_1)S(T+1) Hs(k—l)—H (I) Fsr (I) + Hs(2m+k)+l (LU) Fs(2m+1—r) (LC)
= Fs(2m+1) (iU) Hs(Qm—r+k)+l (ZU) .

By using that H, () = Ho(z) F.—1 () + Hy (z) F,, (z), we can write (17) as the two
following identities

(=1 Fygeryiat (2) For (2) + Fsemiyrio1 () Fyamer—r) ()
= Fioms) (x)F(zm r+k)+1-1 (),

(_1)5(T+1) F. s(k—1)+1 ( ) sr (l’) 2m+k)+l ( ) Fs(2m+1fr) (ZL‘)
- Fs(2m+1) ( )Fs(Zm r+k)+l ZE) )

and we notice that these are true by (47).
The proof of (20) is similar.
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