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Abstract

Kitaev, Liese, Remmel, and Sagan recently defined generalized factor order on
words comprised of letters from a partially ordered set (P, <p) by setting u <p w if
there is a contiguous subword v of w of the same length as u such that the i-th character
of v is greater than or equal to the i-th character of u for all i. This subword v is called
an embedding of u into w. For the case where P is the positive integers with the usual
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ordering, they defined the weight of a word w = wy ... w, to be wt(w) = t"a2i=1 i,
and the corresponding weight generating function F(u;t,z) = >, -, wt(w). They
then defined two words v and v to be Wilf equivalent, denoted u « v, if and only if
F(u;t,z) = F(v;t,z). They also defined the related generating function S(u;t,z) =
> wes(u) WH(w) where S(u) is the set of all words w such that the only embedding of u
into w is a suffix of w, and showed that v «~ v if and only if S(u;t,x) = S(v;t,z). We
continue this study by giving an explicit formula for S(u;t, x) if u factors into a weakly
increasing word followed by a weakly decreasing word. We use this formula as an aid
to classify Wilf equivalence for all words of length 3. We also show that coefficients of
related generating functions are well-known sequences in several special cases. Finally,
we discuss a conjecture that if u «~» v then u and v must be rearrangements, and the
stronger conjecture that there also must be a weight-preserving bijection f on words
over the positive integers such that f(w) is a rearrangement of w for all w, and w
embeds u if and only if f(w) embeds v.

1 Introduction and definitions

Kitaev, Liese, Remmel, and Sagan [2] recently introduced the generalized factor order on
words comprised of letters from a partially ordered set (poset). That is, let P = (P, <p) be
a poset and let P* be the Kleene closure of P so that

P ={w=wwy...w,|n>0and w; € P for all ¢}.

For w € P*, let |w| denote the number of characters in w. Then for any u,w € P*, u is less
than or equal to w in the generalized factor order relative to P, written u <p w, if there
is a string v of |u| consecutive characters in w such that the i-th character of v is greater
than or equal to the i-th character of u under <p for each i, 1 < i < |u|. If u <p w, we
will also say that w embeds u, and that v is an embedding of u into w. We will primarily be
interested in the poset P; = (P, <), where P is the set of positive integers and < is the usual
total order on P. In this case, for example, u = 321 <p, w = 142322, and 423 and 322 are
embeddings of u into w. Kitaev, Liese, Remmel, and Sagan [2] noted that generalized factor
order is related to generalized subword order, in which the characters of v are not required
to be adjacent [3].

Kitaev, Liese, Remmel, and Sagan [2] defined Wilf equivalence under the generalized
factor order on the positive integers in the following way. For w = w;...w, € P* let
Y(w) = Y%, w; and define the weight of w to be wt(w) = t"z*®). Then define

Fu) ={w e P |u<p w},

and the related generating function

Flust,x) = > wt(w).

weF (u)

Two words w,v € P* are then said to be Wilf equivalent, denoted v «~ wv, if and only
if F(ujt,z) = F(v;t,x). Kitaev, Liese, Remmel, and Sagan [2] noted that this idea, while
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inspired by the notion of Wilf equivalence used in the theory of pattern avoidance, is different,
since the partial order in question is not that of pattern containment. More information about
Wilf equivalence in the pattern avoidance context is contained in the survey article by Wilf
[4].

In proving results about Wilf equivalence, it is often convenient to study the sets

S(u) = {weP"|u<p wand the last |u| characters of w form the only
embedding of u into w},

W) = {weP|u<p wand |w|=|u|}, and

A(w) = {weP"[up w}

and the corresponding weight generating functions

S(ust,x) = Z wt(w),

weS(u)

Wi(u;t,z) = Z wt(w), and
weW(u)

A(ujt,z) = Z wt(w).
weA(u)

Kitaev, Liese, Remmel, and Sagan [2] proved that F'(u;t,z), S(u;t,z), and A(u;t,z)
are rational. They constructed a non-deterministic finite automaton for each v € P* that
recognizes S(u), implying that S(u;t,z) is rational. That the others are rational follows
from the fact that the weight generating function for all words in P* is

1
R = v

welP*
B 1
1—tx/(1—x)
B l1—-x
1—a—tx’
and therefore .
-
F(u;t,z) = S(u;t, o) —— 1
(u,2) = Slust,2) 72— B
and 1
-z
F(u;t = —— — A(u; t, o).
(3¢, 2) l—z—tx (3¢, 2)
We also note that W (u;t,x) is rational since
flul ()
Wi(u;t, x) = R —
(1 — )l

From (1), we have that F(u;t,z) = F(v;t,z) if and only if S(u;t,z) = S(v;t,x), and
therefore u « v if and only if S(u;t,z) = S(v;t,z). Much of our work will be centered
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around computing explicit formulas for S(u;t, z) for certain words u. In particular, Kitaev,
Liese, Remmel and Sagan [2] gave two examples of classes of words u such that S(u;t,z)
has a simple form. That is, they proved that if u =12 3...n — 1 n or u = 1¥b* for some
k>0 ¢>1,and b > 2, then S(u;t,x) = P(mu—ttrx) for some polynomial P(u;t,x), and
produced an explicit expression for P(u;t,x) in each case. We shall show that there is a
much richer class of of words u such that S(u;t,z) has this same form. Specifically, for any
word u, let u;,. be the longest weakly increasing prefix of u. If u = u;,.v and v is weakly
decreasing, then we shall say that u has an increasing/decreasing factorization and denote
v as Ugee. Thus if u = wjus...u, has an increasing/decreasing factorization, then either
uy < - -+ < Uy, in which case u;,. = v and uge. is the empty string €, or there is a k < n such
that uy < --- <wup > ugyy > -+ > Uy, in which case ujpe = Uy ... up and Ugee = Upyq - . . Up.
For the theorem that follows, we define

DY(u)={n—i+j:1<j<iandu; > uy iy}

and di(u) =3, icp@ () (U — Un—it;). For example, if u=12344311andi=>5, then
by considering the diagram

1 2 3 4

1

[~ =
[~ =

4 3

2 3
we see that D® (u) = {7,8} and d5(u) = (4 — 1) +
the following theorem.

)

(4 — 1) = 6. One of our main results is

Theorem 1. Let u = ujuy...u, € P* have an increasing/decreasing factorization. For
1<i<n-—1, let s; = ujp1Uisa ... u, and d; = d;(u). Also let s,, =€ and d, = 0. Then

S tan(u)
W) = s (1~ — ) S P e e (1~

Since the words u = 12 3...n—1 n or u = 1%b° for some k > 0, £ > 1, and b > 2
clearly have increasing/decreasing factorizations, Theorem 1 covers both of the cases proved
by Kitaev, Liese, Remmel and Sagan [2].

Theorem 1 will lead us to the other main results in our work. First, we will use Theorem
1, as well as a slight modification in a special case, to completely classify the Wilf equivalence
classes of P; for all words of length 3. We will also compute S(u;t, ), along with F'(u;t, )
and A(u;t,z), for some simple words and show that the coefficients in these generating
functions are often well-known sequences. Next, Theorem 1 will allow us to show that if
u and v are words with increasing/decreasing factorizations, then u « v if and only if v
is a rearrangement of the letters of w. This shows that words with increasing/decreasing
factorizations satisfy the following conjecture of Kitaev, Liese, Remmel, and Sagan [2].

Conjecture 2 (Kitaev, Liese, Remmel, Sagan). If u «~ v, then v is a rearrangement of w.

We shall call this conjecture the weak rearrangement conjecture. In fact, we conjecture
something much stronger is true.

Conjecture 3. If u «~ v, then there is a weight preserving bijection f : P* — P* such that
for all w € P*, f(w) is a rearrangement of w and w € F(u) < f(w) € F(v).
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We will call such a bijection f a rearrangement map that witnesses u «~ v and refer to
this conjecture as the strong rearrangement conjecture. All the Wilf equivalences proved
by Kitaev, Liese, Remmel, and Sagan in Section 4 of [2] were proved by a constructing a
rearrangement map that witnessed the given Wilf equivalence.

We investigate the rearrangement conjectures by considering the class of finite posets
Py = (Im], <), where [m] = {1,...,m} and < is the usual total order on P. For any word
w € [m]* and i € [m], let ¢;(w) equal the number of occurrences of ¢ in w. Then we introduce
variables 1, T, ..., &y, and define the weight of w, Wj,j(w), to be Wi, (w) = [[%, xfi(w).
To define Wilf equivalence in this context, we set

F(u;xl,...,azm) = Z W[m]<w)v

weF (u)N[m]*

and define u, v € [m]* to be Wilf equivalent with respect to the poset Py, denoted v ) v, if

and only F(u; 1, ...,x,) = F(v;xq, ..., 2,). Wewill also have use for the related generating
functions
W(uyzy,...,2m) = Z Wi (w),
weW (u)N[m]*
S(u;xq, ... Ty) = Z Wi (w), and
weS (u)N[m]*

Aluyzy, .. o) = Z Wi (w).

weA(u)N[m]*

Note that we have dropped the t dependence in these generating functions since length is
recorded by the number of variables in a monomial. We now have

1
> Wn(w) = ———
we[m]* 11— Zi:l L

rl;lhus since F(u) N [m]* = (S(u) N [m]*)[m]* and A(u) N[m]* = [m]* — (F(u) N [m]*), we have
that

1

(u; 1, ..., xp) (u; 24 x )1 S an
1
A(u; Ce m = —m F ) yeeo s i

(U,Z‘l, y & ) 1_21‘:11‘1' (u o x )
so that if any one of F'(u;xq,..., %), A(u;x1,. .., %), or S(u;z1,...,x,) is rational, then
so are the other two. It follows from Theorem 8.2 of [2] that S(u;xy,...,x,,) is rational for
allm > 1,s0 F(u;x1,...,2,) and A(u;xq, ..., z,) are also rational for all m > 1. Also note
that if w = uy...u,, then

W(u;xq, ..., Ty) = H sz,
r=1 s=u,



so W(w;y,...,2,) is rational. We will show that if u v, v for some m, then there is a
rearrangement map that witnesses the equivalence u «~ v. This gives us a way to test the
strong rearrangement conjecture for any particular pair of words u, v € P*. We will also give
an analogue of Theorem 1 for these posets.

The outline of this paper is as follows. In Section 2, we prove Theorem 1 and show that the
weak rearrangement conjecture holds for words with increasing/decreasing factorizations. In
Section 3, we compute F'(u;t,x), S(u;t, x) and A(u;t, z) for some simple words. In particular,
we show that the sequences of coefficients that arise in the expansions around z = 0 of
F(k;1,2), S(k;1,2), A(k;1,z), S(1k1;1,2) and A(1kl;1,z) as k varies have appeared in
the On-line Encyclopedia of Integer Sequences (OEIS). We follow this with the classification
of the Wilf equivalence classes of words of length 3 in Section 4. The results of Sections 2
and 4 allow us to compute S(o;t,z) and A(o;t,x) for all permutations in the symmetric
group S3 as there are only two Wilf equivalences classes for such permutations. In these
cases, the coefficients that arise in the expansions of S(o;1,x) and A(o;1,2) around z = 0
do not correspond to any sequences that have appeared in the OEIS. We discuss the strong
rearrangement conjecture in Section 5, as well as the analogue of Theorem 1 for the posets
Ppm). We conclude with a few remarks about further work in Section 6.

2 Words such that S(u;t,x) = % where P(u;t,x) is a
polynomial.

In this section we prove Theorem 1, and show that Conjecture 2 holds for words with an
increasing/decreasing factorization.

Proof of Theorem 1. Let u = ujus...u, € P* have an increasing/decreasing factorization.
Ifw=w...w, € S(u), then wy ... wy_, € A(u) and v < Wp,_pi1...w,. However if
v € A(u) and z = z; ... 2, is such that u < z, then it may not be the case that w = vz € S(u)
because there might be another embedding of w in the last 2n — 1 letters of w, starting in v
and ending in z. Of course, there can be no embedding of v which starts to the left of the
last 2n — 1 letters of w since v € A(u). For each 1 <i < n — 1, we define S¥(u) to be set
of all words w = w;y ... w,, such that

(i) v < Wp_py1-.-wy (so that u embeds into the suffix of length n of w) and
(ii) the left-most embedding of w into w starts at position m — 2n + 7 + 1.
Note that S (u) is empty when m — 2n + i + 1 is non-positive. We then let
SO (ust, ) = Z wt(w) = Z g=ghl,
weSW (u) weS M (u)
Thus o
S(u) = AwW(u) — | | 89 (w). (2)
i=1



Now,

n .2 (u)
Ol = At )
(1—a)
weA(u)W(u)
(1—2) =)
- U7V St )
T S 3)

We claim that we have the following lemma.
Lemma 4. Let u = ujus ... u, € P* have an increasing/decreasing factorization, and define

d; and s; as in Theorem 1. Then for 1 <i<n —1,

' ' 1 n—i
SO(u;t, ) = S(u;t, x)t" tgdit=0) (—) .

1—=x

Given Lemma 4, it is easy to complete the proof of Theorem 1. That is, our definitions
ensure that SM(u), S@(u),...,S™ Y (u) are pairwise disjoint, so that

n—1
Z gEw@glvl = Z SO (u;t, x)
welp=! 5O (w) i=1
n—1 1 n—i
_ S -t tnfi di+X(s;) )
Thus it follows from (2) and (3) that
(1—2) =
S(u;t = —————(1-S(u;t,x)——
(u7 al‘) (1—£L‘—t$ ( (ua 7I))(1_x)n

n— xdri»E(S)j tnfi

—S(u;t,x)zw.

i=1

Solving for S(u;t,z) will yield the result in the theorem.
Thus we need only prove Lemma 4. To this end, fix 7, 1 <¢ < n — 1, and suppose that
w=w ... wy €S (u). If =w;...wy_nyi then our definitions ensure that

1. we S(u),
20Uy U S Wit - - - Wiy and

3. S; = Ujg1 --.Up S Wm—n+it+l - - - W

p2(s;)ygn—i

Now, the generating function of all words v of length n — ¢ such that s; < v is )=

So let 8@ (u) denote the set of all words w that satisfy conditions 1 and 2, and let

S(l (ust, ) Z > @)glol

weS

7



Then

) o E(si)tnfi
SO (uyt,x) = SD(u;t, x)#
Thus we need only show that
SO(u;t,x) = 2% S (u; t, ). (4)

Now suppose that v = v;...v, € S@(u). Then let & = ¥, ...7, be the word that results
from v by decrementing v, ;y; by uj — u,_iy; if n — i+ j € D¥(u) and leaving all other
letters the same. If n — i+ j € D@ (u), then v, ;1; > uj, and hence ¥, iyj > Up i1
Thus it will still be the case that u embeds in the final segment of v of length n so that
0 € S(u). Thus to complete the proof of (4), we need only show that if we start with a word
0 =10 ...0,1n S(u) and create a new word v = vy ... v, by incrementing ¥,_;1; by w; —t,_i+;
if n—i+j € DW(u) and leaving all other letters the same, then v € S (u). Clearly v
satisfies condition (2) above. The only question is whether v is still in S(u). That is, since
we have incremented some letters in v to get v, we might have created a new embedding of u
which starts to the left of position p —n+1. If so, any such embedding must contain at least
one position of the form p —i+j where n —i+j € D% (u). However if u, is the letter in this
new embedding of u into v which corresponds to position p — i + j, then r must be strictly
greater than n —i+ j. But if u = uy < -+ < up > up1 > -+ > u,, then it must always
be the case that D@ (u) C {k+1,...,n}. Thatis, if j <n —i+j <k, then U < Up_igj
and hence n —i + j ¢ D@ (u). Hence Up—itrj > U,. But then 0, ;4; > w,_;y; > u, which
would mean that there would have been an embedding of u into v which started to the left
of p—n+ 1. Since ¥ was assumed to be in S(u), there can be no such embedding and hence
v € S(u). Thus (4) holds and the lemma is proved. O

To illustrate the ideas in the proof, Consicler u=126532, so that u;,. = 126 and
Ugee = D 3 2, and let © = 5. Then elements of 8(5)(u) must end in an embedding of u in the
final six characters and an embedding of 126 5 3 in the final five characters, as shown:

V= °
1

— N e
N O e
S Ut %t
Ol W
W N

where the stars indicate the positions in © that must be increased to form v. Note that the
stars all embed characters of uge., and that d5 = (6 —5) + (5 — 3) + (3 —2) = 4. If v were to
contain a new embedding of u to the left of the first original embedding, that new embedding
must end in the second or third position from the end:

V= e o o o X x X
1 2 6 5 3 2
126 5 3 2
or
U= e o o o o K x X
2 6 5 3 2



But in both cases, the characters below the stars are decreasing, so such an embedding would
have already existed in 2.

It is worth noting here that the condition that u has an increasing/decreasing factorization
is necessary for the technique in the proof of Lemma 4 to be valid. That is, if u does not
have an increasing/decreasing factorization, there is always at least one index ¢ where words
counted by S (u;t,7) can not be formed by simply starting with a word o € S(u) and
creating a word v = v, ...v, by incrementing ¥, ;y; by uj — up_is; if n —i+j € DO (u)
and leaving all other letters the same. For example, consider v = 2112 with ¢ = 2. Then
D@ (u) = {3} and dy(u) = 1. However if we start with & = 122112 € S(u) and increment
U5 to obtain v, then v = 122122 which is not in S(u) because there is an embedding of u
which starts at position 2. The problem here is that the second 1 in u is followed by a larger
character, and also has a larger character to its left. A similar situation will always occur
for at least one ¢ when u does not have an increasing/decreasing factorization. Experimental
evidence suggests the following conjecture.

Conjecture 5. For u € P*, S(u;t,z) = P(”C;_ZTI) where P(u;t,z) is a polynomial if and only

if u has an increasing/decreasing factorization.

It is a consequence of Corollary 4.2 in [2] that if © and v have increasing/decreasing fac-
torizations and w is a rearrangement of v, then u «~ v. We shall give a new proof of that fact
here, as well as prove the converse. That is, if u and v both have increasing/decreasing factor-
izations and u « v, then u and v are rearrangements, showing that the weak rearrangement
conjecture holds for words with increasing/decreasing factorizations.

We begin with the following lemma.

Lemma 6. Suppose v = uy ...u, is a rearrangement of v = vy ...v, and that v and v have
increasing/decreasing factorizations. For eachi, 1 <i <n—1, let s;(u) = uiy1 . .. Up, $;(v) =
Vi1 - U, di(u) = Zn—i—l—jED(“(u) (uj —Un—it;), and di(v) = Zn—i—l—jED(i)(v)(vj_Un—i-i-j)' Then
foralll<i<n-—1,

di(u) + X(s;(u)) = di(v) + X(s4(v)).

Proof. First suppose that v = uy ... u, where uy < --- <wu,. Then for each 7,1 <i<n—1,
di(u) = 0 and X(s;(u)) = >°7_;, | u;. So it suffices to show that d;(v) + X(si(v)) = X(si(u))
for all 1 < ¢ < n — 1 whenever v has an increasing/decreasing factorization and v is a
rearrangement of u. So fix i, 1 < ¢ < n —1, and let ¢ = 07...0, be a permutation of
{1,...,n} such that

Uy S gy >t 2 >
Then let
Al = {s:s<iandus € {Ug,..., us}},
B = {s:s>iandu, € {uo,..., U, }},
C" = {s:s>iand u; € {uo,,,,..., Uy, }}, and
D' = {s:s<iandus€ {ugj+1,---;uan}}-



For example, suppose u =1233455677andoc=2349108 765 1 so that

UV = Uz U3 Ug Ug Up U U7 Us U5 Ul

= 2 3 3 7 7 6 5 5 4 1

and j = 5. Then for i = 6, A® = {2,3,4}, B® = {9,10}, C°® = {7,8}, and D% = {1,5,6}.
Let a; = |A'|, b; = |B|, ¢; = |C|, and d; = |D'|. Then our definitions force a; + d; = i,
bi+ci=n—i,a;+b; =j,and ¢;+d; =n—j. Forany set D = {d; < --- <d,.} C{1,...,n},
let

D(u)l = wug,ug,...uq, and

T

D(u)] = uguqg,_, ... ug.

Thus v = A%(u)T B'(u)] C'(u)| D(u)] and S(B'(u)1) + 2(C%(u)]) = S(si(u)). We then
have four cases to consider depending on whether v; € A'(u)1, v; € B'(u)1, v; € C*(u)], or
v; € D'(u)].

Case 1. v; € A'(u)].

In this case, it must be that i = a; and A*(u)1= uy...u;. But then D' = () and s;(v) =
B'(u)] C*(u)], a rearrangement of s;(u). Moreover, it will be the case that v; < v,_;;; for
j=1,...,is0 that d;(v) = 0. Thus d;(v) + 3(s;(v)) = X(s;(u)) as desired. As an example,
with u as in the previous example, consider

UV = U Uz U3 Ug Us Ug
= 1 2 3 3 4 5

Ug Uio

T

us  uy
6 5

so that j = 8, and again let i = 6. Then as indicated by the dividers, A%(u)7= u; ... ug s0
that a; = i = 6, B%(u)]= ugu1p and C®(u)|= ugus.

Case 2. v; € B'(u)l.

In this case a; <1 < a; + b;. For example, with the same u as above, let

UV = Uy U3 Ug Ug

= 2 3 3 5

U7 U9 Uio
5 7 7

us
6

Us Uy
4 1

so that j = 7, and again let 1 = 6. Then AS(u)]= uguzuqug, B®(u)T= uruguig, C®(u)|= us,
and D®(u)|= usuy, so vg € B(u)! and ag = 4 < i <7 = ag + bg.

Now let Bi(u) = vg41...v; and Bi(u) = viy1... 045, Then s;(v) = Bi(u)C(u) |
D*(u)]. When we compare the first i letters of v with the last 7 letters of v, we see that the
letters in Bi(u) are compared with the letters in D*(u)] since |Bi(u)| =i — a; = |D*(u)] |.
But the letters in D'(u)| come from {u, : s < i} and the letters from B}(u) come from
{us : s > i}. Thus any letter in B}(u) is greater than or equal to every letter in D'(u) |
so that such letters will contribute X(Bi(u)) — X(D%(u)]) to d;(v). However the letters in

10



A*(u)? will be compared to letters that lie in either C*(u)], B*(u)T, or later letters in A’(u)T,
and hence they will contribute 0 to d;(v). Thus

(
(

d;(v) + X(si(v)) =

S(B) () ~ (D' (0)]) + S(By(w) + S(C () + S0 (w))
(B (u)]) +E(C (u)]) = X(si(u)).
Case 3. v; € C"(u)].

In this case a; + b; <1t < a; + b; + ¢;. For example, with the same u as above let

UV = U2 U3
= 2 3

Ug Uio

T T

us  uy
6 5

Ug Uy Ugqg Uy
5 4 3 1

so that 7 = 4, and again let 4 = 6. Then A%(u)]= ugus, B%(u)1= uguyg, C®(u)|= ugur, and
Db(u)]= ugusuguy, so vg € C%(u)] and ag + b = 4 < i < 6 = ag + bg + cs.

Now let Cf(u) = Vg, 1p,41 - - - v; and Ch(u) = Vi1 .. Vaysbire;- Then s;(v) = Ch(u) D' (u)].
When we compare the first i letters of v with the last ¢ letters of v, we see that the letters
in Bi(u)! Ci(u) are compared with the letters in D'(u)] since |Bi(u)] | + |Ci(u)| =i —a; =
|D*(u)| |. But the letters in D(u)] come from {u : s < i} and the letters from B*(u)] C}(u)
come from {us : s > i}. Thus any letter in B'(u)] C}(u) is greater than or equal to every
letter in D(u)| so that such letters will contribute (B (u)1) + X(Ci(u)) — (D (u)]) to
d;(v). However the letters in A’(u)T will be compared to letters that lie in either C%(u)],
Bi(u), or later letters in A%(u)7, and hence they will contribute 0 to d;(v). Thus

di(v) + (si(v)) = B(B'(u)1) +2(C1(u)) — (D' (w)]) + X(C3(w)) + B(D'(u)l)
= X(B'(u)1) + X(C"(w)]) = S(si(u)).
Case 4. v; € D'(u)].

In this case a; + b; + ¢; < i. For example, with the same u as above, now let

vV = Uy
= 2

Ug Uio

T

ug Uy

6 5

U U5 Ug U3 U

5 4 3 3 1

so that j = 3, and once again let i = 6. Then A%(u)= uy, B%(u)T= uguyo, C®(u)]l= ugusz,
and D®(u)|= ugusuqusuy, so vg € D(u)] and ag + b + cg = 5 < i.

Now let Dj(u) = va,4p;4c,41 - --v; and Di(u) = viyq...v,. Then s;(v) = Di(u). When
we compare the first ¢ letters of v with the last ¢ letters of v, we see that the letters in
B(u)T C%(u)| Di(u) are compared with the letters in D'(u) ] since |B'(u)T | + |C%(u)]
|+ |Di(u)| =i —a; = |D"(u)] |. But each letter in B(u)] C*(u)] D}(u) will be greater than
or equal to its corresponding letter in D(u)|, so that such letters will contribute

S(B'(u)1) + 2(C"(w)]) + Z(Di () = (3(D (w)) + 2(Dj(u)) =
Y(B(w)1) + 2(C"(u)]) = X(Ds(u))
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to d;(v). However the letters in A*(u)] will be compared to letters that lie in either C*(u)],
Bi(u)T, or later letters in A(u)] and hence they will contribute 0 to d;(v). Thus

di(v) + Z(si(v)) = T(B'(w)) +3(C"(u)]) = B(Dy(w)) + 2(Dy(w)
E(B*(u)1) + X(C*(u)l) = E(si(w)).

We are now ready for the result referred to immediately before Lemma 6.

Theorem 7. If u,v € P* have increasing/decreasing factorizations, then u «~ v if and only
if u 1s a rearrangement of v.

Proof. Suppose u,v € P* have increasing/decreasing factorizations. If u is a rearrangement
of v, then S(u;t,z) = S(v;t,x) by Theorem 1 and Lemma 6. Hence u « v.

For the converse, suppose u « v. Since we have just shown that a word with an in-
creasing/decreasing factorization is Wilf equivalent to any rearrangement of itself with an
increasing/decreasing factorization, it suffices to consider the case when w and v are both
nondecreasing, and to show that u = v. So let v = ujus - - - u,, and v = vyvy - - - v, be nonde-
creasing. First note that u «~ v implies wt(u) = wt(v) since for any word w, the minimum
powers of x and ¢ in F(w;t,x) are ¥(u) and |u|, respectively. So the numerators of the
expressions for S(u;t,x) = S(v;t,z) in Theorem 1 are equal. Equating the denominators,
and noting that d; = 0 for all ¢ for both v and v, we have

A G (1—x—tx) Z i i1 Vi (1-— a:)i_l
i=1

=" W 4 (1 -z — tx) Zt”’ixzyﬂﬂw(l — )L

i=1

Simplifying, this becomes

Zt” 4 Z] i+1 Y5 1_1» Zt” i Z] 1+1u7(1_m)

Hence for each i, 1 < i < n, we have
™o o us
x2]72+1 J — x2372+1 J’
and therefore u = v. O

Since the values of d; + ¥(s;) determine equivalence for those words with increasing/
decreasing factorizations, it is natural to ask the same question about those that do not.
Unfortunately, equality of d; + %(s;) for all 7 is not enough to determine equivalence in

12



general. For example, it was shown in [2] that 24153 and 24315 are not Wilf equivalent, but
both have the following values:

1 dz + Z(Sz)
1 13
2 10
3 9
4 8

However, we have not found two words that are Wilf equivalent that have different values of
d; + X(s;). In particular, the equivalences proved by Kitaev, Liese, Remmel, and Sagan [2]
all preserve equality between the d; + X(s;)’s.

3 Connections with some known sequences

In this section we show that some well-known sequences occur as coefficients in the generating
functions S(u; 1, x), A(u;1,x), and F(u;1,z) for some simple words u. For those sequences
that appear in the OEIS, we provide the sequence number as well as a combinatorial proof
as to why the entries of the sequence count particular words.

3.1 Words consisting of a single digit

The first family of words we will examine is that of words consisting of a single digit 7 > 1.
From Theorem 1 we obtain that

7

tx
S t,r) = —
(i3, 2) tr' 4+ (1 — z — tx)
and ) )
—x
A(ist,z) = —— (1 =St 2) = ——————.
( ) 1—x—tx( ( ) 1—t2;;11x3
If welett =1 and = 3,4..., we obtain some familiar generating functions:
1
A(Bi1,2) = ﬁ:1+:c+2x2+3:z:i’>+5:c4+8x5+13x6+---
—r—x
1
Al4;1,2) = =1+ 2+ 22 +42% + 72" 4+ 132° + 2425 + - ..
l—z—2a%2—2a3
1
A(5;1,z) = =14z + 222+ 423 + 82* + 152° + 2925 + - -
l—x—22—a%— 2t
1
A6;1,7) = =1+ 2+ 22 +42° + 82* + 162° + 3125 + -+ ..

l—x—22—a%—a*—2ab

The coefficients of A(3;1,z), A(4;1,x), A(5;1,z), A(6;1,x) are the Fibonacci numbers (se-
quence A000045 in OEIS), Tribonacci numbers (A000073) , Tetranacci numbers (A000078),
and Pentanacci numbers (A001591), respectively. In general, the coefficient of z7 in A(i; 1, x)
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is F]?:ll,the (i—1)-step Fibonnaci number. The n-step Fibonacci number is defined by F}' =0

for £ <0, F' = F} =1, and all other terms by the recurrence

=Y F,
i=1

This fact is easily verified by classifying words in A(i) by their last digit. If we expand
S(i;1,x) as a series we obtain

T3

S(3;1,2) = m:x3(1+2x—|—4x2+7m3+12x4+20x5+33mﬁ+--')
S(4:1,z) = %:x4(1+2x+4x2+8x3+15x4+28x5+52x6+---)
S(5:1,z) = #:ﬁ:x5(1—|—2m—|—4x2+8x3+16x4+31m5+60x6+---)
S(6:1,z) = #ﬁﬂﬁ:x6(1+2x+4x2+8x3+16x4+32x5+63x6+---).

The coefficients of S(3;1,z), S(4;1,z), S(5;1,x), and S(6; 1, x) are partial sums of Fibonacci
(A000071), Tribonacci (A008937), Tetranacci (A107066), and Pentanacci (A001949) num-
bers, respectively. In fact, the coefficients of S(i; 1, z) are the partial sums of the (i — 1)-step
Fibonacci numbers and can be found in i-th column of the array defined in A172119. It is
also easy to verify this fact by classifying words in (i) by their last digit.

Lastly, using the relationship

1—=x

Plust,z) = — Alust,a),

l—x—tx

we obtain
11—z 1

l—2—tr 1_152;;113;{

F(ist,z) =

With ¢ = 1 this simplifies to

:L,’L

F(i;1,2) = A -
(31, 2) 1 =3z 4224 421 4 227

Expanding F'(i;1,x) as a series we then obtain
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113

F(3;1,2) = TR e = 2°(1 4 3z + 82* + 192° + 432" + 942° + 2012° + - - )
4
X
Fle) = T—a o = o' (14 3z 4 8z% + 202° + 472" + 1072° +
2382° 4 -+ )
5
F(5;1,z) = * = 2°(1 + 3z + 82* + 20x° + 482" +

1—3x+ 22+ 23 + 24 + 22°
1112° + 2512° + - - +)

6

xXr
F(6:1 = == 25(1 + 3z + 822 + 2023 + 48z*
(6:1,) 1 =3z + 22+ 2% + ot + 2 + 226 71+ 374807+ 200" + 482" +

1122° + 2552° + - - ).

The coefficient of 27 for F(3;1,z), F(4;1,2), F(5;1,2), and F(6;1,7) is 2/~! minus FjQJrl
(A008466), 2/~ minus F},, (A050231), 2/~" minus F},, (A050232) and 2/~! minus F},,
(A050233) respectively. In general, the coefficient of 2/ in F(i;1,2) is 277! minus F} .
This fact is also easily verified as the total number of words of weight j is simply 2/~ (the
number of compositions of j) and we can subtract the number of words that avoid u, which
has already been shown to be an (i — 1)-step Fibonacci number, to obtain the number of

words that embed w.

3.2 Words of the form 1 (1+s) 1

We now turn to a different family of words. Suppose that u = r (r 4+ s) r where r,s > 1.
Then in the notation of Theorem 1, s; = (r +s) r, s = r and s3 = €. To compute d;(u)
and dq(u), consider the arrays

r r+s r r r+s T
ror+s.r ror+s .

It is easy to see from these arrays that d;(u) = 0 and ds(u) = s. Thus dy(u) +X(s1) = 2r+s
and do(u) + X(s2) = r + s. By definition d3(u) = 0 so that d3(u) + ¥(s3) = 0. Thus by
Theorem 1

t3x3r+s

s ) =
(T (T + 8) r 756) t33r+s (1 — 7 — g;t)(t2x27”+s + tIT+s(1 - LL’) + (1 - x)Z)

and ]
A(r (r+s) rt,z) = - _xxt(l —S(r (r+s)rt,x)).
Now, when ¢t = 1 and r = 1 these simplify to

S (1+5)1;1,2) = = x)g(:’i iSZﬁ -
— 20+ x? + x5t
Al (1+s) Llz) = (11_ 5)2(_: _ 5?_1 i)’
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We can expand these functions as power series around z = 0 and find that

S(121;1,2) = a* +42° + 102° + 2027 + 352° + 5627 + 842'% 4+ 1202 + 165" +
22023 + 2862 + 3642 + 45521 + 56027 + 68028 + - - - |

S(131;1,2) = a° +42° + 1127 + 252°% 4 5127 + 972'° + 1762 4 3092'% + 530" +
8942 + 14902 + 246221 + 404327 4+ 661028 + - -+ |

S(141;1,2) = 2 + 427 + 112® + 262° + 562" + 1142 + 22422 + 4302 4- 8132 +
15222 + 283126 + 52442'" + 96882 + .- and

S(151;1,2) = 27 +42® 4+ 112 + 262" + 572 4+ 1192 + 2412" + 4792 + 94121 +
1835210 4 35622'7 + 68952 + - - - .

Now, the sequence 1,4, 10,20, 35,56, ... of coefficients starting at z* for S(121;1,x) is the
sequence of tetrahedral numbers (A000292), defined by a(n) = ("?). Thus we obtain a new
combinatorial interpretation of these numbers. That is, a(n) equals the number of words u
such that > (u) = n+3 and u € §(121). In fact, there is a simple bijective proof of this fact.
It is well known that the tetrahedral numbers count the number of weak compositions of
n—1into 4 parts. Given such a weak composition of n— 1 into 4 parts, say ¢ = (c1, ¢a, ¢3,¢4)

we can define f(c) to be the word

fle)i=(c1+1) 11 ... 1 (c5+2) (ca+1).

Cc2

Note that >~ f(¢) =n+ 3 and f(c) € S(121). It is a simple verification that f is indeed a
bijection.

Similarly the sequence of coefficients starting at z° for S(131;1, ) appears in the OEIS
as sequence A014162. In this case, with an off-set of 4, these numbers b(n) count the number
of 132-avoiding two-stack sortable permutations which contain exactly one subsequence of
type 51234. See Egge and Mansour [1]. Again, we obtain a new combinatorial interpretation
of these numbers. That is, b(n) equals the number of words u such that > (u) = n + 4 and
u € §(131). A bijective proof of this connection is an interesting open problem.

The sequences of coefficients for S(141, 1, x) and S(151, 1, z) have not previously appeared
in the OEIS.

Similarly, one can expand A(1 (1+s) 1;1,2) as a power series about = = 0 and find that

A(121;1,2) = 142+ 20 +42° + T2* + 112° + 1625 + 2227 + 292° 4 3727 + 462'° +
562! + 6722 4+ 79213 + 922 + 1062 + - - -,

A(131;1,2) = 142+ 22 + 42® 4+ 82* + 152° 4 272° + 4727 + 802° 4 1342° + 222210 +
3652 + 59722 + 9732 + 15822 + 2568210 4 - - - |

A(141;1,2) = 1+ 2+ 227 + 4% + 82 + 162° + 312° 4+ 5927 + 1112 + 2072" + 384210 +
7102t + 1310212 + 24142 + 44452 4 81812 + -+ | and

A(151;1,2) = 1+ 2+ 22% + 4% + 82" + 162° + 322° 4 6327 + 1232 + 23927 + 46320 +
8952t + 172822 + 33342 + 64302 + 123982 + - - - .
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The coefficient of 2™ in A(121;1, z) is a(n) = () +1. These numbers are the central polygonal
numbers (A000124) and one interpretation of a(n+1) is the number of length n binary words
that have no 0-digits between any pair of consecutive 1-digits. There is a simple bijective
proof of this fact which we will present at the end of this subsection. Another interpretation
is the maximal number of pieces obtained when slicing a pancake with n cuts.

The sequence of coefficients in the expansion of A(131;1,z) starting at z is A000126 and
counts the number of length n binary words with fewer than two 0-digits between any pair
of consecutive 1-digits. It also counts the number of ternary numbers with no 0-digit and at
least one 2-digit.

The sequence of coefficients in the expansion of A(141;1,z) starting at x is A007800
counts the number of length n binary words with fewer than three 0-digits between any pair
of consecutive 1-digits. It is also said to have come from a problem in Al planning and satisfies
a recurrence a(n) = 4+a(n—1)+a(n—2)+a(n—3)+a(n—4)—a(n—>5)—a(n—6)—a(n—7)
forn > 7.

The sequences of coefficients in the expansion of A(151;1,z) and A(161; 1, x) starting at
x are A145112 and A145113 respectively, and count the number of length n binary words
with fewer than four (resp. five) 0-digits between any pair of consecutive 1-digits.

In general, the sequence of coefficients in the expansion of A(1il;1, z) for i > 2 starting at
x counts the number of length n binary words with fewer than ¢ — 1 0-digits between any pair
of consecutive 1-digits. We then obtain a new combinatorial interpretation of these numbers
as the number of words of u such that > (u) =n + 1 and u does not embed 1i1. There is a
simple bijective proof of this fact. Given a binary word w of length n with fewer than ¢ — 1
0-digits between any pair of consecutive 1-digits, we define f(w) to be the word obtained by
adding a 1 to the end of w and then replacing every maximal run of k consecutive 0-digits
followed by a 1 by the single digit £ + 1. For example, suppose w = 01000111010000100100
then

flw)=24112533.

Note that > f(w) = n+1 and the condition of having fewer than i—1 0-digits in w guarantees
that f(w) € A(1i1). It is a simple verification that f is indeed a bijection between length n
binary words having fewer than ¢ — 1 0-digits between any pair of consecutive 1-digits and
words of weight n + 1 in A(1i1).

Finally, we note that as in the previous subsection, we can also compute the coefficients
in the expansion of F(1 (14 s) 1;1,x) for various s. However, these do not appear in the
OEIS, and therefore we omit them here.

3.3 The word 123

Another simple example is S(123;¢,z). In this case it is easy to see that dy(123) = dy(123) =
d3(123) = 0. Thus it follows that

1326
123;t = d
SU240) = e - T A=)
1—=z
A(123,t,$) — m(l — S(l23,t,l’))
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One can compute that

70

S(123;¢ = d
(123;¢,7) (1—2)?(2* — 23+ 22— 1) an
1 -2z 422423 —a* +2°

(1—2)2(z* —ad+20—1)

A(123;t,x) =

Expanding these functions as power series about z = 0 and letting ¢t = 1, we obtain that

S(123;1,2) = 2% + 42" + 112® + 252° 4+ 522'° + 1032 4-1992'% 4 - - - and
A(123;1,2) = 14+ 227 + 42 + 82* + 162° + 312° + 592" + 1112° +
2082 + 38920 4 727" 4 1358212 + - - - .

In this case, neither sequence of coefficients have appeared in the OEIS.

4 Wilf equivalence for words of length 3

We now turn to the classification of the Wilf equivalence classes for all words of length 3
in P; = (P, <). Theorem 1 will provide the necessary information for words with increas-
ing/decreasing factorizations. The only words of length 3 without increasing/decreasing
factorizations are words of the form bac or cab where a < b < ¢. But Kitaev, Liese, Rem-
mel, and Sagan (Lemma 4.1 of [2]) show that any word is Wilf equivalent to its reverse, so
it suffices to consider bac. To that end, we give an explicit formula for S(bac;t,z) where

a<b<ec.
Theorem 8. For positive integers a < b < c,

a4t (14 a4+ a0 )

S(bac;t,z) =
e ) = e =) dupalty ) + P o1+t (L + 2 %+ 2 T))

where

Vape(t,z) = (1 —2)? +t2°(1 — ) + 22" + 3T f o+ - 4 2P0 1),

Proof. We start with the following expression, which follows from (2) and Lemma 4, with
extra terms to account for the fact that bac does not have an increasing/decreasing factor-

1zation:

a+b+c ) atc x€
—— = — S(bac; t,x) t* — — S(bac; t,x) t
(1 _ 5(7)3 ( ac; 7'r) (1 N I)Q ( ac; 71‘) 1— 7
b+2c

S(bac;t,r) = A(bac;t,z)t?

. 1a_r
+A<b(lC, t, ZE) t m

.TQC

T

(2% 4+ 2"

—S(bac;t, )t 2%+ + 2.
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The first term,
a+b+c

(1—2)%

is the generating function for words consisting of an embedding of bac appended to a word
that avoids bac. This includes the words in S(bac), but also includes words that end in
overlapping embeddings of bac, either in the last four or five characters (and do not embed
bac prior to those embeddings). So we need to remove the terms associated with these words.
First consider words w that end in overlapping embeddings in the last five characters, as
shown:

A(bac;t, x) t3

w = bt at ¢t at T

b a ¢ ,
b a ¢

where for a positive integer m, m™ represents any integer greater than or equal to m. Since
b < ¢, these words can be formed by appending an embedding of ac to words in S(bac). So
the second term on the right hand side,

a-+c

, 2
S(bac;t,x)t 1o

accounts for these words.
Now consider words that end in overlapping embeddings in the final four characters only:

w= --- bt bt ¢t F
b a ¢
b a ¢

The third term,

c

S(bac;t,x)tlx :

removes the terms associated with these words by appending an embedding of ¢ to words
in S(bac). However, because a < b, this also includes terms associated with words of the
following form:

w= - bt [a,b) T cF
b «a c \
b a c

that is, words that first embed bac starting at the fourth character from the end, and end in
an embedding of bacc but not bbce. To correct for these terms, consider the fourth term on
the right hand side:
b+2c

(1—x)?
This is the generating function for those words that end in an embedding of bacc but not
bbee (hence the 2 + -+ + 271 term), appended to words that avoid bac. So this includes
the words that we want, but also may include words that first embed bac beginning at the

A(bac;t, ) t* (z% + -+ 2.
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fifth or sixth character from the end. However, the first of these situations is impossible, as
shown,

w = e bt Ja,b) ¢
b a ¢
b a c ’
b a ¢

since a character in [a,b) cannot embed ¢. The final term,

120

S(bac;t, x) t3m(

a4+,

accounts for the second possibility,

w= --- bt at ¢ [a,b) ¢t T
b a ¢
b a c ’
b a c

by appending an embedding of acc, whose first character is in [a, b), to words in S(bac).
We can now solve for S(bac;t,x):

t3 patbte + t4 pb+2e (l‘a Lo xbfl)
S<bac; t, x) = c (171‘)3 a+c (liw)s 2c A(baC, t7 x)
14 tlx_x + t2(f—x)2 + ts(lgiz)z (20 + - 20 1)

t3xa+b+c + t4xb+20($a +ee Z’b_l)
(1 —2)3 4+ tac(1 — x)2 + 2z0t¢(1 — x) + 322¢(1 — z) (20 + - - - + 20-1)

A(bac; t, x).

Substituting A(bac;t, ) = =2 (1 — S(bac;t, x)), we obtain

l—x—tx

S(bac;t =
( ac, ’:L‘) (1 _ ZL‘)2 + t:EC(l _ x) + t2patc + t3$20(l’a 4+ xb—l)
1
—— (1 — S(bac;t )
(1~ S(bact,2))
Solving for S(bac;t,z) and factoring appropriate terms gives the result. O]

As a corollary, we can now classify Wilf equivalence for words of the form bac with
a<b<ec.

Corollary 9. For positive integers a < b < ¢, the only words Wilf equivalent to bac are bac
and cab.

Proof. As noted previously, bac « cab since they are reverses of each other. So it remains to
show that no other words of length three are Wilf equivalent to these two. First, note that
1+tz(1+a+---+2°7271) does not divide the denominator of the expression for S(bac;t, z)
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in Theorem 8 since, for example, it does not divide it when = = 1. So S(bac;t, z) does not
have a single monomial in the numerator, and therefore is not equal to S(u;t,z) for any u
that has an increasing/decreasing factorization by Theorem 1. So suppose bac « b'a’¢’ with
a <b <. We will show that a =d/, b =10 and ¢ = .

Equating S(bac;t, z) and S(b'a’d;t, x) from Theorem 8, we have

¢a,b,c(ta l’) [(1 - — tl‘)w(a’,b’,c’) (ty l‘) + gba’,b’,c’ (ta ZL‘)}
= Gy (t, 1) [(1 — & = 1) V(b (t, T) + Pape(t, x)} ,

where ¢, p0(t, x) = 327 (1 +tx¢(1+x+- - +2°771)), and similarly for ¢,y (¢, z). Since
bac «~ b'a'd, we have a + b+ c=d +V + ¢, so we may simplify to

(Tt (a4 2" )y et 2)
=1 4teA+a+- -+ 2" ) upe(t, ).
Recalling that
Vet x) = (1 —2)* + ta(1 — z) + 22 + 22> (2" + - + 271,
and equating powers of t? on both sides, we have
2 Lt — )1t =t (L — )L 44 2T

Since a < ¢, the smallest power of x on the left is @’ + ¢/, and the smallest on the right is
a—+c. So
ad+d=a+ec

Since we know a +b+c=a' + b + ¢, this gives b = I/. Now equating the largest powers of
x, we have
ct+td+b—a=c+d+V—-d,

which gives a = d/, and therefore ¢ = /. ]
We are now ready to completely classify Wilf equivalence of words of length 3.

Theorem 10. Wilf equivalence relative to Py partitions P? into the following equivalence
classes.

1. {aaa} for any a € P

2. {aab, aba,baa} if a < b

3. {aab,baa} and {aba} if a > b

4. {bac, cab} and {abc, acb, cba,bea}l if a < b < c.

Proof. Theorem 7 establishes the equivalence among words in the sets {aab, aba, baa} in case
2, the sets {aab, baa} in case 3, and {abe, ach, cba, bea} in case 4, as well as the fact that these
sets are all in distinct Wilf equivalences classes. The remaining cases, {bac, cab} in case 4
and {aba} in case 3, follow from Corollary 9. O
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Note that when we consider the permutations of S3, there are only two Wilf equiva-
lence classes, namely, {123,132,321,231} and {213,312}. We computed S(123;¢,z) and
A(123;t,x) in the previous section. Thus to complete the possibilities for S(o;t,z) for
o € Sz, we need only compute S(213;¢,2) and A(213;¢,2). In this case, we must use
Theorem 8 from which we obtain that

t32%(1 + ta?)

S(213;t = d
(213;, 2) (1 —z—at)((1 —x)?2 +ta3(1 — x) + 22t + t327) + t325(1 + ta3) o
11—z
A(213;t = ——(1—5(213;t .
@131,2) = (1~ S@131,2)
One can compute that
6 .8
S(213;1,z) = i and

1 —4x + 5x? — 23 — 224 4 220 + 27 — 228
(1 —2)(1 — 4z + 52% — 23 — 22 + 25 + 27 — 32%)
(1 —2x)(1 — 4o + 52?2 — % — 204 + 226 + 27 — 228)
In this case, if one expands these functions as power series about = = 0, one obtains

S(213;1,2) = a8 + 427 + 112® + 262° 4 552 + 1092 + 2072'% 4 38123 +
6842 + 12012 + O[x]'® and

A(213;1,2) = 1+ 2+ 22% + 4% + 8 + 162° + 312°% 4+ 5927 + 1112® + 20727 +
385210 + 7162 + 13342'% + 24942 4 46852 + 88532 + O[x]'°.

A213:1,2) =

However, neither of the two sequence of coefficients have appeared in the OEIS.

5 The strong rearrangement conjecture

In this section we discuss the strong rearrangement conjecture and its connection to the
family of finite posets Pp, = ([m]*,<). We also give an analogue of Theorem 1 for
S(u;xy,...,x,). Our first result relates Wilf equivalence in [m]* to Wilf equivalences in
P* that are witnessed by rearrangement maps.

Theorem 11. Suppose u,v € [m]* for some positive integer m. Then u ) v if and only
if there exists a rearrangement map f : P* — P* that witnesses the Wilf equivalence u « v.

Proof. First note that if there is a rearrangement map f : P* — P* that witnesses the Wilf
equivalence u v~ v, then the restriction of f to [m]* is a W, -preserving bijection that shows
u “m] V.

For the converse, suppose u,v € [m]* and u v, v, so that F(u;zy, ..., 2y) = F(v;2, ..., Tp).
Then there is a Wi,-preserving bijection g : F(u) N [m]* — F(v) N [m]*. So g(w) is a re-
arrangement of w for all w. This bijection can then be lifted to the desired rearrangement
f, as follows. Suppose w = wy---w, € P*and 1 < i; < --- < 7, < n is the sequences of
indices ¢ such that w; > m. Then let W be the word in [m]* that results by replacing each
w;, with m. Then v < w if, and only if, v < w. Now apply g to w. Then since z = ¢g(w) is
a rearrangement of w, there is a sequence 1 < j; < --- < j; < n consisting of all the indices
J such that z; = m. Then let f(w) be the result of replacing z;, by w;, for k=1,...,1. O
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Theorem 11 shows that the question of whether u «~ v implies a rearrangement witnessing
the equivalence can be answered by restricting to a finite alphabet. We have computed

S(u;ay,...,x5) for all permutations in S, for n <5 and indeed, if u «~ v in this case, then
S(u;xy,...,x5) = S(v;xq,...,x5). Thus the strong rearrangement conjecture holds for these
words.

Next we consider an analogue of Theorem 1 for the more refined generating functions

S(u;xy, ..., xy). It is still the case that

It is easy to see that

Z Wim(w) = A(u;@y,...,2,) H Z T,
weA(u)W (u)N[m]* r=1s=u;
_ 1_521%(1—5(%351, 7$m)),1_[182;7$5

We also have that

Thus if
SO(u,zy,... ) = Z Wi (w) and
weS® (w)N[m]*
SO(u,xy, ... 1) = Z Wi (w),

weS® (u)N[m]*

then we will have

S(i)(u,xl, e Ty) = S(i)(u,xl, ey T) H Z Ts.

(5)

The only step in our proof of Theorem 1 which does not have an analogue in this case is the

fact that o
SO (ust, x) = 2% S(ust, x).

It will no longer be the case that S® (u; x4, . .., ,,) is a multiple of S(u; z1,. .., 2y, if di(u) >
0. However, if d;(u) = 0, then it will be the case that S (u) N [m]* = S (u) N [m]* so that

S(i)(u,xl,...,xm) =S(u, 1, ..., xm).
Thus if d;(u) = 0 for all i = 1,...,n — 1, then we will have

SO(u,zq, .. ) = S(u, @1, ... Ty i ixs

r=i+1 s=u,
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for all i. However, it is easy to see that d;(u) = 0 for all ¢ = 1,...,n — 1 if and only if
u; < -+ < u,. In that case, we can see from (5), (6), and (7) that

1
S(u, 1,y .. ) = m(l—SW;%w--,xm))ZZ%
i=1Li

n—1
—ZS(u,xl,...,xm) Z Z Ts.
=1 r=i+1 s=ur
Solving for S(u, 1, ..., x,,) will then result in the following theorem.
Theorem 12. Suppose u = uy ... u, € [m]* is weakly increasing. Then
H?:1 Z;n:u Ly
(1 0 T S0, ) (1= 0 ) + T Y,

S(u;xq, ... Ty) =

6 Further work

Many of the ideas in this paper can be extended to generalized factor order on P* with other
partial orders. In particular, in [5] we consider the mod k partial order on P* defined by
setting m <, n if m < mn and m = n mod k. For example, the Hasse diagram for the mod 3
partial order consists of the three chains

1<34<37<3--,
2<35<38<3---, and
3<36<39<3---.

An generalization of Theorem 1 in this context applies to a rich class of words that generalizes
the set of words in P* with increasing/decreasing factorizations. One interesting result of
this theorem is that the rearrangement conjectures do not hold in general for the mod &
partial order with k& > 2, however we can identify those words for which we believe the
rearrangement conjectures do hold. We refer the reader to [5] for details.
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