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Abstract

The paper gives a unified treatment of the summation of certain iterated series of
the form > 07 | 3™ | apim, where (a,)nen is a sequence of real numbers. We prove
that, under certain conditions, the double iterated series equals the difference of two

single series.

1 Introduction

The goal of this paper is to provide a unified treatment of the summation of a special class
of double series that have appeared recently. Below, we collect some problems that led to

the motivation of this article.

Problem 1 ([6]) Find the sum

S (e
;;(wwm) ’

where |a] denotes the greatest integer less than or equal to a.
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Problem 2 ([5]) Find

n=0 m=1 n+m
Problem 4 ([7]) Find
o [ee] H—
> (e (3)
n=1m=1 n+m

where H,, denotes the nth harmonic number.

Although the problems can be solved by various techniques, in this paper we give a
general method for summing the iterated series

S5t )

n=1m=1

where (a,)nen 1S a sequence of real numbers, and we show that, under certain conditions,
the double iterated series equals the difference of two single series. The organization of the
paper is as follows: in Section 2 we give the first two main results of the paper, which are
about the evaluation of the double iterated series (4), and in Section 3 we give the closed

form evaluation of multiple series of the form 7 -+ 3% | @, 1nytgmy-

2 Double iterated series

The first main result of this section is the following theorem.

Theorem 1. Suppose that both series

i a and i kay, (5)
k=1 k=1

converge and let o and & denote their sums, respectively. Then the iterated series (4) con-
verges and its sum s equals ¢ — 0.

Proof. For positive integers v and n we let

o n
A, = E Qyim and Sy = E A,.
m=1 v=1



Likewise, for every positive integer n we let

n n
op = E ay, and o, = g kay,.
k=1 k=1

Since A, = 0 — 0, it follows that

n n
u
Sp =Mno — 0, =no — n+1—~ka,=noc+o,—(n+1)o, = — 6
v=1 k=1
where _ .
Op — 0.
Uy =0 — 0p + — - and Uy, = —.
n n

On the other hand, it is straight-forward to show that

un+1 — Up ~

———— = Op41 — Ont1-

Un41 — Un
Since

Upi1 — U ~

lim " — 5 — o,

n—=00 Up41 — Up
an application of Cesaro-Stolz theorem, the (%) case, implies that

. . Up ~
s=lim s, = lim — =07 — 0,
n—oo n—0o0 ’Un

and the theorem is proved. ]

Solution to Problem 1. Let a; = (—1)’“/([\/Ej)3, and note that both series (5)

> > 1 > > k
ap = -1 k—3 and kaj, = —1 "7—37
2= LV 2o = 2V

k=1 k=1 k=1

converge based on the Leibniz test. Moreover,

N3 N N2
N=1 N=1 N=1
2
— _ln2- "
12

o oo /N242N 1)k > q N242N X (L1)\V 3
a:Zak: (Z W)ZZF(Z(_DIC>:Z(N§ :_ZC<3)7

k=1 N=1 k=N?2 N=1



where ((3) = >",2, 1/k® denotes the Apéry constant. It follows, based on Theorem 1, that

n+m 3 2

ZZ 5= -m2- T,

n=1m=1 )

and the problem is solved.

Remark 2. It is worth mentioning that if the series » ;- ,(k — 1)ay, would be absolutely
convergent, the conclusion of Theorem 1 would follow by rearranging the terms of the iterated
series (4) as follows

[e.e]

Z - 1 ak = Q141 + (a1+2 + @2+1) + e+ (a1+(k_1) + Qo4 (k—2) T -+ a(k—l)—H) + -
k=2

Unfortunately, when a;, = (—1)*/[v/k]?, the absolute convergence of the series > 3, (k—1)ay,
fails to hold. Also, the convergence of series (5) is sufficient but not necessary for the
convergence of the iterated series (4). This is shown by the series (1), (2), and (3). Clearly,
Theorem 1 does not apply to these series. However, the next theorem, which can be applied
for summing the series (1), (2) and (3), is the second new result of this section.

Theorem 3. With the same notation as in the statement and the proof of Theorem 1, let
us suppose that the first series in (5) converges, that e, = o(n), and that the limit

{= lim (nagn + agn_l) (7)

n—oo
exists in R. Then the iterated series (4) converges and its sum s is given by s = { — 0.

Proof. Let w, = nag, + d9,_1. With the same notation as in the statement and the proof of
Theorem 1, we have, based on (6), that
~ T
0+ Son = (2n+1)(0 — 09,) + 09y = —,

Yn
where x,, = 0 — 09, + ﬁ 09, and y, = ﬁ On the other hand,

Tpt1 — Tn 2n+1 . 1
= Aop42 + Oopg1 = Wpg1 — = A2pi2 -
Yn+1 — Un 2 2

Since a,, — 0 as n — oo, we have, based on the Cesaro-Stolz theorem, the (g) case, and (7),
that lim,, . (0 4 s2,) = ¢, and it follows that lim,,_, S2, = ¢ — 0. On the other hand, since

Son41 = Son + Aopi1 = Son + 0 — O2p41,

we get that lim, .. Sonr1 = lim, .o S9, = ¢ — 0. Thus, lim,, ., s, = ¢ — o, and the theorem
is proved. [



Solution to Problem 2. Let a; = (—1)¥/k and we note that

a:Zak: ( k;) =—1In2.
k=1 k=1

On the other hand, &, = 32", (—1)* = 0, and

k=1
2n—1
~ 1 —1)k 1
wn:na2n+02n1=§+;k~( k) =-5 for all n € N.

Thus, ¢ = —%. An application of Theorem 3 shows that

and the problem is solved.

Before we give the solution to Problem 3 we need to introduce a notation

. Recall that,
the double factorial of a positive integer n is defined by the following formula

| n(n—2)---5-3-1, if nis odd;
nll =
n(n

—2)---6-4-2, if niseven.

Solution to Problem 3. Let a; = (—1)F2E. Tt can be proved, see [9], that

where v denotes the Euler-Mascheroni constant. On the other hand,

2n

o)l 1 2n)!1)* In(2n + 1
an - Z(_l)klnkZIHL":—ln <( n)Q) + n( n+ )7
o @n =D 27 (2n — 1)1)*(2n +1) 2
and
2n—1
= 5 1 kiog L (2n —2)!1
Wy = N2y + O2p—1 = 5 111(27’L) + 2 (—1) Ink = 5 ID(QTL) + lnm
2n)11)”
— lln (¢ n)z) +11n2n+1_
2 (2n—1))(2n+1) 2 2n

An application of the Wallis formula

. ((2n)1)? I

e (20— D)2 (20 +1) 2
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shows that gy, = o(n) and ¢ = lim,, ., w, = %ln% . Theorem 3 implies that
I N LR
— = n—+m 2 2

and hence
g ln(n+m In(n+m) 1 =
-1 n+m n-l—m = _ln=

and the problem is solved.

Before we give the solution to Problem 4 we need to mention the properties of a special
function. Recall that, the dilogarithm function, (see [11, 12]), denoted by Lis(2), is the
special function defined by

o0

Lis(z) =) = = — Mdt, 2| < 1.
ot

n2
n=1

A special Landen identity involving this function, [12, p. 107], is given by
2

Liy(2) + Lis(1 — 2) = % ~In(2)In(1 — 2).

This implies, when z = 1/2, that

Now we are ready to give the solution to Problem 4.

Solution to Problem 4. Let a; = (—1)*ZE. To calculate

we will be using a general result established by Kantor [8]: given a sequence (ay)x>; of real
numbers, we consider the power series

f(z) = Zakxk and g(x) = Zakaxk. (9)
k=1 k=1

By the ratio test, the two power series have the same radius of convergence. Kantor [§]
proved that for every real number x for which the first series in (9) converges one has

_ [ f@) = fta)
:17)—/0 1——tdt



Let ap = (—1)*/k, and note that

_ ZH)’“% = —In(1+xz), ze(-1,1]

k=1

It follows that

'In(1+¢)—1In2
ooyl = [(REEIERZy
0

The substitution x = 1 — ¢ implies that

| x V21n(1 — ) 1 In*2 72
— [ 1 (1——)d —f BTV g () =22 T
7 /0 r T 9) /0 y Y 12(2) 2 12

On the other hand,

~ 1 1
Oon = Z(—l)ka =Y (Hox — Hy1) = o H,,
k=1 k=1 k=1
and 1 )
Wy = NAgy + Oop—1 = B Hop + 09 — Hop = 5 (Hn - HZn)-

Since H,, = Inn + v+ o(1), we have that all the hypotheses of Theorem 3 are satisfied and
(= 1lim, o w, = —% In 2. Thus,

2
ZZ n+m n+m:l_0-:—ln—2—ln2+7r_27
n-—+m 2 2 12

n=1m=1

and the problem is solved.

3 Multiple series of a special form

In this section we study the multiple series of the form
Z Any+ng+4ny> (10)

where (a,)qen is a sequence of real numbers that verifies a special condition. Before we give
the main theorem of this section we collect some results we need in our analysis. Recall that,
the Stirling numbers of the first kind, denoted by s(n, k), are the special numbers defined by
the generating function

2z=1(z—=2)---(z—n+1) ank

For recurrence relations as well as interesting properties satisfied by these numbers the reader
is referred to the book by Srivastava and Choi [12]. The main result of this section is the
following theorem.



Theorem 4. Let k > 1 be a natural number and let (a,)nen be a sequence of real numbers
such that Y a,n*' converges absolutely. Then the multiple series (10) converges and

00 k 00
1 : i
Z Any4ngt-+ny — ﬁ Z S<k7 Z) Z app ! )
( - 1) =1 p=k
where s(k,i) are the Stirling numbers of the first kind.
Proof. We have

Z Any+no+-tny, = Z ( Z an1+n2+--~+nk>
ni,ng,...,ng=1 p=k \nit+nz2+-+nr=p
= Zap ( Z 1)
p=Fk ni+ng+-+ng=p
-Zo(io)
P\k—1
p=k
1 . a
=i, PP -V -2 (k1)
S i% Ek:S(k i)p'
(k—1)1 &= p |4 ’
p=k =0
1 : ; S i—1
= (k_1)|ZS<kJ,Z> Zapp
1=0 p=k
1 - NS
- = Zs(k,z) Zapp ,
=1 p=k
since s(k,0) = 0 for k € N. The theorem is proved. O

The next result, which is a consequence of Theorem 4, is about the calculation of another
multiple series of a special form.

Corollary 5. Let 1 < i < k be fized natural numbers and let (a,)nen be a sequence of positive
numbers such that > ", a,n* converges. Then

k [e's)
Z N = Ay ng gy, = %Z s(k, i) (Z appi> J
_ i=1

p=k

where s(k,i) are the Stirling numbers of the first kind.



Proof. We have, based on symmetry reasons, that for all 4,5 = 1,...,k, one has that

o0 [e.9]

E T * Any+ng+etny, = § T * Qny+ng+etny s

ni,ng,...,np=1 ni,ng,...,np=1

and hence

o0

1
E N * Qnytngtetny, — 7 E (n1 +mng + - 4 Nk) - Ay gy ety

ni,ng,...,nE=1 n1,ng,...,nEp=1

e o]

and the result follows based on Theorem 4 applied to the sequence (na,,)nen- O

Corollary 6. a) Let k be a fized positive integer and let m > k. Then

1 1
'Zskz ( (m+1—-i)—1-— 2m+11_..._—(k_1)m+1_i),

where the parenthesis contains only the term ((m + 1 — i) when k = 1.
b) Let k and i be fized positive integers such that 1 < i < k, and let m be such that
m—k > 1. Then

o0

1
Z (n1+n2_|_..._|_nk)m

ni,ng,...,np=1
1< 1 1
— ' ) -l
w25 (<<m )=1- 5o = 1)m_l) ,

where the parenthesis contains only the term ((m — i) when k = 1.

The next result specializes to the case when the sequence a,, = 1/n!. Recall that, if
k € N, the series Sy = >~ ”T, also known as the Wolstenholme series, equals an integral
multiple of e, i.e., S, = Bye, (see [1, p. 197]). The integer By is known in the mathematical
literature as the kth Bell number [2] and the equality Sy = Bge is known as Dobinski’s
formula [3]. For example, By = 1, By = 2, B3 =5, By = 15, B; = 52. One can prove that

the sequence (By)gen verifies the recurrence formula
k-1
k—1
B = ( )B i1

The next corollary gives a recurrence relation involving the Stirling numbers of the first kind
and the Bell numbers. The formula is obtained by calculating, by two different methods, a
multiple series involving a factorial term.



Corollary 7. Let k > 2 and let i be fixed positive integers such that 1 <1 < k. Then

= n; e
a) Z (ng +ng+---4+np) kI

and the corollary is proved. O
The next result refers to the calculation of multiple Wolstenholme series.
Corollary 8. Let m and k be natural numbers. Then

00 k b1 ]
(ng+mng + -+ ng)™ 1 , pmticl
= k Bm 71— - )
Z: (n1+n2+...+nk)! (k_l)lzs( ;Z> +i—1€ Z

Ti=1 p=1

where the parenthesis contains only the term B,.;_1e when k = 1.
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