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Abstract
Cvetkovi¢, Rajkovi¢, and Ivkovi¢ proved that the Hankel transform of the sequence
of sums of adjacent Catalan numbers is the bisection of the sequence of Fibonacci num-
bers. Here, we find recurrence relations for the Hankel transform of more general linear
combinations of Catalan numbers, involving up to four adjacent Catalan numbers, with
arbitrary coefficients. Using these, we make certain conjectures about the recurrence
relations satisfied by the Hankel transform of more extended linear combinations.

1 Introduction

Given a sequence of integers {a, }>° ,, the Hankel matrix of the sequence is the infinite matrix
H whose (i,7) entry is a;y;. Here, we allow ¢ and j to be 0, so our rows and columns are
numbered beginning with 0. That is,

ap a1 a2
a; a2 das
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In general, if A is an infinite matrix, with row and column indices beginning at 0, and n > 0
is an integer, we let A(n) denote the upper-left (n+ 1) x (n+ 1) submatrix of A. Thus, H(0)
is the 1 x 1 matrix (ag), H(1) is the 2 x 2-matrix

i =20 2.

and
Qg a; Az
H(Z) = ay as as
Q2 Az Qaq

We let h,, = det(H(n)). Then the sequence {h,}2, is called the Hankel transform of the
sequence {a,}5° .

The Hankel transform is particularly interesting when applied to the Catalan numbers.
Recall that the Catalan numbers ¢, are defined by the recurrence relation

Cnt1 = CpCo + Cp—1C1 + Cp—2Co + -+ - + CoCpy

where ¢g = 1. It is well-known that the Hankel transform of the sequence of Catalan numbers
is the sequence of all 1’'s. Mays and Wojciechowski [6] found the Hankel transform of the
sequences obtained by removing 1, 2, or 3 terms from the beginning of the Catalan number
sequence. If we remove 1 term, then the Hankel transform is a sequence of 1’s; if we remove
2 terms, the Hankel transform is the sequence {n + 2}°° ; if we remove 3 terms, the Hankel

transform is the sequence {("H)(”ES)(%%)} . (Note that our n is k — 1 in [6].) Cvetkovié,
n=0

Rajkovi¢, and Ivkovié [5] proved that the Hankel transform of the sequence {¢, 4+ ¢,+1} is the

sequence 2,5, 13,34, 89, - - - consisting of every other Fibonacci number. Benjamin, Cameron,

Quinn, and Yerger [2] also reproved this result using a more combinatorial approach. Notice
that, in particular, the Hankel transform of the sequence {c¢,+¢, 1} satisfies the homogeneous
linear recurrence relation

hnvo — 3hpi1 + by = 0. (1)

In this paper, we take up the question of finding recurrence relations satisfied by more
general linear combinations of Catalan numbers. In particular, we ask

Question 1. Suppose given k + 1 integers ag, aq, g, -+ ,ax. Let {h,} denote the Han-
kel transform of the sequence whose n'* term is Zf:o @;Cpri- What homogeneous linear
recurrence relation, if any, is satisfied by the sequence h,,?

For example, in the case where k = 1 and ag = a7 = 1, we know that h,, satisfies the
recurrence relation of Equation 1. Of course, if £ = 0 and ag = 1, then {h,} is just the
Hankel transform of the sequence of Catalan numbers, so h, = 1 for all n. From this, it is
easy to see that when k£ = 0 and « is arbitrary, we have h, = aSH. Thus, the sequence

{h,} satisfies the first-order homogeneous linear recurrence relation
hn+1 - OZ()hn = 0.

Our next three theorems, which we will prove in this paper, answer Question 1 when
k=1, k=2 and k = 3. For ease of reading, we adjust our notation, replacing ag, a1, ao,
and ag by «, 3, v, 9.



Theorem 2. The Hankel transform of the sequence {ac,, + 3¢, 1} satisfies the second-order
homogeneous linear recurrence relation

hn+2 - (CY + 2ﬁ>hn+1 + ﬁZhn = 0.

Theorem 3. The Hankel transform of the sequence {ac, + [Bcni1 + Yenia} satisfies the
fourth-order homogeneous linear recurrence relation

Pia + (—a = 28 — 4y)hyi3 + (8% = 20y + 487 + 67%) b
+(—a =26 — 49V b1 + 7 h, = 0.

Theorem 4. The Hankel transform of the sequence {acy, + 3¢ni1 + Ynia + 0cnys} satisfies
the eighth-order homogeneous linear recurrence relation

hn+8

+(—a—28— 4y —85)hnt7

+(8% = 20y + 487 + 672 — 1208 + 435 + 24~8 + 285 ) hn s

+(—ay? — 28~% — 493 + 2036 + 43826 — dayd — 24728 — Tabd? + 2862 — 6062 — 566°)hnys

+ (v — 48726 + 8738 + 0262 + 40862 + 63262 + 120762 — 86782 + 367202 + 4005° — 8663 + 8075% + 706 ) hra
+(—ay? — 2672 — 473 + 2066 + 45%6 — 48 — 24426 — Tad? + 2662 — 60762 — 566%)6%hp s

+(B82 = 207y + 487 + 692 — 1208 + 435 + 2475 + 285%)5%hn o

+(—a—28 — 4y —85)6%h, 11

+6%h, = 0.

Of course, Theorem 3 follows from Theorem 4 by setting ¢ equal to 0, and Theorem 2
follows from Theorem 3 by setting v = 0. Notice also that the result of Cvetkovié¢, Rajkovic,
and Ivkovié¢ [5] follows from Theorem 2 by setting o = = 1. In this case, it is trivial to
check that the initial two terms of the Hankel transform are 2 and 5, and then the recurrence
relation implies the rest.

While the recurrence relations given above quickly grow in complexity as k increases,
there are several features of these recurrence relations that seem interesting. On the basis
of these features, we make the following conjectures. First, we note that the order of the
recurrence relations doubles each time we increase k by 1.

Conjecture 5. The Hankel transform of the sequence whose n'* term is

k
E QiCpyi
i=0

satisfies a homogeneous linear recurrence relation of order 2*.
We also notice that the coefficient of h,, o+, is of a particularly simple form.

Conjecture 6. The coefficient of h, o+ in the recurrence relation of Conjecture 5 is

—(Oé() + 20(1 +4C¥2 + -+ 2kOék).



Finally, we note that the coefficients of h,,, o1, and h,, seem to be related. For example,
in Theorem 3, the coefficient of h,,; is the product of 4? and the coefficient of h,, 3. Likewise,
the coefficient of h,, is the product of 4* and the coefficient of h,,_4.

Conjecture 7. When r < 2¥~1 the coefficient of h,,, in the recurrence relation of Conjec-
ture 5 is equal to the product of azk’% and the coefficient of h,_ ok_,..

Using Theorem 3, we can show that certain sequences in the OEIS [7] are Hankel trans-
forms of linear combinations of Catalan numbers. For example, if weset a =1,3=1,v=1,
we get the sequence

4,20,111, 624, 3505, 19676, 110444, 619935, 3479776, 19532449, . ..

which is sequence A014523 in the OEIS, the number of Hamiltonian paths in a 4 x (2n + 1)
grid (see also [4]). To see this, we simply observe from the OEIS that sequence A014523
satisfies the recurrence relation

Unta — TAny3 + Yany2 — Tapy1 + an = 0.

By Theorem 3, this is the same as the recurrence relation satisfied by the Hankel transform
of ¢, + ¢11 + ¢paa. One now simply observes that the first four terms of the two sequences
coincide!

Likewise, if we set « = 1,08 = 2,7 = 1, we get the sequence

5, 30,199, 1355, 9276, 63565, 435665, 2986074, 20466835, 140281751, . ..

which is sequence A103433 in the OEIS, namely the sequence Y\ Fi_; where F}, denotes
the k' Fibonacci number. To see this, we note from the OEIS that sequence A103433 has
generating function

o(l -4z +2%) T — 4 + 2°

Gla) = (1—Tz+22)(1—2)2 24—923+ 1622 -9z + 1’

From here, it is easy to check that the sequence satisfies the recurrence relation
Ppys — 9y + 16h, 2 — YRyt + hy = 0.

By Theorem 3, this is the same as the recurrence relation satisfied by the Hankel transform
of ¢, +2¢,11+cpio. Again, one simply observes that the first four terms of the two sequences
coincide.

Our paper is organized as follows. In Section 2, we state some basic results concerning
Hankel matrices and shifts of Catalan numbers. These results are proved in Section 3. Using
only these basic results, we prove Theorem 2 in Section 2. For Theorems 3 and 4 we need
somewhat more sophisticated arguments. To prepare for these, we state and prove two
easy lemmas about recurrence relations in Section 4. The work of Section 2 shows that we
can simplify our study of the Hankel matrices of linear combinations of Catalan numbers by
investigating a class of matrices which we call hyperdiagonal. We carry out this investigation
in Section 5, and use the results from there to finish off the proofs of Theorems 3 and 4 in
Section 6.
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2 Catalan Numbers and Hankel Matrices

In this section, we state some results about the Hankel matrices of shifts of the sequence of
Catalan numbers; we will prove these results in the next section. Using these results, we
give an easy proof of Theorem 2. To begin, we need some definitions.

Definition 8. Let C be the Hankel matrix of the sequence of Catalan numbers, so C; ; = ¢;,
where 4,7 are non-negative integers. Let C'{k} denote the Hankel matrix of the sequence
of Catalan numbers with the first & terms removed, so C{k};; = ¢ijix. In particular,

¢ = c{o}.
Definition 9. Let L be the infinite matrix defined by L;; = (—1)itd (zir;) (When i < 7,
L;;= 0.) Let U = L” so Us; = (_1)i+j (i—i—j).

j—i

Notation 10. For an infinite matrix A and an integer n > 0, let A(n) denote the upper-left
(n+1) x (n+ 1) submatrix of A.

In the next section, we will prove

Proposition 11. The matriz product LCU is the identity matriz. The matriz LC{1}U is
tridiagonal with

1, ifli—jl=1ori=j=0
, fi=g21

0, otherwise.

[\

(LC{1}U)i; =

That is, LC{1}U takes the form

O OO =
O O = N
O RN RO
_— N = OO
N = O OO

Assuming this result, we now obtain an elementary proof of Theorem 2.

Proof. Let {h,} be the Hankel transform of the sequence ac, + (¢, 41. The Hankel matrix
of this sequence is aC' + SC{1}. Recall that for an infinite matrix A, A(n) denotes the
upper-left (n+ 1) x (n + 1) submatrix of A. Then, we have

h, = det((aC + BC{1})(n))

Since L(n) and U(n) are triangular (n+ 1) x (n+ 1) matrices with 1’s on the diagonal, they
both have determinant 1, so we now have

hy, = det(L(n)(aC + BC{1})(n)U(n))



= det((L(aC + pC{1})U)(n)) = det((«LCU + GLC{1}U)(n)).
By Proposition 11, aLCU + SLC{1}U is equal to

B+a 164 0 0 0

6 204+« 154 0 0

0 I} 28+« 16 0

0 0 I} 20+ « I}

0 0 0 16 28+«
Thus,

f+a B 0 0 0
6 204« 0 0 0

hn _ .
" 0 0 2W+a B 0

0 0 e I} 28+« I}

0 0 e 0 I} 28+«
where the given matrix has n 4 3 rows and n + 3 columns. Expanding along the last column
gives

B+ a 16 0 0 B+ a I6]
f 20+a 0 0 B 28+«
20+a)| : : —- 8| :
0 0 28+« I¢] 0 0
0 0 I} 28+« 0 0

Expanding the right-hand matrix along the bottom row now yields

B+ a 5

I} 20+ «
(28+a)| :

0 0

0 0

0 0

0 0

: — 3
20 4+ « 15}

I} 20+ «

= (26 + @)1 — B h.

Thus, hpio — (28 + a)hpyt + $%h, = 0 for all n > 0.

f+a [f
15} 20+ «
0 0

In the next section, we will also prove the following Proposition:

Proposition 12. When i+ j >k >0, (LC{k}U);; = (

2k )

kti—j




Again, (::L) is defined to be 0 when m < 0 or m > n. We will later use this proposition
in the proofs of Theorems 3 and 4. As an example, LC{2}U takes the form

23100 0
36 410 0
146 41 0
0146 4 1
00146 4
00014 6

The 3 entries in the top left (the 2 and the two 3’s) are not given by Proposition 12, but can
easily be computed directly. Likewise, LC{3}U takes the form

9 5 1 0 0
19 15 6 1 O
15 20 15 6 1

6 15 20 15 6
1 6 15 20 15
0 1 6 15 20 1
0 0 1 6 15 20

D= O OO

O O O = Ot O ot
t

Again, the six entries in the top left (the three 5’s, the two 9’s, and the 19) are not given by
Proposition 12, but can easily be computed directly.

3 Proofs of Propositions 11 and 12

In this section, as the title suggests, we prove Propositions 11 and 12. The main technical
tool in these proofs is the following Lemma. The second author used this idea previously [3]
having found it originally in a paper by Bajunaid, Cohen, Colonna, and Signman [1].

Lemma 13. Let g(z) be the power series Y - cxz". Then, g(z(1—z2)) =Y ;0 2"
Proof. By definition of the Catalan numbers,

g(2)* = Z (Z clck_l> k= ch+1zk.

k=0 =0 k=0

Thus,
[ee] [e.e]
2g(2)* = chﬂzk“ = chzk =g(z) - L
k=0 k=1
We may substitute z(1 — z) into this equation to obtain
21 =2)g(2(1 = 2))” = g(2(1 — 2)) — 1.

7



Multiplying by z(1 — z) yields

(2(1 = 2)g(2(1 = 2)))" = (2(1 = 2)g(2(1 = 2))) = 2(1 = 2).

If we let h(z2) = z(1—2)g(2(1—2)), then the above equation implies h(z)?—h(z)+2z(1—z) = 0,
so that (h(z) — z)(h(z) — (1 — z)) = 0. Since the ring of power series is an integral domain,
this implies h(z) = z or h(z) = 1 — 2. But we know h(0) = 0, so h(z) = 2z, whence

2(1 = 2)g(2(1 — 2)) = z. This implies g(z(1 — 2)) = 7 = > ooy 2" O

z

Corollary 14. Suppose 1 >t > 1. Then, we have

2i—t
k+t
2: 1\k+t
(=1) (2i—t—k>ck .

k=i—t

For any i > 0, we have

and

Proof. First, we have

00 oo k4t
(1—2)'g(2(1 - 2) Z 2 (1 — 2)F Z Z (k * t) e,

k=0 k=0 m=0

For an integer i > 0, the coefficient of 2%~ is

21—t
k+t
-1 k+t )
sz;t( ! (% e k> "

On the other hand, by Lemma 13, (1—2)%g(2(1—2)) = (1—2)", soif i > ¢, then 2i —t > t,
so the coefficient of 7 — ¢ is 0.
For the second formula, we have

k=i

By Lemma 13, this coefficient is equal to 1.



Finally, we have

For an integer i > 0, the coefficient of %! is

2141
k1
-1 k—1 )
2. (1) (2¢+1—k>c’“

k=i+1

But by Lemma 13 again,

g(z(1—=2)—1 1/(1—-2)—1 z
1—z 1—z _(1—2)2_Zka’

so the coefficient of z%*! is 2i + 1.
]

Lemma 15. The product LC' is an upper triangular matriz, with LC;; = 1 for all i > 0,
and LCi,i+1 =2 + 1.

Proof. First, we observe that since L is lower triangular,

(LC)ij = Z LixCj = Z L; xCy. 5,
k=0 k=0

so that the matrix product LC' is well-defined. Now, by definition of L and C,
i i+ k el i—j+k
LC); =Y (=1)*F = (=) .
(10 = 30 (7 Jevs S (e

When j < i, let t =4 —j. Then ¢ >t > 1, and the sum becomes

2i—t

2 (1 <2i ]iji k) *

k=i—t
which is 0 by Corollary 14. The other two statements similarly follow from Corollary 14. [
We are now ready to prove Proposition 11.

Proof. (of Proposition 11). First, LC' and U are both upper triangular with 1’s on the
diagonal, so LCOU is upper triangular with 1’s on the diagonal. Also, (LCU)! = U'C'L! =
LC'U. Since C is symmetric, this is LCOU. Thus, LCU is also symmetric, so LCU is the
identity.



Now, (LC{1});; = 0if ¢ > j+ 1. Since U;; = 0 for ¢ > j, it follows easily that
(LC{1}U);; = 0 whenever i > j 4+ 1. Moreover, when i > 1, we have

NE

(LC{U)s 1 = S (LC{Y)ixlki

i
o

i—1

= Z (Lc{l})i,kUk,pl = (Lc{l})i,plUiq,iq =LC; ;Ui -1.

h=i—1
By Lemma 15, this is 1. When ¢ > 1, we have

(LC{1YU), i (LC{1})s x Uk

7

= Z (LC{1})ikUk; = (LC{1});i-1Uizq ;s + (LC{1})::Us s

k=i—1
= (LC)MUZ'_U + LOz'7i+1Ui,z'-

By Lemma 15 and the definition of U, this is —(2i —1)+2i+1 = 2. Likewise, (LC{1}U)o =
(LC{1})o0Uoo = (LC)o1Upo = 1. The rest of the claim follows since LC{1}U is symmetric.
[l

We now turn to considering LC{k}U. The following definition will be useful.

Definition 16. Let S be the infinite matrix defined by S; ; = 9; j+1, where 0 is the Kronecker
delta symbol.

We note that if A is an infinite matrix, then AS is the matrix obtained by removing the
first column of A. In particular, if A is the Hankel matrix of a sequence {a;}$°,, then AS is
the Hankel matrix of the sequence {a;}°,. Thus, C'S* = C{k}.

Proposition 17. For any k > 0, we have (LC{1}U)* = LC{k}U.

Proof. We have seen already in Proposition 11 that LCU = I, so LC{0}U = (LC{1}U)°.
It is easy to check that if A and B are both upper triangular, then (AB)(n) = A(n)B(n).
Thus, (LC)(n)U(n) is the n + 1 x n + 1 identity matrix. Thus, LC(n) = U(n)™!, so
(ULC)(n) = U(n)(LC)(n) is the n 4+ 1 x n + 1 identity matrix for each n. Therefore, ULC
is the infinite identity matrix. Thus,

(LC{1}U) = (LCSU)* = LCS(ULCS)*'U

= LCS(S* YU = LCS*U = LC{k}U.
We now can prove Proposition 12.

10



Proof. (of Proposition 12) We prove this by induction on k. The cases when k =0 or k =1
follow easily from Proposition 11. Now, suppose the claim holds when £k =t > 1. Then by
Proposition 17 we have

LO{t + 1)U = (LC{LYUY(LCLYU) = (LC{U)(LC{1}U).

Thus, we have

(LO{t+ 1}U)iy = > (LC{}U)iy(LC{1}U ).

]
If j > 1, then by Proposition 11, we get

(LC{t+1}U);; = (LC{t}U); j—1 + 2(LC{t}U); ; + (LC{t}U); j11.

Now, assuming i + j >t + 1, we have i + (j — 1) > ¢, so by the inductive hypothesis, the

above sum is
2t 2t 2t
. +2 N I .
t+i1—75+1 t+1—7 t+1—7—1
B 2t . 2t n 2t n 2t
o\t +i—j+1 t4+i—j t4+i—j t+i—j—1
_< 2t +1 >+<2t+1)_( 2(t+1) )
S \t+i—j+1 t+i—j5) \(t+1)+i—j)
as needed.

On the other hand, if 7 = 0, then by Proposition 11, we get

(LC{t + 1}U)i; = > (LC{IU)ia(LC{1}U )1y = (LC{t}U )i + (LC{t}U ;1.

Now, since we may assume i + j > t + 1, we have ¢« > ¢t + 1, so by the inductive hypothesis,
the above term is (titz) <t+z ) = (iﬁl) fe=t+1, then
< > L ( 2(t+1) )
S\t D) +id)
while if ¢ > ¢t + 1, then
204+1\ [ 2(t+1)
t+i) \(t+1)+i)’
as needed. O

4 Recurrence Relations

In this section, we make two observations about solutions to recurrence relations. The second
observation, Lemma 20, is an easy application of the Cayley-Hamilton theorem to recurrence
relations. The first observation, Lemma 19, describes a technique for showing that a given
solution of a recurrence relation in fact satisfies a recurrence relation of lower order. An
example will help to illustrate this idea.

11



Example 18. Suppose a sequence {z,} satisfies the recurrence relation
Ant3 — 2Gp42 + an = 0,
and suppose that x9 = x1 + x¢. Then the sequence {z,} satisfies the recurrence relation
(pyo — Apy1 — A = 0.
To see this, define a new sequence {y,} by ¥, = 4o — Tpi1 — T,,. Then
Ynt1 = Yn = (Tnt3 — Tnt2 — Tnt1) — (Tnt2 — Tnp1 — Tn)

= Tp43 — 2xn+2 +x, =0,

SO Yn+1 = Yp for all n. At the same time, yo = r9 — 21 — 29 = 0. Thus, y, = 0 for all n, so
that x40 — x,01 — x, = 0 for all n.

To generalize the example above, recall that a recurrence relation
Cllptk + Ch—10ntk—1 + -+ + C1Gpy1 + oty =0
has an associated characteristic polynomial
p(2) = g + 2 F e+ o

In the following lemma, we suppose given two polynomials of degree k; and ks respec-
tively:
m(z) = ch,lxj, po(z) = ch,ng.
J J

Here, the summations are over all integers, but ¢;; = 0 for all j > k; and all j < 0, while
cjo = 0 for all j > ks and all j < 0. We let

Q(x) = Pl(l“) ‘p2($) = Z (Z Cz,1Cjz,2> .
j l
Lemma 19. Suppose given a sequence {x,} such that for some positive integer m, we have

1. {x,} satisfies the recurrence relation with characteristic polynomial q(x) for n > m,
and

2. For0 <n <m+ky — 1, we have chﬂxnﬂ- = 0. That is, for0 <n <m-+k —1,
{z,} satisfies the recurrence relation with characteristic polynomial pa(zx).

Then {x,} satisfies the recurrence relation with characteristic polynomial ps(x) for alln > 0.

12



Proof. Let y, =} ¢joTpn1j. Then

5 Cl,lyn+l=§ E Cl,lcj,2$n+l+j=E (E Cl,lcj—l,Q) Tntj-
U J

l l

By our first hypothesis, this last term is 0 whenever n > m, so {y,} satisfies the kt"-order
homogeneous linear recurrence relation with characteristic polynomial p;(z) for n > m. By
our second hypothesis, y, = 0 for 0 < n < m + k; — 1, which includes the k; consecutive
values of n beginning at m. It follows by induction that y, = 0 for all n > 0. Thus, {z,}
satisfies the recurrence relation with characteristic polynomial py(z). ]

Now, we turn to our application of the Cayley-Hamilton theorem. Consider a sequence
{%,} of vectors in R™; we let v% denote the i*® component of @,.

Lemma 20. Suppose {v,} satisfies the recurrence relation v, 1 = At,, where A is an mxm
matriz. Then for each i € {1,2,...,m}, the sequence v! satisfies a recurrence relation
whose characteristic polynomial is equal to the characteristic polynomial of the matriz A,
det(AI — A).

Proof. Let p(\) = det(A] — A) = ¢, A"+ ¢1 A™ 1+ - -+ ¢o. Then by the Cayley-Hamilton
theorem, p(A) = 0, so for any n,

AT, + e 1 AT, 4 - 4 o, = 0.
Since ;.1 = Av, for all n, this yields
CmUnt+m T Cm—1Untm—1 T + CoUp = 0.

Now, taking the i*" component of the above equation yields the result. O

5 Hyperdiagonal matrices

Just as Proposition 11 allowed us to study the Hankel transform of the sequence ac, + 3¢, 41
in the proof of Theorem 2, so Proposition 12 allows us to investigate the Hankel transforms
of more complicated linear combinations of Catalan numbers. Proposition 12 motivates
studying a class of matrices which we now describe.

Definition 21. An infinite matrix M is k-hyperdiagonal if M, ; = 0 whenever |j — i| > k,
and for j+1i >k, M, ; only depends on |j —i|. We let m; and m_, denote the value of M, ;
when |j —i|=tand j+i >k (somy =0 when t > kor t < —k.)

Example 22. By Proposition 12, the matrix LC{k}U is k-hyperdiagonal, with m, = (,f_kt) =
2%k
(s2):
In this section, we will investigate the determinants of the sequence of upper left (n +
1) x (n + 1) submatrices of a k-hyperdiagonal matrix M.

13



Notation 23. Suppose M is a k-hyperdiagonal infinite matrix, and let 7 denote the integer-
valued vector (ry,ry, -+ ,rg), where —k < 1y <71y < -+- <rp < k. Let M(n)z denote the
(n+ 1) x (n+ 1) matrix whose (7, j) entry is given by

M, ;, 0<i<nand 0<j<max{0,n—k+1};
Minir, nyy, 0<i<nand max{0,n —k+1} <j <n.

Thus, when n > k, M(n); is obtained by removing all rows of M past the n'' row,
retaining the 0" through (n — k)™ columns, removing all columns past the (n+ k)" column,
and retaining the (n + ;)™ columns for 1 <i < k.

Remark 24. It 7= (1 — k,2 — k,3 — k,...,0), then M(n)z = M(n), where we recall from
Notation 10 that M (n) denotes is the upper left (n + 1) x (n 4 1)-submatrix of M. Indeed,
in this case, r; =t — k, S0 n + 7j_(n—r) = J, Whence Mz‘,n+rj,<n,k) =M, ;.

Example 25. Suppose k£ = 2 and

* x« x 0 0 0 0
*x z y x 0 0 0
ry 2z y x 0 0
0z y 2z y o 0
M=10 0 z y z Yy x
000 2y 2z vy
0000z vy =
Then
x x xr 0 0 0 O
*x 2z y x 0 0 0
ry z y x 00
M@®6)oy=10 =y z y 0 0
0 0 zy 2 2 0
0 00 z vy y O
0000 x 2z =

Here, we have retained columns numbered 0 through 4, together with columns numbered
6 =64 0 and 8 = 6 + 2. As another example, if we retain columns numbered 5 = 6 + (—1)
and 7 =6+ 1, we get

o e 8 O
T ve 8 OO

Do o K8 € O ¥
oo RC e R

OO OO 8 ¥ ¥
e 8 OO0 o
= 8 OO0 o0 oo



Observe that the determinant of M (6)o,2) is equal to the product of x and the determinant
of M(5)(-1,1y. Likewise, the determinant of M (6)_y 1) is

x (det(M(5)102))) — v (det(M(5)(—1.9)) +y (det(M(5)-1,0))) -

As we will shortly show, the determinant of M (n)r can be expressed as a linear combination
of determinants of the form M (n—1)z for various vectors 5. We now describe how the needed
vectors 5 can be obtained from 7.

Notation 26. Suppose 0 <[ < k, and suppose given a vector 7 with
—k<ri<rg<---<r,<k.

If r, < k or [ = k, let 6;7 be the vector obtained by inserting —k as a 0" term, removing
the {*" term, and then adding one to all the components of 7. If 7, = k and [ < k, then §;7
is undefined.

Thus, if [ = k, then

= (=k+1,ri+1ro+1,-- rpq+1).

When 1 <[ <k —1, and rp < k, we have
r={(-k+1,m+Lro+1,-- rg+Lrna+1- r+1).
If Il =0 and r; < k, then
dor = (ri+Lro+ 1, Jrp+ 1),
Lemma 27. Suppose 0 <1<k, n>k—1, and 7 is a vector with
—k<ri<rg<---<nr,<k.

Ifri, =k and | < k, then removing the n'" row and the (n — k +1)" column of M(n)y yields
a matriz with a column of all zeros. If 1, < k or | = k, then removing the n' row and the
(n—k+1)" column of M(n)y yields M(n — 1)s,7.

Proof. First, if ry = k and [ < k, then for 0 < i <n —1, the (¢, n)-entry of M(n)yis M; ,44,
which is 0 since n+k —i > k and M is k-hyperdiagonal. Thus, since n —k+1[ < n, it follows
that removing the n'" row and (n — k + )" of M(n); yields a matrix whose last column is
all 0’s.

Now, suppose r, < k or [ = k. Let M’ denote the n x n matrix obtained by removing
the n'™ row and the (n — k + )™ column from M (n)r. Then M/, is equal to the (i, )
entry of M(n)7 when 0 < j <n — k41 and is equal to the (7,7 + 1) entry of M (n)z when
n—k+1<7<n-—1. Thus,

M; , if0<i<n-—1and 0<j<max{0,n—k+1};
M ;= Mipir, if0<i<n-—1land max{O,n—k+1} <j<n—k+I;
M; if0<i<n—-landn—k+1<j<n-—1.

(n—k)?

M1 (n—k)

15



Now, for a sequence —k < s1 < s9 < -+ < s < k, the (7,7) entry of the n x n matrix
M(n —1)zis

M, ;, if0<i<n-—1and 0<j<max{0,n—k};
Mi(n-1)ts;_n 1> H0<i<n—1and max{0,n —k} <j<n-—1.
When sy = —k+1and j=n—k, M;p_1)+s Si—mot) = M; ;, so the above can be rewritten
as
M, ;, if0<i<n-—1land 0<j<max{0,n—k+1};
Mi(n-1)+s;_(n_1_ny» H0<i<n—1and max{0,n —k+1} <j<n-—1

If we set § = §;7, then we see that M (n — 1) = M’, as needed. O

Notation 28. Let d(M,7), = det(M(n)7). In general, there are (%) vectors ¥ with —k <

1 <1y < --- <71 <k, and we will order these lexicographically, starting from (—k+1, —k+
2,---,0) and ending at (1,2,3,--- k). For a fixed value of n, the set of numbers d(M, ),
thus forms a column vector of length (Qkk), which we will denote d(M),,.

Corollary 29. Suppose n >k, and suppose ¥ = (ry,r9, -+ , 1)) where
—k<ri<rg<---<r,<k.

Let ro = —k. Then
k

Z mrl M 5l7_j)n 1-

=0
If ri, = k, then d(M,T), = m,, d(M, 6k77)n,1.

Proof. This follows immediately from Lemma 27 using cofactor expansion along the bottom
rOw. 0

Using Corollary 29, we may find a recurrence relation for the sequence d(M),, in R,

Example 30. Suppose £ = 1. Then there are 2 permissible vectors 7 of length k = 1,
namely (0) and (1). By Corollary 29, we have for n > 1

d(M,{0))n = —mad(M, (1))n—1 + mod(M, (0))n-1,
and
d(M, (1))n = mid(M, (0))n—1.

We will write z,y for mg, my respectively. Then, the system of equations above can be
written in matrix form as

a0, = (57 dtan)

for all n > 1. Shifting indices, we have for all n > 0:

A(M )iy = (; _oy) d(M),,.

16



By Lemma 20, for each permissible vector 7, the sequence d(M,7), satisfies a recurrence
relation with characteristic polynomial equal to the characteristic polynomial of the matrix
(; _Oy)’ which is A2 — 2\ + y2. By Remark 24, the sequence of determinants det(M(n))
coincides with the sequence d(M,(0)),. Thus, the sequence of determinants det(M(n))
satisfies the recurrence relation with characteristic polynomial equal to A2 — 2\ + 32

Example 31. Now suppose k = 2. Then there are 6 permissible vectors 7 of length k = 2,
namely (—1,0), (—1,1),(—1,2),(0,1),(0,2),(1,2). Now we will write z,y,x for mg, my, msy
respectively. Using Corollary 29 again (and again shifting indices), we can compute that for
n>1

z —y 0 2 0 O

y 0 —y 0 2 0O

x 0 0 0 0 0
(M)t = 0y —2 0 0 =z d(M)n.

0O = 0 0 00

0O 0 2 0 00

Here, the characteristic polynomial of the matrix in the above equation is
N — 2N+ (2 — )N+ (2222 — 20PN + (22 — 2N — 2o\ + 20,
Y Y Y
which factors as
(A —2)2 (At + (22 — )X + (227 + y® — 222)\* + (22° — 2?2)\ + 2?).
Again, it follows from Lemma 20 and Remark 24 that the sequence of determinants
det(M (n)) satisfies a recurrence relation with the above characteristic polynomial for n > 1.

Example 32. Now suppose k£ = 3. In this case, there are (g) = 20 permissible vectors 7 of
length 3. We then use Corollary 29 as in Example 31 above, and we get a 20 x 20 matrix A
such that

A(M) iy = A - d(M),
for all n > 2. The matrix A can be expressed as follows, where we write z,y,z,w for
mg, My, Ma, M3 respectively.

z -y 0 0 = O 0 0 0 0 —-w O 0 0 0 0 0 0 0 0
y 0 —y 0 0 = 0 0 0 0 0 —w 0 0 0 0 0 0 0 0
z 0 0 -y 0 O z 0 0 0 0 0 —w 0 0 0 0 0 0 0
w 0 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0O vy -2z 0 0 O 0 =z O 0 0 0 0 —w 0 0 0 0 0 0
0 = 0 -2 0 O 0O 0 =z O 0 0 0 0 —w 0 0 0 0 0
0 w 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 zr -y 0 O 0 0 0 = 0 0 0 0 0 —w 0 0 0 0
0 0 w 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 w 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 vy -2z 0 gy O 0 0 0 0 0 0 0 —w 0 0 0
0 0 0 0O =z 0 -2 0 y 0 0 0 0 0 0 0 0 —w 0 0
0 0 0 0 w O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 =z -y O 0 v 0 0 0 0 0 0 0 0 —w 0
0 0 0 0 0 w 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 w 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 =z -y =z 0 0 0 0 0 0 0 0 0 —w
0 0 0 0 0 0 0 w O 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 w O 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 w 0 0 0 0 0 0 0 0 0 0

17



The characteristic polynomial of the above matrix factors as the product

(NS — 2\ +wyd? — w?2 )\ + wiyA\? — wiozh + w2
(A4 (22 — 2)A" + (w? + 22° — 2wy + 3 — 222)\°
+2w?z 4 22° — 4wy — wz — 122 4 2wy2)\°
+(4w?s? + 2t — 4wy — dway + 2wy® + w?2)A
+2uwz 4 2w?ax® — 4wy — whzr — wir?z + 2wlyz) N\

(

+(wb + 2wtz? — 20y + why? — 2wrr2) N2 + 2wz — W)\ + Wb

Again, it follows from Lemma 20 and Remark 24 that the sequence of determinants
det(M (n)) satisfies a recurrence relation with the above characteristic polynomial for n > 2.

6 Proofs of Theorems 3 and 4

Before turning to the proofs of Theorems 3 and 4, we give another proof of Theorem 2. As
in our previous proof, we let {h,,} denote the Hankel transform of the sequence ac,, + fcp 1,
and we recall that
hy, = det((«LCU 4+ SLC{1}U)(n)).

Thus, if we let M = oLCU + SLC{1}U, then h, = det(M(n)). Now, by Proposition 12,
the matrix M is a 1-hyperdiagonal matrix, with m; = 4 and mo = 23 + «. By Example 30,
substituting y = [ and z = 2 + «, the sequence det(M (n)) satisfies a recurrence relation
with characteristic polynomial \> — 2\ + y? for all n > 0. That is, for all n > 0, we have

Pryo — (28 + @)hpy1 + 3*h, = 0.
Our proofs of Theorems 3 and 4 follow a similar pattern.

Proof. (Theorem 3). We let {h, } denote the Hankel transform of the sequence ac,, + ¢, 41+
YCni2. We then have

hy, = det((aLCU 4+ SLC{1}U + ~vLC{2}U)(n)).
Thus, if we let
M = aLCU + BLC{1}U + ~vLC{2}U,

then h,, = det(M(n)). Now, by Proposition 12, the matrix M is a 2-hyperdiagonal matrix,
with

me =7, my =4y + [, mo =67+ 20 + a.
By Example 31, substituting z = v, y = 4y + 8 and 2z = 67 + 23 + «, we find that for
n > 1, the sequence h,, = det(M(n)) satisfies the recurrence relation whose characteristic
polynomial is the product of (A —+)? and

M4 (—a =28 —49)\* + (8% — 2ay + 487 + 692)A\ + (—a — 28 — 49)* A+~

18



We compute directly that for 0 < n < 2, h,, satisfies the recurrence relation with character-
istic polynomial

M4 (—a =28 — 49N + (8% — 2ay + 487 + 692N + (—a — 28 — 47)y* X + .
Our result now follows from Lemma 19 with m =1, ky = 2, and ky = 4. O]

Proof. (Theorem 4). We let {h,,} denote the Hankel transform of the sequence
acy, + Bcpi1 + Yenio + 0Cnis.
We then have
hy, = det((aLCU + BLC{1}U + vLC{2}U + SLC{3}U)(n)).

Thus, if we let
M = aLCU + SLC{1}U + vLC{2}U + § LC{3}U,

then h, = det(M(n)). Now, by Proposition 12, the matrix M is a 3-hyperdiagonal matrix,
with
mg = 0, mo = 60 + v,my = 150 + 4v + B, mg = 200 + 67 + 20 + «.

By Example 32, substituting w = 9§, x = 60+, y = 156+4v+ 3 and z = 200 +6y+23+a, we
find that the sequence h,, = det(M(n)) satisfies the recurrence relation whose characteristic
polynomial factors as the product of the square of

(NS (= = 68)A5 4 (B + 4y + 158)0A* + (—ar — 28 — 67 — 208)5%X3 + (B + 4y + 158)33 A2 + (—v — 68)5* + 89)

and

>\8

H(—a—23 — 4y — 85)\T

+(8% — 200y + 487 + 672 — 1228 + 488 + 24~6 + 2862)X\°

+(—ay? — 2892 — 473 + 2086 + 4625 — 4aryd — 24725 — Tad? + 2662 — 60762 — 5656°)\°

+(v* — 48726 + 8v38 + o262 + 40862 + 66262 + 120762 — 862 + 367262 + 406> — 835 + 80782 + 7064) A
+(—ay? — 2692 — 493 + 2086 + 4526 — dayd — 24725 — Tad? + 2662 — 60~6% — 565°)52\3

+(B2 — 207 4 487 + 692 — 1208 + 436 + 2445 + 285%)54 A2

+(—a — 28 — 4y — 85)5°\!

+6870

We compute directly that for 0 < n < 13, h,, satisfies the recurrence relation with
characteristic polynomial equal to the second polynomial above. Our result now follows
from Lemma 19 with m = 2, k; = 12, and ky = 8. O
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