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Abstract

For an integer b > 2 and for z € [0,1), define py(z) = > 07, {{b;nx}}, where {t}}
denotes the fractional part of the real number ¢. A number of properties of p; are
derived, and then a connection between p, and the rumor conjecture is established.
To form a rumor sequence {z,}, first select integers b > 2 and k > 1. Then select an
integer zp, and for n > 1 let z, = bz,—1 mod (n + k), where the right side is the least
non-negative residue of bz,_1 modulo n + k. The rumor sequence conjecture asserts
that all such rumor sequences are eventually 0. A condition on p; is shown to be
equivalent to the rumor conjecture.

1 Introduction

In this note, b > 2 is a fixed integer. For x € [0, 1), define py(z) = > 7, {{b;f}}, where {t}}
denotes the fractional part of the real number t.

A b-adic rational is a rational which can be written as a quotient of an integer and a
non-negative power of b. When a b-adic is written in the form 5, and m > 0, it will be
assumed b does not divide a.
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The p, function is similar to the well known Takagi function 7(z) defined by 7(x) =
Sy =222 where <t>> is the distance from ¢ to the nearest integer. Whereas the sum-
mand of the Takagi function is a triangle wave, the summand of p,(x) is a sawtooth wave.
(See Figures 1, 2.) The function y = <2"z>> is continuous and periodic with period 27",

and it follows that 7 is continuous. It turns out 7 (see Figure 3) is also nowhere differentiable.

Figure 1: y = <2%r> Figure 2: y = {2%z}}
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Figure 3: y = 7(2) Figure 4: y = pa(x)

The Takagi function has interesting analytic properties not shared by p,. For example,
while the Takagi function is continuous, p, is easily seen to be continuous except at the
b-adics as suggested by Figure 4 for the case b = 2. In general, at each b-adic, 3, py 1s right
continuous with a jump discontinuity of _mel(b—l)' On the other hand, the p, function
has interesting number theoretic features not shared by 7 as we will show in the following
section.

In the final section of this note, we show that the p, function is related to the rumor
conjecture described in Dearden and Metzger [1], and finally a conjecture concerning p;, that

is equivalent to the rumor sequence conjecture is stated.



2 Arithmetic Properties of the p, Function

An alternative expression for p,(x) can be given in terms of the base-b expansion of . In this
note we will follow the usual convention that base-b expansions of b-adics terminate rather
than end with an infinite string of (b — 1)’s.

Theorem 1. If > 77, b—j is the base-b expansion of x € [0,1), then py(x) = > 72, %

Proof. Let 2 =3.°, % €[0,1). Then

j=1 bJ
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Theorem 2. The range of py is [0, 327).

Proof. Let y € [0, 3~ 1) be given. Integers d; € D ={0,1,...,b— 1} are selected recursively
as follows. First let dy be the largest integer in D such that %1 < y. Assuming dy,ds, . .. dZ 1
have been selected, take d; to be the largest integer in D such that id’ <y-— ZZ L idy

j=1 b3 -
this way, the base-b expansion of a number x = 2;01 3 s constructed
We now show that this expansion of z does not end in an infinite sequence of (b — 1)’s,
and consequently z € [0,1) and py(z) = > 277, % To this end, by way of contradiction,
assume the expansion does end with an infinite sequence of (b — 1)’s. It can not be that all

the digits, d;, are b — 1 since, if they were, we would have
—Jd g~ Jb—1) J b b
= = , (b—1) ==(b-1) =
Zbﬂ Z b7 ZbJ (b—l)2 b—1’
Jj=1 Jj=1 j=1

but Z _1 ch? <y< b_il So there must be a last digit, dy, that is less than b — 1. It follows

that for allm > L,

L—1 m—1
m(b—1) jd;  Ldy, jb—1)
et D Dyl bl Dl
J=1 j=L+1
Hence, for all m > L, we have
Ld, <N j(b—1)  jd;
DD Tt D D vy
j=L+1 j=1



Consequently

00 L-1 .
jb—1) b ) Jd;
+ 2 Z b
j=L+1 j=1
Now
i jb—1) (L+1)b—1L L
(b —1) bl
j=L+1
Thus .
L(d,+1) Ld, L jd
T TR ST A
contradicting the choice of dy.
For any ¢ with d; < b — 1, we have
. i—1 . .
id; gd; i(d; +1)
— <y-— — < 0y
j=1
Since that holds for infinitely many 7, and since > °° i1 b—j is a positive series, it follows that

oo jdj
py(x) = Zj:OJb_j =Y
O

The = constructed in the proof above is the largest of the inverses of the given y under
pp- Call the x so constructed the greedy inverse image of y. In order to construct a valid
base-b number x as the greedy inverse of a given y, we explicitly required each d; to be an
element of the set D = {0,1,...,b— 1}, rather than using a floor function, as in

i i—1 jd;
¥ (- %)

l

Since this integer may be larger than b — 1, the restriction on d; was needed. We now show
that d; is eventually given by this floor function expression.

Corollary 3. With the notation as in the proof of Theorem 2, for large enough 1,

v (v- T %) jd; i
= j j /3
, and 0 <y ]21 o <

- 7 bt

j=1 bJ
b, and, thus, [z]| € D. From the proof of Theorem 2, there is an integer n with d, < b — 1
where d,, is the largest integer in D = {0,1,...,b — 1} such that

Proof. We show, for i large enough, that the quantity z = b° <y — Zi:l ]ﬁ> /i is less than

nd, ]d
< Ean iy
=Y ; b



Thus, we see that

nd, gd;  n(d,+1)
—_— — — 1
bn - Z b] bn ( )
7j=1
Equivalently, we have
n n—1 jd;
b (y - Zj:ll Jb_y>
d, < <d,+1
n
Now, since d,, + 1 < b, we have that
o (v — 50 )
eD.

And, rearranging (1) we see that

b7 b
7=1
Inductively, consider any i > n where
jd; i
0<y— — < —. 2
<y Z < (2)

By definition, d;,; is the greatest integer in D such that

g i jd
pi+1 (y -, ]b_]j>

1+ 1

diy1 <
Moreover, using (2), we have

i i jd;
bt (y - Zj:l ]b_J]> 7

<
1+ 1 1+ 1

Hence, as before, we have that

dit1 =



since the value of the floor expression is an element of the set D. Finally, from (3), we have

(Z+1 i1 Z—|—]_ (dz+1+]—)
bz-‘,—l Z bz—l—l :
From which we have -
1+ . .
]dj 1+ 1
0§9—2ﬁ< pitl
j=1

completing the induction.
O

There are several easily verified functional identities satisfied by p, stated in the next
theorem.

Theorem 4. The following identities hold for py:

(a) For the b-adic x = % € [0,1), pp(x) + pp(1 — z) = b_il — mel(b_l)

(b) For any non-b-adic x € [0,1), py(x) + pp(1 — z) = ;2.

(¢) For z €(0,1) and integer m > 1, py (%) = 2 + = po(2).
(d) If b™x € [0,1), then py(b™x) = 0" py(x) — mb™x.

Theorem 5. Suppose ; is a rational number in lowest terms with ged(t,b) = 1. If py(3) = 2,

a rational in lowest terms, then (1) there is a divisor t' > 1 of t such that (t')?* divides v,

and (2) b divides u.

Proof. Since t is relatively prime to b, the base-b expansion of 3 is purely periodic. Let r be
the order of b modulo ¢, so that r is the period of that expansion. That means there is an
integer ¢ so that ¢t =b" — 1. Then

s s Dim Vs b”’d
z:E— _]__mer Z bmr

m>1 m>1

where

; — Z% = Z i b”fl:“ has period r.

§>1 m>0 i=1



First, calculate py(7) as follows:

+ mr+i +
=n(3)= Z DI o) gl

m>0 i=1 m>0 i=1

DI (mrz DN

m>0
Y G (mrzbr-fdi Py

m>0 i=1 i=1

1 :

= Z Ty (mrecs + w) , where w = Z ib"'d;

m>0 1<i<r
_o_res W _res+ (0" —1Nw  res+ctw
=12 -1 (r—12 22
_rs+tw
o oaet?

Let d = ged(t,r) and define ¢ and 7’ by t = td and r = r’d. Then, we have

ctt!  cd(t')?

s r's+tw r's+tw
(-

Since r divides ¢(t) we have
r < (t) <t, hence, 1 <7r' <t

In particular, we have that t’ # 1.

Since t' is relatively prime to both s and 7/, we have that (#')* does not cancel when the
fraction is reduced to lowest terms. That completes the proof of (1).

For the proof of (2), calculate py() as

n(3) - Ly

m>0 i=1 i=1 m>0

1 - r—i : (N
:—<br_1)22dib (r—i+40b").
=1

Note that b is a factor of each term in the sum, including the term when ¢ = r. Since b
is relatively prime to b” — 1, it follows that b divides w.
O

Corollary 6. There are rationals in the range [0, %) of py that are not images of any
rationals in its domain.



Example 7. For b # 3, the rational % cannot be the image of a rational under p,.

The conditions given in Theorem 5 apparently do not completely characterize the ra-
tionals that are images of rationals. In particular, for b = 2 we suspect that among
%, k=1,2,4,5,7,8, only g = pg(%) and % = pg(%) have rational inverse images.

In Theorem 8 we derive an expression for p(3) analogous to one for the Takagi function
given by Maddock [2]. If the base-b expansion of the positive integer a is given by a =
S belt, define oy(a) by

m—1
op(a) = Z iegb'.
i=0

It is easy to check that o,(a) can be written in a way that does not specifically involve
the base-b expansion:

oy(a) =3 ¥ L%J = 3 (¢ (amod t)).

j=1 1<bi<a

The o3, functions are related to several sequences in Sloane’s OEIS database. Specifically,
sequence A080277 is a + og(a) = > .52 [57], while A080333 is a 4 a3(a) = -5 ¥ |55 ]
Also, the sums s, = >, -, (a mod &) appear in OEIS for b = 2 and b = 3 as A049802 and
A049803 respectively.

Theorem 8. For the b-adic rational i,

(F) -0

where 0 < a < b", we have

Proof. Let the base-b expansion of a be a = ZZ:& e;b’. We then have

a — € — (r—i)e;
Pb <E> =M (i:o brl) = Z Ty

1 r—1 7“71120
=5 [Z re:b’ — Zz’eibi] ,
=0 =0

1

= [ra — op(a)] .
]

Theorem 9. Consider the rational number s/t in reduced form with t relatively prime to b.
Let r = ordy(b), ¢t =b" — 1, and a = c¢s. Then,

s\ a _rba op(a)
pb(?)")b(br—l)_(br—w b1
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Proof. Given the base-b expansion a =Y ._, e;b’, we have

r—1
brfi 1 - jg::ji: Bﬁ%éz'

E>1 i=0

Hence, we calculate

k>1 i=
1 r—1 r—1
= Z — [Z rke;b" — Zze,b’] ,
k>1 i=0 i=0
1
= Z o [kra — op(a)],
k>1
rba op(a)

]

Theorem 9 leads to a relation between two values of p,. With s,t,r a as in the proof of
that theorem, we see

s\ a _rba op(a)
pb(t)pb(b’“—1>(b”—1)2 b —1

rb"a — (" — 1)oy (a)

1)
_ra + (0" —=1) (ra — op(a))
17
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3 The Connection Between p, and Rumor Sequences

In Dearden and Metzger [1], rumor sequences (running modulus recursive sequences) were
introduced as follows:

Let b > 2 and k > 1 be integers. To construct an (integer) rumor sequence select an
integer zp, and for n > 1 let z, = bz,_; mod (n + k), where the right side is the least non-
negative residue of bz,_; modulo n+ k. The rumor sequence conjecture asserts that all such
integer rumor sequences are eventually 0. Since the conjecture concerns only the eventual
behavior of such sequences and since 0 < z; < k + 1, nothing is lost by restricting zy to the
interval [0, k).

To establish a connection between the rumor sequence conjecture and the p;, function, it
is convenient to generalize the notion of integer rumor sequences to real rumor sequences.

9



Let b > 2 and k > 1 be integers. To construct a (real) rumor sequence, select any real
number zy and for n > 1 let z, = bx,,_; mod (n + k) where the right hand side is taken to
be

bxn—l
As with integer rumors, there is no loss if xq is restricted to the interval [0, k). The real and
integer rumors are identical when zy = z; is an integer.

It will be shown that the rumor conjecture for integer rumor sequences is true if and only
if the greedy inverse image under p, of every b-adic rational is a b-adic rational. It is worth
noting that, in general, not all inverse images of a b-adic under p, need be b-adic.

Example 10. Consider the 3-adic rational y = % in the range of p3. With b = 3, let the
greedy ps inverse image of % be x. Since 6 is not divisible by a square greater than 1, x must
be irrational. It follows that 1 — x is irrational and, by Theorem 4(b), we see
3 5 2
l—2)==—===.
Theorem 11. For b > 2, all integer rumor sequences are eventually 0 if and only if the
greedy inverse image under py, of every b-adic is b-adic.

Proof. Suppose that all integer rumor sequences are eventually zero, and let y = a/b™ be a
b-adic rational in [0,b/(b—1)). By Corollary 3, there is an integer n so that for k& > n we

have
b (y — D02y gdy /b
dy, = ( ;1 ! ) and 0 <y — Z—<—

Now, consider the real rumor sequence with initial value xy € [0,n) given by
n —~ jd;
To=0> — — 1.
- (-5%)

Applying the rumor recursion (4), we have

b
T = bxo — (n + 1) \\TL —:T—O]_J

0 (y = X ds )

n—+1

n —~ jd,
j=1

id,
=t Z J — (n+ 1)d,41, by Corollary 3

n+1

:bn+1 _Z]d

10



More generally, induction shows that, for all ¢ > 0, we have

r — prti y_gf& _ pnt i_%j;dj
Z j=1 4 b j=1 L

Now, for ¢ > m — n, the sequence z; is obtained from an integer rumor recursion, and by
our assumption that integer rumor sequence is eventually zero, say from term 7y on. That
means the greedy inverse image under p, of the b-adic rational a/b™ = >_"71° jd, /b is the

7=1
b-adic rational ‘
n+io ntio g pn-tio—j
d; d;b

v Z o jZIanO

Conversely, suppose that the greedy inverse image of b-adic rationals in [0,b/(b — 1)) are
b-adic rationals. Consider an integer rumor recursion with initial value 2y in [0, k). By our
assumption the greedy inverse of the b-adic rational y = z,/b* is a b-adic rational 2721 j/V,
where

" jd;
j=1

Since f(x) = z/b" is a nondecreasing function on positive integers for all integers b > 2, we
have zy/b* < k/b¥ < m/b™ for all m = 1,2,3,..., k. Therefore, it follows that

m—1 .
20 Jjd; m B
Ogb—k— ?<b—m,form 1,2, K
7j=1
Hence,
dj=0forj=1,2,...,k
It follows that i
20 — (kf + i>dk+z
b vy = phti (5)
Jj=k+1
Moreover, for all m =1,2,...,n — k, we have
(k+m)derm 20 = (k4 Ddei (5 +m)(dem + 1)
pl+m = b Z ph+i < ph+m :
i=1

Multiplying through by b* gives

(k4 m)dyrm S (k+ D)dpys (k4 m)(dppm + 1)
- - < — E .
bm = <0 — bz < bm

In particular, for m = 1 we have

(k+ zlg)dkﬂ << (k+ 2)dk+1

11



or
bZO

kE+1

di1 < L J < dpy1 + 1

It follows that

bz
21 = bZo - (kf + ].) \‘]{; +01J == bZO — (k’ + ].)dk—i—l.
Hence,
“1 — (k + 1)di+1
b0 b
In general, induction shows that, for all m > 1,
Zm o _i (k + i) dp s
pm 0 < bi :
Therefore, by equation (5), we have
P 2 (k+i)d
n—k k+i

=1

Thus, any integer rumor sequence is eventually zero.

The following corollary follows immediately from the proof of Theorem 11.

Corollary 12. Let b > 2 be an integer. The integer rumor sequence with initial term zp,
where 0 < zo < k, is eventually 0 if and only if the greedy inverse image of 3 under py is

b-adic.

Conjecture 13. The greedy inverse image of every b-adic under p, is b-adic.
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