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Abstract

In this paper, we give fourth order recurrences and generating matrices for the
weighted sums of second order recurrences. We derive by matrix methods some new
explicit formulas and combinatorial representations, and some relationships between
the permanents of certain superdiagonal matrices and these sums.

1 Introduction

Let A be an integer such that A% + 4 = (. Define the second order linear recurrence {U, } as
follows: for n > 0, let
Un — AUnfl + Un72

where Uy = 0 and U; = 1. We also let V,, be the companion sequence satisfying the same
recurrence with initial conditions Vy = 2,V; = A. For example, when A = 1, then U,, = F,,
(the nth Fibonacci number). Also, when A = 2, then U,, = P, (the nth Pell number).
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Many authors have studied various sums of certain products of terms of second order
recurrences. Recently, the first author gave a new generating matrix, recurrence relation and
some identities for squares and double products of terms of a second order linear recurrence
via its generating matrix [2]. Matrix methods are very useful tools in solving problems
stemming from number theory.

Further, some authors have studied weighted sums of terms of certain recurrences. For
example, the following sums can be found in [3]:

n

ZiFi =nlpo— Fu3+2
i—1

> (n—i+1)F;=F,y—-n-3

i=1
In this paper, we consider the following weighted sum of terms of {U,}, for n,t > 0

n

Bn,t = Z(n—l) Ui (1)

i=1
The first few initial terms of {B,,;} are
0,1,A+2 A* +2A+4, A% +2A% 4+ 5A +6, A" + 24> 4+ 64% +8A + 9, ....
For A = 1, the Fibonacci case, the first few terms of {B,,;} are
1,3,7,14,26, 46,79, 133,221, . . .,

which is Sloane’s sequence A001924.

We derive two fourth order recurrence relations and two generating matrices for the
weighted sums sequence {B,;}. We obtain some new explicit formulas and combinatorial
representations for the weighted sums by matrix methods, involving certain superdiagonal
determinants and the weighted sums. Further the generating functions for the sum sequences
{B,} for both even and odd integers n are obtained.

2 Recurrence relations for the weighted sums

In this section, we derive two fourth order recurrence relations for the sequence {B,;} for
both the even and odd subscripted terms.

Lemma 1. For even integers t = 2r, r > 0, the sequence { By} satisfies the recurrence
Bn,t = (‘/t + 2) anl,t -2 (V;‘, + 1) Bn72,t + (‘/t + 2) anB,t - Bn74,t7 n > 37 (2)

where Byy = 0,B1; = 0,Bsy = Uy, Bsy = (2Uy + Uy) JU;. Furthermore, for odd integers
t=2r+1,r >0, the sequence { B, .} satisfies the recurrence

Bn,t - (V;f + 2) anl,t - 2‘/;37172,15 + (VZ - 2) an?),t + Bn74,t7 n > 37 (3)
where Bo7t = O, Bl,t = 0, BQ7t = Ut, Bg7t = (2Ut + Ugt) /Ut
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k—1
Proof. First, observe that By, — By_1, = Z U,. Next, we write the right-hand side of
i=1

equation (2) in the following way
(V;f + 2)Bn71,t - 2(‘/; + 1)Bn72,t + (V;f + Q)anB,t - Bn74,t
- ‘/t(Bn—l,t - QBn—Z,t + Bn—S,t) + 2(Bn—l,t - Bn—Q,t + Bn—3,t - Bn—4,t) + Bn—4,t

n—2 n—3 n—2 n—4
= Vt(z Ui — Z Ui) +2 (Z Ui + Z Uti) + By
i=1 i=1 i=1 i=1

n—4 n—4
= Vilin-z +4) Ui+ 2Uyn—s) + Wiz + Y (n — 4 = )Uy
i=1 =1
n—4

= ViUin-2) + 2Uy(n—3) + 2U(n—2) + Z(n — 1)Uy

=1
= ViUitm-2) + 2Ui(n—3) + 2Ui(n—2) + Bnt — 3Utn-3) — 2Usn—2) — Usn-1)
= ViUitm—2) — Utn—3) — Utn—1) + Bnt = Buy,

since ViUyn—2) = Uytn-1) + (—=1)"Usn—3) = Uyn-1) + Us(n—3), when ¢ is even, and the proof of
the first claim is complete.
The second claim for odd integers ¢ follows similarly

(‘/t + 2>Bn—l,t - 2‘/tBn—2,t + (‘/t - Q)Bn—?),t + Bn—4,t
= ‘/t(anl,t - QanZ,t + an?;,t) + 2(anl,t - Bn73,t) + Bn74,t

n—4 n—4

= Villin-2) +4) Ui+ 2Usnzy + > _(n— 4 —i)Uy
i=1 i=1

n—4
= WViUim-2) + 2Ui(n—3) + 2Us(n—2) + Z(n —i)Uy
i—1
= WViUin—2) + Uin—3) — Utn—1) + Bnt = By,
where we used that V,Uy,—2) = Uyn—1) + (=1)"Usn—3) = Uyn—1) — Usn—3), if t odd. O

The next corollary can be derived from a straightforward application of the previous
lemma (or it can also be proved directly).

Corollary 1. For event =2r, r > 0,

iB " = Ut$2—4Ut(Vt—|—1)x4
2 Tl Vit e +2(Vi+ 1) a2 — (Vi +2)ad a2t

For odd integerst =2r +1, r > 0,

= n Ut$2
ZBW% - 2 3_ 4
— 1—(Vi+2)x+2Via?2 - (V, —2) a3 —x



In [1], the authors obtain an explicit formula for the nth power of general companion
matrix. Let the k£ x k companion matrix be

Cc1 Cy C3 Ck—1 Ck
1 0 0 0 0
0 1 0 0 0
Ae=10 0 1 0 0 (4)
(000 0 ... 1 0]

Theorem 1 ([1]). The (i,7) entry az(;l) (c1y...,cr) in the matriz A} (c1, ..., cx) is given by
the following formula:

. i+ttt (tiAtad i
agj)(cl,cg,...,ck): Z s x( )ctll...c}i’“ (5)
trati) i+t + -+t ti,to, .oy Tk

where the summation is over nonnegative integers satisfying t, + 2to + -+ + ktp =n — i + j,
and the coefficients in (5) are defined to be 1 if n =1 — j.

Applying the previous theorem in our case, we get the following consequence.

Corollary 2. Forr > 0,

n

Z (TL — Z) U2ir

=1

_ Z (m + no + N3 + TL4) (_1)n2+n4 (‘/27" 4 2)n1+n3 (2‘/27“ + 2)712 :

ni, No, N3, Ny
(n1,n2,n3,n4)

and, forr >0,

n

Z (n —1) Uizr+1)

i=1

— Z (nl . . § ., § n4) <‘/2r+1 + 2)n1 (_2‘/2r+1>n2 (‘/27"4-1 - 2)”3 ’

ni,Na, N3, Ny
(n1,m2,n3,n4)

where the summations are over nonnegative integers satisfying ny + 2ns + 3ng +4ng = n — 2.

Proof. In Theorem 1,ifi =3, j=1,¢1 =c3 = Vo, +2, cg = =2 (V. + 1) and ¢4 = —1, then
the proof of the first claim follows immediately from (5).

Similarly, the proof of the second claim follows immediately from (5) if we take i = 3, j =
Lep=c3=Vo,+2,co0=-2(Vo, +1) and ¢4, = —1 in Theorem 1. O

Next we derive generating matrices for the even and odd subscripted weighted sums. For
this purpose, we define two auxiliary sequences via the sequence {B,,;}. First we consider
the even subscripted weighted sums.



Define two sequences as shown: for n > 3 and even ¢ such that t = 2r, » > 0
Qn,t - (‘/t + 2) Bn—l,t - Bn—2,t (6)
and for n > 2
Hn,t = -2 (‘/t + ]-) Bn,t + Qn,t (7)

where Q3 = Vi +2,Q2¢ = Q1 = 0,Qo; = 1 and Hyy = —2(Vi+ 1), Hyy = 0, Hyy =
1,H_;; = 0, respectively.
From Lemma 1, we write the vector recurrence: for even ¢ such that ¢t = 2r, r > 0

Bn+1,t V;f + 2 =2 (V;E + 1) W + 2 —1 Bn,t
Bn,t o 1 0 0 0 anl t

Bn—l,t - 0 1 0 0 Bn—2,t

Bn_gﬂg 0 0 1 0 Bn—3 t

By (6) and (7), we generalize the above vector recurrence relation to the matrix recurrence
relation:

Loy =D 1y == D:thl,t =D} (8)
where
Bn+2,t HnJrl,t QnJrQ,t _Bn+1,t
1 B H Q -B
Tn - n+1,t n,t n+1,t n,t 9
ot By, Bn: Hp1p Qne —DBn1y (9)
Bn—l,t Hn—?,t Qn—l,t _Bn—Q,t
and
Vor +2 —2(Vor +1) Vo, +2 —1
1 0 0 0
Dy = 0 1 0 o | (=T
0 0 1 0

Since T, + = 15,1411+ = T1 41,1+, we have the following result.

Corollary 3. Forn >3 and r > 0, the sequences {Hy, 2.} and {Qn 2} satisfy the following
recurrence

Tp = (‘/27" + 2) Tp—1 — 2 (‘/27“ + 1) Tp—o + (‘/27“ + 2) Tp—3 — Tn—4,
where x,, 1s either Qnor o7 Hyq 9y.

By the Binet formula for {U,}, it is easy to show that Uk, = ViUk(n-1)+ (—1)k+1 Ukn-2)»
for integers n > 1,k > 0. Without effort we obtain

Corollary 4. For n,k > 0, Uy | Ugy,.

Perhaps it is worth mentioning that By, = U, divides B,,; for all n > 1.
Similar to the case of the even subscripted sums, we derive similar results for the odd
subscripted sums. For odd ¢ = 2r 41, we define the sequences {Q),,;} and {H,,;}, as follows

Qn,t - (‘/t + 2) Bn—l,t + Bn—?,b n > 37 (10)
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and
Hn,t - _QWBn,t + tha n > 27 (11)

where QB,t =Vi+2, Q2,t = Ql,t =0, QO,t =1 and H2,t = _2‘/taH1,t = O,Ho,t = 1>H71,t =0,
respectively.
Combining Lemma 1, (10) and (11), for odd ¢t = 2r + 1, we write
Tn,t - D? (12)

where T}, is as in (9) and

Vors1 +2 =2Voyy Vopy —2 1

1 0 0 0
D, = 0 1 0 0
0 0 1 0

Since T, ¢+ = T,,—1+Th+ = T14T,,—1+, we have the following result.

Corollary 5. For n > 3 and r > 0, the sequences {H, 241} and {Qnor+1} satisfy the
recurrence

Ly = (‘/27"—&—1 + 2) Tp—1 — 2‘/27"—1—11'71—2 + (‘/27"+1 - 2) Tp—3 + Tp—a

where x,, 1s either Qpor+1 07 Hp_12,41.

Since the matrix D; does not have linear independent eigenvectors for all ¢, we cannot
diagonalize the matrix. In the next section, we are able to get explicit formulas for the even
and odd subscripted weighted sums by using alternative linear algebra methods instead of
diagonalization.

3 Explicit Formulas for the Weighted Sums B, ; by Ma-
trix Methods

In this section, we derive some new explicit formulas for the weighted sums B, ; for both
even and odd n. In order to obtain explicit formulas, we use triangulization instead of
diagonalization. After computing the nth power of a triangular matrix, we can show that our
generating matrices are similar to certain triangular matrices via an invertible Vandermonde-
like matrix.

Now, we reconsider the matrix D; for both odd and even t. After simple computations,
the characteristic polynomial of the matrix D, can be written as

C(m):(xQ—Vtx—l—l)(x—l)z

whose roots are o, 3¢ and 1.
The matrix D; has linear dependent eigenvectors for both cases of t. So we cannot
diagonalize the matrix D;.



For later use, we define a triangular matrix and then we compute its nth power. Let
t,r,s and m be arbitrary real numbers. Define two (4 x 4) upper triangular matrices
H (ry,79,73,74) and W, by

rn 0 0 O
1 o 0 O
H(T17T27T37T4) - 1 02 s 0
1 0 0 T4
and
P 0 0 0
| fa(r,re) 300
Wn o fn (7“1, 7"3) 0 ’I“g O » - O’
fo(ri,rg) 00 7

n—1 _n—i, i

where f, (x,y) is the simple symmetric function f, (z,y) = >, 2" 'y".

By induction we can get easily the following lemma.

Lemma 2. Forn > 0,
HTL (T17 Tro, T3, T4> - Wn

Now we are going to give our first result for the even subscripted weighted sums.

Theorem 2. Forn,r > 0,

n

Z (n— i) Upys = n (2Us — Usy) + Usping1) — 2Usnr + Usp(n—1)
2r1 (U4r . 2>2

i=1
Proof. Solving the following equation
Do A = AH (1,07, 6%,1),

we obtain the solution depending on one parameter. By taking the parameter as 1, we find
the matrix A as follows:

Vip +Vor +6 a5 1

A Vv2r +5 0647" ﬁ4r 1
- 4 a2r 627" 1

1 1 1 1

By a simple computation, we obtain det A = (2U,, — Uy,.)§ where § = /A? — 4. Since
det A # 0, we write

Dy A =AH (1,07, 37,1)".
By Lemma 2, the nth power of the matrix H (1,a%", 3%, 1) is given by

1 0 0
Z?;Ol &27‘1‘ a2nr O
Z?:_Ol ﬁ2ri 0 52717”

n 0 0

H (17 aQr)ﬁZr’ 1)” —

o O O



Arranging the right side of D} A = AH (1,02, 3%",1)", we have the following linear system:

(Var + Vor +6) diy + (Vor +5)dip +4diz +diy = 6+n+ ijoz Vair
aﬁrdll + a4rd12 + aQrdlg + d24 — a2n7’+67’
ﬁGrdH + 64rd12 4 62rd13 + d34 — 62nr+6r
diy+diz +dis+diy = 1

where Dy, = [d;;] . By the Cramer solution of the above system and using (8), we get

diy = Bn+2,2r o ((Tl + 2) (2U27" - U4r> + U2nr+6r - 2U2nr+4r + UQnr+27‘)
11 — -
Bsa, (Usy — 20y, )?

and so
n

Z (n— i) Upri = n (2Us — Uyr) + Uspns1) — 2Unnr + Uzp(n—y)
2ri (U4r _ 2)2 .

i=1

As an example, we get

n

Z (n— i) Py — n (2Fs — Fig) + Fym+1) ; 2Fgn + Fyn-1)
(F16 —2)

i=1

Second, we derive a new formula for the odd subscripted weighted sums by the following
Theorem.

Theorem 3. Forn,r > 0,

n

Z (n— ) Uggys1ys = Un+1)r+1) + 2Un2r11) + Un—1)@2r41) — nU202r41) — 2Uzr 41
- r+1): — .
Vi

i=1

Proof. Solving the following equation
Doy 1Ay = MMH (1, OéQTHaﬂQTH; 1)

we obtain the solution with one parameter. By taking the parameter as 1, we find

Vipyo + Vopp1 +6 o843 gor+3 1

A — ‘/2r+1 +5 a4r+2 547‘+2 1
1 — 4 CY2r+1 52r+1 1
1 1 1 1

Since det Ay = Uy 2Vo, 116 # 0 where § = v A% — 4, we write

Dy Ay = MNH (1,07, 57,1)".



By Lemma 2, the nth power of matrix H (1,a* 1, 3%+ 1) is as follows:

1 0 0 0
n—1 _(2r+1)i n(2r+1) 0 0
24l g2l 1\ | Daig @ o
H (17 «Q 7ﬁ ) 1) - Z?:_(]l 6(2r+1)i 0 ﬁn(2r+1) 0
n 0 0 1

Computing the right side of D3 A = AH (1,a°", 3%",1)" , we have the following linear system:

n+2
(Vi1 + Vars1 +6)dis + (Vory1 +5)dia +4dis +diy = 6+n+ Zi:l Vir+1)

¥ Bdy + oy + o iy + dyy = o)
B dyy + B P dig + B iy + dyg = OIS
diy + dio + diz + dig 1

where Dy, = [d;;]. By the Cramer solution of the above system and from (12), we obtain

B yo2r
T g,
0 (U(n+3)(2r+1) + 2Uns2)2r4+1) + U1y 2r41) — (04 2) Ug(2r1) — 2U2r+1)
B Usr42Vor410
and so

n

Z (n— i) Ugrsry = Un+1)r+1) + 2Unr11) + Un—1)@2r41) — nU22r41) — 2Uzr41
- r41)i = .
o

=1

Thus the theorem is proved. O

As an example of the above theorem, we mention

n

Z (n—i) Py — Fsny1) +2F5, + f;:%;n—l) —nkyy — 2F5‘
5

i=1

4 Permanental Representations

This section is mainly devoted to derive relationships between permanents of certain matrices

and the terms of the sequence {B,;}. For similar relationships between determinants or

permanents of certain matrices and terms of certain recurrences, we can refer to [4, 5].
Define the n x n (k — 1)—superdiagonal matrix in the compact form:

[ e1 ey ... e 0
1 e e ... ¢
1
Mn(€17627"'76k): €1 €9 Lo €L
1 €1 €9
1 €1 €2
0 I e



where ey, eq, ..., e, are arbitrary integers.
Define the kth order linear recurrence {z,} as follows

Zn = €12p-1+ €22n_9o+ ...+ erzn_pr, n>0,

where 21, =29 =...=2z_1 =0 and zy = 1.
Then we have the following result.

Theorem 4. Forn > 0,
perM,, (e1, ez, ..., €5) = 2,

where perM; = z; for 0 <i <k —1.

Proof. Denote perM,, (e, ea,...,¢e;) by perM,. Extending perM, with respect to the last
column by the Laplace expansion of permanent, then we obtain

perM, = eiperM,,_ + esperM,,_o + ... + experM,, .

Since the recurrence relations (and initial conditions) of perM,, and the sequence {z,} are
the same, the conclusion easily follows. O]

Denote 4—tuples (Vo, + 2, =2 (Vo + 1), Vo, + 2, —1) and (Vo1 +2, —2Vo,y1, Vo1 — 2, 1)
by wy and wsy, respectively. Then we have the following corollary.

Corollary 6. Forn > 0 and r > 0,

n

perM, (vy) = Z (n —1i) Usy,
i=1
and forr >0

n

perM,, (vy) = Z (n — 1) Ui2r+1)-

=1
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