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Abstract

In this paper we specialize work done by Bateman and Erdds concerning difference
functions of partition functions. In particular we are concerned with partitions into
fixed powers of the primes. We show that any difference function of these partition
functions is eventually increasing, and derive explicit bounds for when it will attain
strictly positive values. From these bounds an asymptotic result is derived.

1 Introduction

Given an underlying set A C N, we denote the number of partitions of n with parts taken
from A by pa(n). The k-th difference function pff)(n) is defined inductively as follows: for

k=0, p(:)(n) =pa(n). If £ >0, then

k k-1 k-1
P’ () =pi () = (0 = 1),
Let fﬁlk) (x) be the generating function for pff)(n). We have [5] the following power series

identity:
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= (1= ) pal)e” )
= (- [ )
acA

This may be used to define pff) (n) for all k € Z, including k < 0.

Bateman and Erdés [5] characterize the sets A for which pff) (n) is ultimately nonnegative.
Note that if & < 0, then the power series representation of (1—x)* has nonnegative coefficients
so that pf) (n) > 0. For k > 0, they prove the following: if A satisfies the property that
whenever k elements are removed from it, the remaining elements have greatest common
divisor 1, then

(k)

lim piy"(n) = oo.

A simple consequence of this is the fact that p4(n) is eventually monotonic if & > 0.
No explicit bounds for when p(:)(n) becomes positive are included with the result of

Bateman and Erdés [5]. By following their approach but specializing to the case when

A = {p’: pis prime}, (4)

for some fixed ¢ € N, we shall find bounds for n depending on k£ and ¢ which guarantee that
pff)(n) > (. For the remainder, A shall be as in (4), with ¢ € N fixed.

In a subsequent paper, Bateman and Erdds [6] prove that in the special case when ¢ = 1,
p(Al)(n) > 0 for all n > 2. That is, the sequence A000607 of partitions of n into primes is
increasing for n > 1. Our result pertains to more general underlying sets; partitions into
squares of primes (A090677), cubes of primes, etc.

In a series of papers (cf. [10]- [13]), L. B. Richmond studies the asymptotic behaviour for
partition functions and their differences for sets satisfying certain stronger conditions. The
results none-the-less apply to the cases of interest to us, that is, where A is defined as above.
Richmond proves [12] an asymptotic formula for p(f) (n). Unfortunately, his formula is not
useful towards finding bounds for when pff) (n) must be positive, since, as is customary, he
does not include explicit constants in the error term.

Furthermore, his asymptotic formula includes functions such as o« = «(n) defined by

a k
nzzea“—l_ea—l’

acA

As we are seeking explicit constants, a direct approach will be cleaner than than attempting
to adapt the aforementioned formula.



Another result worthy of comment from Richmond [12] pertains to a conjecture of Bate-
man and Erdés [5]. His result applies to A as defined in (4), and states that

(k+1)
Pa_\1Y) (n) =0(n?), asn — .

We omit the subscript and write p®)(n) in case the underlying set is A, and omit the
superscript if & = 0. The letter B will always be used to denote a finite subset of A. We
shall also write ¢, for the primitive n-th root of unity e?™/™. The letters ¢ and 7 shall always
denote roots of unity. We shall denote the m-th prime by p,,.

Our main results are Theorems 1.1 and 1.2. The former is established in Sections 2 and 3.

Theorem 1.1. Let k be a nonnegative integer, let by = 2m4/1 — % and let

9 3(k+1)
t=16 <b_> (k+2)8€k+10£+3 .
0

Then there are positive absolute constants ay, ..., a7 such that if
a afloth t=1 1
N=Nk ) =at | 22| +ast® (as(art)™) ",

then n > N implies that p*) (n) > 0.
Remark 1. The values of the constants are approzimately

a; ~ 1.000148266,
ag ~ 2757234.845,
az ~ 1424.848799,
ay ~ 2.166322546,
as ~ 1.082709333,
ag ~ .0193095561,
a7 ~ 2.078207555.

For the remainder of the paper, by shall be as defined in Theorem 1.1. Note that by ~
2.6474. Furthermore, Define

F(k,¢) =min {N € N:n > N implies that p®(n) > 0}.
We show in Section 4 that Theorem 1.1 yields the following asymptotic result:
Theorem 1.2. Fix ¢ € N. Then as k — oo,
log F(k, ) = o ((k+2)%").

Following Bateman and Erdés [5], we first tackle the finite case.
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2 Finite subsets of A

Lemma 2.1. Let B be a finite subset of A of size r, and suppose k < r. The function pg) (n)
can be decomposed as follows:

Py (n) = g (n) + ¥4 (n),

)

-1
where gg (n) is a polynomial inn of degree r—k—1 with leading coefficient ((7’ — k=D ,en q) ,

and ¢f§) (n) is periodic in n with period [] cpq.

Proof. We use partial fractions to decompose the generating function f](gk)(:v) as follows:

w, 1 =1
i) =y L =, (5)

qgeB j=1
q—1 i
o % Ok B(¢7)
= et - 6

where the «;, and (Cg ) are complex numbers that can be determined. Note that

()

The power series expansion for (1 — z)~" is given by

e ()

Hence, if
r—k
(k) N n+h—1
o =Y an(" "),
h=1
and
q—1
k n
v m) =33 B
geB j=1
then the lemma is proved. ]

For the remainder of this paper, gg)(n) and wg“) (n) shall be as in Lemma 2.1, for a given

finite set B C A which shall be clear from the context.

Remark 2. Let B be as in Lemma 2.1. We wish to know the precise value of B(Cg) To
simplify notation a little, we will frequently write 5¢ instead, when ¢ is clear from the context.



In particular, suppose n = g, where g € B, and 0 < 7 < q. Then

(k) k 1 !
1 _ — 1 —

( nz) fy(x) = ( z) 1 77$+"‘+(77$>q_1pl€_131_xp
P#q

_ B ar Qo B
=G+ mc)(l—x_l_ +(1—x)7“k+§1—®:>’

hence,

(1—n)" 1
577: H -
q gl

p#q

We shall frequently make use of the inequality

02 VRN
2_cos < 2+24,

which holds for all values of 0. Note that
e — 1| = \/2(1 — cosb),
so for —2¢/3 <6 < 2\/3,

0z
0y 1 =35 < 1 =1 < 1.

9\/1—6—2<|ei9—1]<9 (7)
12 ~ -

Lemma 2.2. Suppose that ( # 1 is a q-th root of unity, ¢ > 2. Then

In particular, for 0 < 0 <,

b
2 <1-¢l<2
q

Proof. Clearly |1 — ¢| < 2. On the other hand, by equation (7),

1= ¢l = [1— e

s 472
> -
T q 12¢?
> b

q



Lemma 2.3. Suppose that k < r, and B C A, satisfies |B| = r. Suppose further that n = Cg
for some q€ B, je{l,...,q—1}. Then for k >0,

k r—2 .
ng——la ka > O;
‘ﬂn’ S r9k72 .
T k<.

r—k—19
bO

Proof. Making use of Remark 2 and Lemma 2.2 we have that for k£ > 0:

1— ¢k 1
|Bn|:| Cq‘ H

q peEB |1 - Cq_jp|
p7#q
<z 11 !
q oy 1- Cq’
PF#q
_ % (g)rl
~ g \bo
B qur72
byt
A similar arguments works for the case when k& < 0. O]

Theorem 2.1. Suppose that k < r, and B C A, satisfies |B| =r. Then

2k -1 ; .
FZqGBq“ ; if k> 0;

[ (n)] < bl
B bg,%zquq k 1, ka’<0

Proof. First assume that £ > 0. By Lemmas 2.3 and 2.1,

Ziﬁ@;’)cg"

geB j=1

<Y 5@

qeB j=1

[y (n)] =

_1 B
4q 2qu 2

<>

-1

A similar argument works for k < 0. O]



To obtain bounds for the coefficients «y,, we will use Laurent series.

Lemma 2.4. Suppose that k < r, and B C A, satisfies |B| = r. Denote the largest element
of B by Q, and suppose further that 0 < ro < |1 —(gl|. Let

0 =TITI0¢ — 11— o).

qeB j=1
Then

1
ap| < ———.
S s

Proof. Let ~ be the circle |z—1| = ry. From equations (5) and (6), and the Laurent expansion
theorem, we have that

‘h’_‘_/ hldz

S2ﬂ/|z 1|rkh+1HH|1_<qz|

qeB j=1

B Tofkfth(TO)

For the following proposition, we define several new constants:

00 2
01:1_[(1— 37T4k),

k=3
1
CQ:H(1_3.4k) ’
k=3
c3 = An 5¢y,
2logm
Cy = —
Y7 log?2 ’

T\ 1/2
C5 = <§> Ca,

T\ 1/2 2 1/4
e (1) (-2
2 48

sindm /5
Cr = ——7,
4 /5
by = csce — 1.471843248 .. .
by = 2 = 003278645140 .
Ce

by = c4 = 2.302992260. . . ,
by = crm/2 = 3673657828 . . ..



Proposition 2.1. Let B C A satisfy |B| = r, and suppose that all the elements of B are
odd. Let Q = max{B}, and T = [log, Q1. If

Tozmin{K—ql—ﬁ-l _]'| - ’€2j _1| qE B)j:2a"'7T}7

then ; 5
0<—4§r0<\1—CQ\§—7T.

Q? Q
Furthermore, if dg = dg(rg), then

020 \ |
dg > blzquq (bQQbSG_ o2 ) )

Proof. Observe that T' satisfies
2t <@ <27,

Now, let
q—1
5, =€ =11 = o),
j=1
so that
ds =[] 6,

qeB

Note that since each element of B is odd, we have that

—1

2

6, = 110¢ =11 = o).

J=1

)

Consequently,

Now



2log log2 Q 7T1/262 4
> 4 teyQTes? e oe (—) 2
log2 @

= C QC4 - log2 c

So we have that

a2 ] <(_> Cseo)1Qte” Q)

qeB

T
29
b: 2 qeBd ( Qb3 10g2 )

Our next task is to bound ry from below. For ¢ € B, j € {2,...,T}, let

:0<j):2_]a and
c=cle =2 [1]-Z
’ qg |2 27

Then by the mean value theorem,

A 1 e 1= £0 o) - 1)
esinc
2(1 —cosc)’

for some ¢ € (0,0 + ¢).
It is easily seen that 27[q/27]/q can be no greater than 47 /5. On the interval [0, 47 /5],
we have sinx > cyz. Therefore

JO+e) = f(6) 2 == =ccr ®)

Choose a € N such that (a—1)2/ +1 < ¢ < a2’ —1. Then clearly a < 27=J Furthermore,



“a2 -1 Y
27 2
2 —1/a 2
2m 2
=2 2T %
2m 2
—2r—1 2T
T
> —
= 90
Hence, by (8) we conclude that
b
To Z Q_42
Bounding ry from above is a far simpler matter. By definition,
2m
ro <l — 1< —- (9)
¢ Q

3 Infinite subsets of N and A

Proposition 3.1. For k <0, and D; C Dy C N, we have p%? (n) > p%)(n) > 0.

1

Proof. This follows immediately from equation 2 and the fact that for £ < 0, the power
series expansion for (1 — x)* has nonnegative coefficients. ]

For the sake of clarity and the comprehensiveness of this exposition we include the fol-
lowing theorem of Bateman and Erdds [5] suitably adapted to our needs.

Theorem 3.1. Let D C N be an infinite set. For anyt € N, we have that
pp(n) - 1 (t—1)* n*3
—1 = 1 :
pp(n) "L L ()

Proof. Denote by P,(n), the number of partitions of n into parts from D such that there are
exactly ¢ distinct parts. FP,(n) has generating function

. 7 1%
ZPq(n):c - Z 1_1;&1'“1_1;(111.
n=0 {al,...aq}gD

If R,(n) is defined by
00 B T 1%
PO LD DIt R s
n=0 {alw-aq}g[n}
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where [n] = {1,...,n}, then P,(n) < R,(n).
There are (Z) subsets of [n] of size q. Also, the coefficient of 2™ in

(xal+x2a1+...>.‘.<xaQ+x2a(J+...)

is less than or equal to the coefficient of " in

(x+a*+-- i(q_1> z™,

< (o) (o) =

Any partition n = nja; + - - - nya,, where aq, ..., a, € A, gives rise to a partition of n — a;
forv=1,...,q, namely

SO

n—a = (n — 1)ag + nsas + - -+ + nyay,
n—as =mnia; + (ng — 1)ag + - - - + ngyay,

n—a; = niay + neas + - -+ (ng — 1)a,

Note that no two distinct partitions of n can give rise to the same partition of any m < n in

this way, and so
n n—1
> aPyn) <> po(m).
q=1 m=0

Now if t € N, then

~1) n) = ZPD(m
m=0

Z pD(n) + Z qPq(n)

n

= (t+ Dpp(n) + > _(q—t)Py(n)

q=1
> (t+1)pp(n) =t —1) p Fy(n)
> (t+ Dpo(n) — (= 1),
and the theorem is proved. O

For the remainder of this section, we follow the approach of Bateman and Erdés [5]
and simultaneously make the results explicit by applying them to the special case under
consideration. To be consistent, we shall assume k& > 0, and use the following notation:
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Notation 1. Let B be the least k+2 elements of A, and let C = A\B. By = {p} 5, Dl -+ Phsor}
be the least 2t — 2 elements of C', where t is determined as in the statement of Theorem 1.1
from the values of k and ¢ in question. Furthermore, let

) k+1
g = <_) (kf + 2)2Z(k+1)+1, and (10)
k+1
h = 3(/{5 + 2)2((16-1—2)9 =3 (_) (k‘ + 2)4£k+6é+1'

Finally, let us remark that numerous constants shall be defined in the subsequent arqgument.
Their definitions shall remain consistent throughout.

Note that the right hand side of (10) is increasing in k and ¢, so g > 16/by = 6.04 . . ..

Lemma 3.1. For alln > 0, we have
P (n) > 1-g. (11)

Proof. Since |B| = k + 2, gj(gk) (n) is linear in n, and ggH)(n) is a constant function. By
Lemma 2.1,

2
=3 e (" ")

where ag = (p1 -+ - prye) ¢ Substituting z = 0 into (5) and (6) gives

q—1
(03] +C¥2+ZZB(C§) = 1.

qgeB j=1
Hence,
q—1
g5 (n) = (1 pra2) T+ 1= > B(G),
qeB j=1
SO

12



Py (n) = g% (n) + ¥ (n)

()t 1- 33— M)

qgeB j=1
q—1
> (pree pre2) 1= ) 1 =GB
qgeB j=1
q—1
> (pr e preae) A 1=23 Y 1B(E)]
qeB j=1

9\ k1
> (p1+- - Prta)” ‘n+1- (b ) quH
0

qeB
9 k+1
>1_ = k‘—l—l'
> (b) S

qeEB

Now, it is easy to see that

qu—i-l < ng-‘rl(k + 2) < (k‘—f— 2)26(/6—}—1)—1—17

qeEB

where Qg = max (B). From this, the Lemma follows.
Lemma 3.2. For alln > 0, we have

L+ ps ™) <g—1.
Proof. Note that

9w (n) = (- prya) ™

Making use of Theorem 2.1, we see that

. k+1)
g |p +1)< ) >g—2—(p1-- pesa)”” W“r ()]
>g—2—(p1-Prs2)” bk+1 quH
qeB

(e >’f“—s<i—%’>k“>

—2—(P1"'Pk+2) !

Observe that for a fixed 7, 1 <17 < k + 2, the expression

2k + 2)% k+1_1 2t k+1
bo 2\ by ’

13

(12)



is positive and increasing in ¢, for £ > 1, so,

2(l€+2)2£ k-l-l_1 Q_pf k+1 - 2(k+2)2 kJrl_
bo 2\ by - bo

Hence,

4 _
g—Q—ng@NZ(h+%%—2—Qh~mmﬁ1

8 13

> — — — =0.855167405... > 0,
bp 6

that is,

L+ [p ™) < g —1.

Corollary 3.1.
k
Py (n)
k
L+ [pl ™ ()]

Proof. 1t follows from the proof of Lemma 3.1 that

> 2 ifn > h. (13)

k _
PSB)(”) > (p1-- - Drta) ‘n+1—g
> (p1 Prs2) n—g.

The Corollary follows from this, together with Lemma 3.2 and the fact that

pl .. .pk+2 S (k; + 2)2(k+2)

Lemma 3.3. There is an hy € N such that such that n > hy implies

(t _ 1)2 n2t73 - (t _ 1)2 n2t73 - 1
t+1 p(c—l)(n) - t+1 pgl)(n) —t+1

14



Proof. The first inequality is a consequence of Proposition 3.1. Note that

3(k+1)
t > 6 (_) (k, ‘I’ 2)81k+10ﬁ+3 o 1

9\ 3k+3
> 6 = 28k:+13 o 1
= by
3.916 /9ll\F
b \b/)

. 916 911
logt > log (3 3 >—|—klog (—3)
by by

since logt < t/e, if we let M = elog (2'1/b3), then

v

Hence

t
E<—.
- M
Choose 1y and dp, with respect to the set B; as in Proposition 2.1, and let ) = piﬂt =
max (Bj). It is clear that ¢ > [6(2/b)32'3 | = 21192, which we denote by to. By equation (9),
we have that

[\]

- 7T< 2
r
SRR COL

<

S

We also have that
by by

> -
Q> = (k+ 2t)’

v

To

and

22
>gen 4 _log?Q
dp, > by " byQ%e oe

_ og (k+2t) \ 26—2
> 9 C (4 20k 20) )

2t—2
- <b2 ' bgk+3)€<k n 2t)b3€>

20 log (k+2t)

(k—+2t) Toe2

Let us now bound pgll)(n) from below. Assume that n > 2t, and let by = 1/M + 2 =
2.078207555 .. ., and by = to/(tg — m). Making use of Theorem 2.1, we have

15



—1 —1 —1
pi ) (n) =g5 " (n) + 95" (n)
2t—2

2a2t1<n+2t > Z|h‘(n+h )

-1
— [, (n)]
£, 2t— 22
>(pk+3 o Drgar) 2 _(n + 2% _ tX: ol
N (2t — 2)! ap
k+2t
0(2t—2)
b2t 2 Z pm -
m=k+3
(k: + 2t)72(2t—2)n2t72 B (n 4ot — 3)%,3 2t—2 7"3
= (2t — 2)! (2t — 3)! s P21,
th —— (2t — 2)(k + of)2(2=2)
(bst) —0(2t=2) p2t=2 ) 2—392t—3 1
= (2t —2)! B (2t — 3)! (1 — ro)r22dp,
(2t — 2)(k + 2t)242=2)
a 22
0
og ( ) 2t—2
<b5t)—f(2t—2)n2t—2 B b7n2t—322t—3 (k + 225)“473)44_%
Qt(b5t)2€(2t72)
b(2]t—2
Observe that
(k + 2¢)-ber 25555

2L1log C't

(b t) 4 b3)€+ Tog 2

2log C 2logt
_ eé(logb5+logt)((4fb3+ Yol )+ e, )

— M iorg log® t+(4-bs+ 15552 ) log 1+ (4—bs+"[o55> ) log bs)

< ebg@log t’

where bg is a constant determined as follows. Let 2y = logty. Then we may take

2 4logbs\ 1 4logbs \ log b5
bg = 4—b — 4—b
0 log2+( 3 log 2 )x0+< 3 log 2 ) x3

= 3.523150893 . . ..

16



It suffices to select hq such that for n > hq,

Pl () > (1 = 1), (15)
Observe that (15) is implied by
(bst) " 20 by ( ehot o5 )2” AT
Gi=2 200 —3) \ gl gz =\
which is equivalent to
n > (bst) @2 x
betlog?t \ 22 20(2t—2
bt =1 (#) P MG -] o)
The inequality
e"nl < "t

holds for n > 7. This implies that

(2t — 2)! - (2t)3
(2t)2-3 = e2t(2t — 1)’
Thus, since n > 2t by assumption, (16) is implied by

n > (bst) =2 (Ay + Ay + As),

where

< 26b6€log2t 22
Al = b7t TV
babyb Y
16t4(b5t)2é(2t_2)
27 (2t — 1)e2p?

(t—1)*(2t)*
(2t — 1)e2t

Az =

The term Aj is negligible relative to As, yet A; and A, are not easily compared since one
or the other may dominate depending on the values chosen for k£, and /. None the less, we
may simplify matters a little by absorbing As into As in the following way:

17



A + As L 16t bai2(2t)
t3(bst)262=2) /(e2b272) — 20— 1 t(2t — 1)(bst)2(2-2)

_ et At 20\ %2
2t —1 2t — 1) \ b2t

2to—2
- 162, n 4ty 2bg
=2t 1 \2t—1) \02t

< 8.000188756.

So, let

t3 (b5t> 20(2t—2)
egtbgt—2

A, = 8.000188756

Then we may take

hy = (bst) =2 (A, + A)).

Remark 3. Note that
3(k-+1)
— \‘6 (_) (k ‘l’ 2)8€k’+10f-‘r3 — L292hJ7

and so

1
< .
t+1 = 2(g+1)(g—1Dh

Lemma 3.4. There exists an N = N(k,{¢) > 0, such that if n > N, then

p(k)(n) > p(c_l)(n) > 0.

Proof. The second inequality is obvious. For the first, by Proposition 3.1, Theorem 3.1,
Lemma 3.3 and Remark 3, we have that for n > hy,

pe(n) - 1 (t—1)2 1 < 1

< + '
pi M) Tttt L pED (- T (g +1)(g — DA

(17)
Now, using, (11), (12), (13), (17), and the identity

PP ) =" P (n — m)pe(m),

we have that forn > h+ hy — 1,

18



pPmy =2 3 1+ i (n - m)|)pe(m)

(-1 > (@+Ipan—m))pc(m)
>23 (1 + s (= m)pe(m) — (g + D)(g—1) > pe(m)
m=0 n—h<m<n

>2 (14 |p ™ (n = m)|)pe(m)

~ (- 1) ( ) M) )

n—h<m<n Pc (m)

2<2—<92—1) > fﬂﬁ—””‘))x2<1+\p$*1><n—m>\>pc<m>

n—h<m<n Pc (m)

> (4 Ipg ™ 0= m)Dpc(m)

> pe(m)

—1
=p% " (n).

Proof of Theorem 1.1.

By the proofs of Lemmas 3.3 and 3.4, it suffices us to choose N > h+4-hy = h+(bst) 32 (A, +
AL). First observe that A, > 2t. The quantity (bst)‘®~2 A; may be simplified further with
an upper bound. Let

loghs 1
by = —S25 L~ | by = 3.630910490 . ..,
and
2
bio = ——.
0=
Then

19



2t—2
K bl log? t
() 2204, = by  2oC0S T )

5H3

b £(log bs+log t+bg log? t) 2=2
brt (k+3

by ebgzlog AN
k+3

P A
1= brt CEa :
1

We will use the fact that h <t to absorb h into (bst)"**=2 A} in the following way:

| /\

Denote

b+ (b5t)£(2t—2)A/2 62tb(2)t_2
tS(bBt)Sé(Qth)/(eth(Q)t—Q) - t2(b5t)3(2t—2)

= (W) + 8.000188756
5

e [ eby \ 202
- | == + 8.000188756
ta (bgtf’;)

< 8.000188757

+ 8.000188756

Letting bg = 8.0002, we may take

b8t3(b5t)3f(2t—2)

N =A+ T
bloebguog?t A2 b8t3(b5t)3é(2t’2)
o (b(—>> T
We conclude the proof by restructuring the constants as follows:
a; = by
as = b%,
ag = e
a; = b2
as = e by
ag = e by >
ar = bs.
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4 Asymptotic results

Observe that as k — oo, logt < klogk, when ¢ remains fixed. This implies that if ¢ > 2,

then
llog? ¢
as
(k+2)¢
Qy

— 0, as k — o0,

and so in this situation, the second term dominates in the expression for N(k,¢) in Theo-

rem 1.1.

If /=1 or 2, then
Llog?t
a3 — k)
aik+2)f

where A (k) =< k?log® k, and
(art)® = e,

where \y(k) =< klogk. In this case the first term dominates in the expression for N(k, ).
Thus we have proved the following corollary to Theorem 1.1:

Corollary 4.1. Let ¢ € N be fized. Then as k — oo,

aaéloth t=1
F(k,0)=0 t<23—> Cifl=1,2;

F(k,0) =0 <t3 (aﬁ(a7t)6£)t_1> L if 0> 2.

Theorem 1.2 follows from Corollary 4.1 simply by taking logarithms.
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