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Abstract

This paper studies some sums of products of the Lucas numbers,
which are a generalization of the sums of the Lucas numbers from [12].
These sums are related to the denominator of the generating function of
the k-th powers of the Fibonacci numbers. We considered [10] a special
case for an even positive integer k and we generalize this result to an
arbitrary positive integer k in this paper. These sums are expressed as
the sum of the binomial and Fibonomial coefficients. We see Theorem
2 and its proof, which is based on special inverse formulas, as the main
result of paper.
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1 Introduction

Generating functions are very helpful in finding of relations for sequences of
integers. Some authors found miscellaneous identities for the Fibonacci num-
bers F),, defined by recurrence relation F,, o = F,,+ F,, 11, with Fy, =0, F} =1,
and the Lucas numbers L,,, defined by the same recurrence but with the initial
conditions Ly = 2, L; = 1, by manipulation with their generating functions.
Our approach is rather different in this paper.

In 1718 DeMoivre found the generating function of the Fibonacci numbers

F,, and used it for deriving the closed form F, = \/Lg(a” — "), with a =

L(14/5) and 3 = 1(1 — v/5) (similarly the formula L, = o™ + 3" holds for
the Lucas numbers). In 1957 S. W. Golomb [2] found the generating function
for the square of F), and this result started the effort to find a recurrence or a
closed form for the generating function fx(z) = >_°7 F¥z™ of the k-th powers
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of the Fibonacci numbers. Riordan [7] found a general recurrence for fi(z).
Carlitz [1], Horadam [4] and Mansour [6] presented some generalizations of
Riordan’s results and found similar recurrences for the generating functions of
powers of any second—order recurrence sequences.

Horadam gave some closed forms for the numerator and the denominator
of this generating function. From his results follows, for example

k i j(5+1) i
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where m are the Fibonomial coefficients defined for any nonnegative integers
n and k by

fk(x) = ) (1)

n _k_an—i _FnFn—l"'Fn—k+1
k —AOFZ‘+1_ FiFy-- - Fy 7

1=

with [70‘] =1 and [Z] =0 forn < k.

Using Carlitz” method, Shannon [11] obtained some special results for the
numerator and the denominator in the expression of the generating function
fr(x). For example, he used the g—analog of the terminating binomial theorem
(firstly published by Rothe [9], but from Gauss’s posthumous papers it is
known that he had found it around 1808, see [5]) and obtained the relation

k k41 _
[Tt —q'a) = 3 (~1ygseD {’“ : 1} v

=0 =0

Q-binomial coefficients are defined {kjl} = (qHE; 1))(21:;_11))':.(35513271) fori >1

and any complex numbers ¢,  and any positive integer k£, where {kgl} = 1.
Replacing ¢ by 3/a and x by o* z he got

[0 - o) = S -1yt e )

] - 1
=0 =0

We paid attention [10] to a generalization of a type of the well-known for-
mulas for the Fibonacci and Lucas numbers, see [12] pp. 179-183, for example

n

D (~1)'Lyg =2F, 4 .

=0
In this paper we concentrate on the sums
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where k is an arbitrary positive integer. The special case of (3) for an odd &
was solved up in [10]. Here we use analogous method to find formulas for an
even integer k.

Throughout the paper we adopt the conventions that the sum and the
product over an empty set is 0 and 1, respectively, |x| represents the greatest
integer less than or equal to x, the relation f(z) ~ g(x) means that f(x) is
asymptotic to g(x) and Iverson’s notation (see, e. g., [3]) that

(k)] = 1, if statement P(k) is true;
~ 1 0, if statement P(k) is false.

2 The main results

Definition 1. Let k£ be any positive integer. We define the sequence
{Sn(k)}22, in the following way
|45

So(k) =1, Si(k)= Y (~1)"Lia;,

i1=0
and

52 LA L&) n
Sn(]{?) _ Z Z . Z (_1)i1+i2+---+in HLk72ij ’ (4)

in=0 tp_1=in+1 i1=t2+1 j=1

for any integer n > 1.

Let us denote

O, k,n) = (L%Ji—”ﬂ') N <L’“—?J —n+i—1)

1—1
for any positive integers ¢, k and any nonnegative integer n.

Theorem 2. Let n be any nonnegative integer and let k be any positive
integer. Then

n . k 1
(k) = (-1 el k) [ ) 5
i=0 n—21
if k is odd and
%] n—2i |
o) = (~1)nEE U O, b n) [k : 11 (6)
et £ ;
1=0 j:(]

if k is even.



Corollary 3. Let n be any nonnegative integer and let k be any positive
integer. Then the asymptotic formula

5]
k+1
~ T]+ik
Sull) ~ D (et ko |1 )
holds as k — oo.

Theorem 4. Let m be any integer and let k be any even positive integer.
Then

- i k+1 (m 1 k42
Z(—W(Hk“)[ ; } = (D EOHE ) (1) [ 2} Fisz_ o -
j=0 ‘

Corollary 5. Let n be any nonnegative integer and let k be any even
positive integer. Then

Theorem 6. Let m be any integer. Then

Z( 1)%(J+k+1 {k‘kl} (—1)2 (mHhtl) [k+4}x

J Fk+1Fk+3Fk+4 m— 4
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Jj=0 =

(F’“ —(m—4i) Lk 2— (m—4i) Frys — Fin—ai Fm—4i—1) .

Corollary 7. Let n be any nonnegative integer. Then
15)

: (- nt Bl i k+1
—1) 2 =0 9
Yo () () o
if k is an odd positive integer, k < 2n — 1, and

n—21 . _ .
ZZ man (375 (T ) L g
o () 1—1 J
if k is an even, k < 2n.

Corollary 8. Let k be any even positive integer. Then

N
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=0
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and

k=2 k2 k—2
e
iy ig+i
Z Z Z (=1)"727 Ly o5 Li—iy Li—2i

i3=010=i3+1 11=io+1

— % <(_1>§ - Fk+1) + Fi Fion ((—1)

3 The preliminary results

Lemma 9. Let k be any positive integer. Then S,(k) = 0 for each
positive integer n > Lk—;lj .

Proof. After rewriting relation (4) from Definition 1 into the form

Sn(k) = Z (—1)irtitti HLk—Qij

11,912,000 J=1
0<in<in—1<-<i1<[ 552 |

the assertion easily follows from the condition

. . , k—1
0<ip,<tp1 < - <11 < —5

which does not hold for any values i1, o, ..., %, if L%J <n-—1. O

Lemma 10. Let k be any even positive integer and let n be any positive
integer. Then

(1) i 52 Sei(k) =0 fo >E+1
Z i=0 n—i) b 2
g (R (241 k
(“) o (2 n(—ZZ ))Szi+1(k)zo for n > 5

Proof. We show the proof of (7). Case (ii) can be proved by an analogous
way. Each positive integer n > % + 1 can be written in the form n = g + 1,
where [ is any positive integer. We will present that just one of factors in the

product (%__2;) Sai(k) is equal to zero. Concretely, the first one equals zero for

i < [%] and the second one equals zero for ¢ > [¥]|. For the sum in (i) the
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where

i—0 §+l—2
and
5+ k 515+, g k
2—2 T-21%]—-2p
Z=L§J+1 2 p=1 2 4 p
k2

It is obvious that (@+l—z‘) = 0if i < %] and therefore Q(k,!) = 0 for any
k and [. Since the equality S2L§J+2p(k> = 0 is implied by Lemma 9 for any
nonnegative integer p, it follows that Qs(k,1) = 0. O]

Lemma 11. Let n be any positive integer and let ¢ be any integer. Then
the following inverse formula holds:

5] .
—n+2i
Ap, = Z(_1>n (q i )bn2z

=0

if and only if

—

3J

by =D (1) ((q_?’H) + <q_:‘_+12 - 1)) o . (1)

1=

o

Proof. Riordan [8] (p. 243) gave the following inverse formula:
" (q—2i

if and only if

- - q—n—1 qg—nmn—1—1
b, = —1)nt i
e () ()

To get Lemma 11 from this formula first we substitute {a,} by {a2,}, {b;} by
{b2i}, n by § and i by § —i and then {a,} by {agnt1}, {bi} by {—b2ir1}, n by

";1, 1 by ”T’l — i and g by ¢ — 1. This leads to the proved formula. O]

Lemma 12. Let n, k, | be any positive integers, | < n < k. Let ¢;,
t=1,2,...,n, be any real numbers, ¢, # 0. Then

o mll w0 @ Sal]~al] w row

k—o0o -
1=l



Proof. Relation (7) follows from the definition of the Fibonomial coefficients
and the obvious fact that lim_ ., Fj, = co. Thus,

. KTk . FpFp - Fron FiFy--- F,
11m = l1m . —
k—o0 n k—oo FiFy--- F FpFyp—1- Frntt
_ by Fy, lim FpFe—1- Fr _
FiFy - Fp koo FpFy_y- - Fr_pnp
- 1
=[] F - lim =0.
Pt k—oo By Frpni1
Asymptotic formula (i) is implied by (). O

Lemma 13. Let {a,}, {b,} be any sequences of real numbers, with
b_1 =0, and let h be any integer. Then for an arbitrary positive integer n

ap = by — (=1)" by (12)

if and only if

n

by = (=), (13)

1=0

Proof. Let us show that identity (12) implies identity (13). We have

Z(_1>h(n+z’) a; = Z(_l)h(n+i) (bz o (_1)h bz‘—l)
1=0 =0
_ Z(_l)h(n+i) bz o Z(_l)h(n71+i) bz’—l . (_1)h(n71) b,1
=0 i=1
n n—1
= Z(—l)h(””) b; — Z(_l)h(n+j) b = by, .
i=0 Jj=0

Thus, this part of the assertion is true and similarly we can prove the reversed

implication. [

Lemma 14. Let k be any even positive integer and let a be any positive
integer. Then

V+1+“”$aV+W‘F%+GV+ﬂ‘

a a—1 F§+1 a

Proof. Using the definition of the Fibonomial coefficients we get the rela-

tion .
F’“—a—&—l Flyo = Fg-i-l (Fk—a-i-? + (_1)§+a Fa) )

2



which can be written in the form
E a
Fi i Lisy = Fioupo + (-1)5HF,

as Fy, = F, L, ([12], p. 176). We get the previous relation by setting
l=%—a+1andn="%+1 into the identity ([12], p. 177)

E+n = E Ln + <_1)n+1E—n s (14)
which holds for any integers [, n. The assertion follows at once. O]

The following form of ©(i, k, n) is more effective for the computation of the
sums S, (k):

Lemma 15. Let i, n be any integers and let k be any even positive
integer. Then

0, 1<0;

Qi k,n) = o =0
k—2(n—2i) T1i—1 k—2(n+j—i ,

— szl —2(1'—]']) , 1>0.

Proof. The cases for i < 0 are clear. For ¢ > 0 we can write:

ko ; k_ 1
@(i,k,n)z(z ?+">+<2 o )

Ck=2(n-2i) (E-n+i-1 _k—2n—22 ﬁg—n—i-z—j
B 2 i—1

Jj=1

and the proof is over. O]

4 Additional properties of the inner sum

Now we will investigate properties of the inner sum involved in (6). Let us

denote
k—m

u(m) = om) 1= 3 (~1)0k [’“ . 1] , (15)

where £ is any even positive integer and m is any integer.



Lemma 16. Let k be any even positive integer and let m be any integer.
Then

(4)
om)=0, for m<-1 or m>k+1,
(é4)

olk—m)=o(m),

o(0)=1, (1) =1+ (=1)"= Fpy
1
0(2) = 1= Lugp FiaFiz , 0(3) =1 = 5(=1)F (2 _ R, F%L¥> .
Proof. (i) First we prove the case for m = —1:
k+1 i -
1 k+1
o-1) = Yyt [E
=0 L J
5 - T k4L
- Z(_1)%(j+k+1) k + 1 + Z (—1)3Gtk+D) [k + 1}
j:0 L ] . j
]*54’1

SIS

k
. B T E .
=) (—1)2Utk+D) K + ! + Z(—l)k;ﬁ_l(?kﬂ—i) [ k+1 }

< A k+1—1
5 5
o [k + 17 igs k+1
— _1)3G+k+1) |+ —1)7 -1 2(Z+k+1)[ . ] =0.
> INEDNCERE ,L

For m > k + 1 the assertion is obvious, according to defining formula (15).
The case for m < —1 follows from ¢(—1) = 0 and [kjl} =0, for i > k + 1,
with respect to the definition of the Fibonomial coefficients.

(17) We can write successively

m k+1
i k+1 ktizigeio | K+1
o(k—m) = Z(_1)2(1+k+1) { . } _ Z (—1)™ @k+2-0) { }

=0 J i=k—m+1 kt+1—d
k+1
i kE+1
— 1\ §(z+k+1)
PIRCIEE] e
i=k—m+1
k+1 k—m
Qs kE+1 igs kE+1
— -1 1 -1 = (i+k+1) o -1 1 -1 2 (i+k+1)
I R SEIE Z.



(4i) Identities for o(0) and o(1) are directly implied by o(—1) = 0. Using
case (i1) and identity (14) we have

i j E+1 k
o(2) = Z(—l)i(ﬁkﬂ) { j } =1+ (=1) 2 Fip1 — Fpi F
=0
= 1= Fir (Bt (-1)%) = 1= R Ly, By
1 k=2
0'(3) = O'(2) — 5(—1) 2 Fk+1Fka_1
1
=1—Fpp1 by — (_1>%Fk+1 + 5(_1)§Fk+1Fka71
1
=1—5(-)Fen (2 s <Fk_1 - 2(—1)§>>
1
=1-3(=D)fFen (2 s F§_2L§+1> .
This finishes the proof. O

The sum o(m) can be simplified by the following lemma.

Lemma 17. Let k be any even positive integer and let m be any integer.
Then

n k+2] e,
O_(m)_o_(m_z):(_1)2(m+k+1)|: + :| 5+1 .

m Fg_H

Proof. For m < 2 the assertion follows from the definition of the Fibono-
mial coefficients and Lemma 16. For m > 2 we have, with respect to Lemma 16,

om)—o(m—2)=0o(k—m)—o(k—m+2)

- i(_l)%(ﬁkﬂ) {k " 1} - mZQ(_l)é(HkH) {k " 1}

j = j

_ (1) 5 mkt) {k + 1} + (=1) "7 On-D+kt) {k + 1]

m m—1
— (=1 5 (m+k+1) —1)ztm
(-1) P P
which, by Lemma 14, implies the assertion. O]

Lemma 18. Let k be any even positive integer and let m be any integer.
Then

w(m, k), (16)

o(m) — o(m — 4) = <_1)2<m+k+l>{ + 1 ;2

m F§+1Fk+3Fk+4



where
w(m’ k) = Fnglfm L§+27m Fk+3 - Fm Fm—l .

Proof. With respect to Lemma 17 we have for any integer m

o(m) — o(m —4) = (o(m) — o(m — 2)) + (o(m — 2) — o(m — 4)) =

m 1 k+2 k+2
_ (_1\g(m+k+l) __ ~ .
~ 0 (Fen ] = e, 1))

The bracket term can be rewritten as

k42 k42
F§+1—m { m } N F§+3_m {m — 2} B
k+4 1
- { m }m <F§+1—m Freysom Fram = Fiy g Fin Fimy )

The identity
Fk+3—m Fk+4—m = Fk+4—2m Fk+3 + Fpn Pt

follows from the identity ([12], p. 177)
Fosh Froyr — By P = (1)"F By

with any integers h, n, [. Hence, we obtain

k+2 k+2
F§+1—m|: m :|_F§+3—m |:m_2:|

[k+4] 1

= | T (Fm_m (Fk+4—2m Fris—Fm Fm—l) = Figo_p, Fin Fm—l)
L 1 Lk43L k44 2 ’
[k+4] 1

| m | FosFia <F§+ﬂfnlf%+4gﬂﬂlﬁk+3'_ <F§+3*ﬂl_'F§+1*m> lefa”’l)
-k+4- F§+2fm

= Fosas (P B Fisa = Fn )

and the assertion follows. O

Lemma 19. Let m > 5 be any integer and let k be any positive even
integer in one of the following forms

@) k=m—4+[2tm], (i) k=2m—-3), (ii)k=2m—1).

Then w(m, k) can be factored into a product of the Fibonacci or Lucas num-
bers.



Proof. Condition (i), with respect to the identities ([12], pp. 176-177)
F.,=(-1)""E, L_,=(-1)"L, and Fy, = F, L,, leads to the relation

- Fm FL*3 Lm
2 2
if m is odd and to the relation

w(m, m —4) = Fuse Fyu_y Ly — Fyy Frpy = Fyuoy Lyp (Fusso — Fp)
= Fin-1 Foga Ly

if m is even.
Using the identity FZ2,,+ F? = Fy,41 ([12], p. 177), we have from condition

(i)
w(m,2(m —3)) = Fyps— Fp Epp1 = F2 ,+ F2 | —F, Fp_,
= F772172 - mel (Fm - mfl) = F3172 - mel Fm72
- m—Q(Fm—2 - Fm—l) = —L'm-2 Fm—3 .

Condition (i71) gives w(m,2(m — 1)) = —F,, Fj,_1. O

Remark 20. The right-hand side of (16) can not be factored in a product
of the Fibonacci or Lucas numbers for arbitrary values of k£ and m. The trivial
factorization can be done for m = 0 and m = 1. Table 1 lists the values of
m and k, 2 < m < 10, 2 < k < 170, for which w(m, k) can be factored into
a product of the Fibonacci or Lucas numbers. These values were found by
computer. The computer search for 10 < m < 100 showed that w(m, k) can
be factored into a product of the Fibonacci or Lucas numbers only at values
of m, k satisfying conditions from Lemma 20.



Table 1. The values for which w(m, k) is factorizable.

Lm | k |
22 6

302 4 6

4102 4 6 8
502 4 8 10
62 6 10

704 6 8 12
$|4 6 8 10 14
92 6 10 12 16
102 6 14 18

5 The proofs of the main results

Proof of Theorem 2. First we prove identity (5). We showed [10] that for
any positive odd integer k£ and any positive integer n

=S (707 (25 B

and

s = 30 (£ (B ) )

i=1

(18)
Relation (5) can be obtained from (17) and (18). Replacing n by n+ 1 and i
by n + 1 — ¢ we have for any nonnegative integer n

S%H(k):z”}_l)n_i<(%—(2in+1>+z‘) . (%—ﬁ#)ﬂ')) [anjl_l%}

=0
and
- (L on 1y B2l op 44 E+1
Son (k) = . 2 2 ,
) = e (7)) Lt

which can be joined into the proved identity.
We begin the proof of relation (6) by defining the polynomial

[SIES

k —1

Pu(z) =) pi(k)a’ = [] (1 = (=1) Li—gj x + 2”) (19)

i=0 j=

o



for an even nonnegative integer k. By direct multiplication of the factors in
(19) we get the identities

%

pana) == 3 (27 ) sy, (20

fori:O,l,Q,...,k—gz,and

pai(k) = P Saj(k) (21)
=0 J
fori =0,1,2,..., % By shifting indexes of summation it is possible to join
(20) and (21) into the relation

%—n+2i
7

i) =310 ) S1ulh), (22)

for n =0,1,2,..., k. This identity can be extended to any positive integer n
with respect to Lemma 9, as p, (k) =0 for n <0 or n > k.
If k is an even positive integer, the denominator in (1) is a polynomial of

an odd degree k + 1:
k41

Dyiq(z) = Z A1 2",
=0

where integers dji1, = (—1)“31) [kjl} are terms of the sequence which was
named as “signed Fibonomial triangle” in the on-line encyclopedia of integer
sequences (maintained by Sloane) with ID Number A055870, see [13]. Identity

(2) implies
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according to the relation o = —1 and the formula Lj_5; = o 214382
Thus, with respect to (19), Disi(z) = (1 — (—1)22) Pe(z). By multiplying
on the right-hand side and comparing coefficients of ' we have the following
relations between coefficients dyy1; of Dyy1(x) and coefficients p; (k) of Py(z)

dk+1,0 = po(/f) =1,
diy1, = pi(k) + (—1)§+1Pi 1(k
disr i = (1) p(k) = (—1)

), i=1,2,...k,
LR

As p,(k) = 0 for n < 0 or n > k we can rewrite the previous relations in the
recurrence

pu(k) + (=1) 2" po_y (k) = disrn

which holds for any integer n. Using Lemma 13 we have
pa(k) = Y (=120 dyp (23)

for any nonnegative integer n.
To complete the proof of (6) we have to invert identity (22). Setting
an, = pan(k), by = San(k) and ¢ = % in inverse formula (11) we obtain

—

3J

Su(k) = 3 (1)t (( ?“) + (% —:L_Jrll - 1)) Poni(k) . (24)

=0

From (23) and (24) we deduce that

%Jn 21 k .
—n+1 S—_n+i—1
— n-H %(H-H) (( ) ) + (2 S )) dk+1,j .

=

“’M

Putting dy41,; = (— 1)30+1) [’“J]rl] we obtain (6) after simplification. O

Proof of Corollary 3. The assertion is obviously true with respect to (5) if
k is any odd integer. For even values of k identity (6) can be written using
(15) as
15]
Sa(k) =D (= 1)"7% o(n — 20) ©(i, k, n) .
i=0
With respect to Lemma 12 for £k — oo

n—2i ) 1 . "
oln—2i)~(-1) 2z (n—2i+k+1) [k + } — (_1)1(_1)5(n+k+1) [

n— 2

k+1
n—2i| "



Hence, we obtain

,_
0[3

J
Sn(k) ~

Ing

— O

ok : n k+1
1)ty (1) (—1 5 (nt+k+1) :
(1) (1) (i) | )

NEN]|

L
_ S (130D 0, k) [

1=

k+1
n— 21

=]

and the assertion follows from the congruence §(n—1) = [§] (mod 2).

Proof of Theorem 4. For any even m we have

vl3

(o(m—2i) —o(m—2(i+1))) = o(m) —o(—2)

1=0

and analogously for any odd m

-

m—

]

>~ (o(m = 20) — om — 2(i + 1)) = o(m) ~ o(~1)

Thus, using Lemma 16 we obtain for any integer m

L
o(m) = ' (oc(m —2i) —o(m —2(i +1)))

o3

and with respect to Lemma 17

5]
o(m) = (—=1) = (m—2 +k+1)F lm B 22,] k11— (m—2i)
i=0 3+l
1 R k+ 2
= (=1)z (mHh+D) —1) F ;
( ) Fg_i_l izo( ) m — 2Z %—m—i—Qz

O

Proof of Corollary 5. Applying Theorem 2 and Theorem 4, consecutively,
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(—1)™H*1% o (n — 24) O(i, k, n)

A

=
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Proof of Theorem 6. Similarly as in the proof of Theorem 4 we obtain for
any integer m the relation

|

»I3

(o(m = 43) = o{m — 4(i +1))) = o(m) — o (m — 4 (EJ +1)) .

i=0
Thus, using Lemma 16 we obtain
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With respect to Lemma 18 we have
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Proof of Corollary 7. Identities (9) and (10) can be obtained from identities
(5) and (6) with respect to S,(k) = 0 for positive integers k, n > £ (see
Lemma 9). O

Proof of Corollary 8. Each of these three sums follows from identity (6)
after some tedious simplification. O

6 Concluding remark

It is interesting to compare the effectiveness of formulas (6) and (8) in contrast
to defining formula (4) for computation of S, (k). Therefore, we found the CPU
time (in seconds) required for computation of sums Ss(k) for some values of k
using the system Mathematica on a standard PC. There is the measured time
in Table 2.

Table 2. CPU time for S3(k)

k
100 200 300 400 200 600 700 800
(4) 10.297 2438 8.547 21.296 43.172 77.078 130.125 203.594
(6) 0 0 0.047 0.094 0.172 0.297  0.484 0.719
(8) 0 0 0.015 0.046 0.078  0.156 0.25 0.359
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